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Mo<va<on	  
•  An	  exact	  solu9on	  of	  the	  RTA	  Boltzmann	  equa9on	  subject	  to	  

Gubser	  flow	  was	  obtained	  recently	  [see	  talk	  by	  M.	  Mar9nez	  earlier	  this	  week]	  

•  The	  solu9on	  allows	  for	  arbitrary	  η/s	  à	  can	  cover	  ideal	  
hydrodynamics	  to	  free	  streaming	  within	  kine9c	  framework	  

•  Solu9ons	  show	  that	  the	  system	  is	  highly	  anisotropic	  at	  early	  
and	  late	  9mes	  (large	  radii)	  and	  standard	  hydro	  treatments	  
breakdown	  

•  We	  would	  like	  to	  know	  how	  well	  anisotropic	  hydrodynamics	  
works	  to	  describe	  this	  new	  exact	  solu9on	  

•  Along	  the	  way	  we	  will	  generate	  an	  exact	  solu9on	  specific	  to	  
aHydro	  that	  can	  be	  used	  to	  test	  aHydro	  codes	  
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ũ⌧
= cosh(✓?)

ũr
= sinh(✓?)

ũ�
= 0

ũ&
= 0

Gubser	  flow	  is	  a	  cylindrically-‐symmetric	  and	  boost-‐invariant	  flow	  that	  possesses	  
a	  high	  degree	  of	  symmetry	  when	  mapped	  to	  Weyl-‐rescaled	  deSicer	  space	  	  

rota9onal	  symmetry	  
around	  beam	  axis	  +	  	  
conformal	  symmetry	  

boost	  
invariance	  

reflec9on	  
symmetry	  around	  	  
the	  collision	  plane	  

Polar	  Milne	  components	   Transverse	  rapidity	  

The	  parameter	  q	  above	  is	  an	  arbitrary	  energy	  scale	  that	  	  
sets	  the	  radial	  extent	  of	  the	  system	  at	  a	  given	  proper	  9me.	  

This	  flow	  is	  quite	  strong:	  The	  	  
de	  Sicer	  space	  velocity	  gradients	  
grow	  exponen9ally	  e|ρ|	  

SO(3)q ⇥ SO(1, 1) ⇥ Z2

[	  S.	  Gubser,	  1006.0006;	  	  
	  	  S.	  Gubser	  and	  Y.Yarom,	  1012.1314	  ]	  

See	  talk	  early	  this	  	  
week	  by	  M.	  Mar9nez	  	  
for	  more	  details	  
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ũ⌧
= cosh(✓?)

ũr
= sinh(✓?)

ũ�
= 0

ũ&
= 0

Polar	  Milne	  components	  

dŝ2 = �d⇢2 + cosh

2⇢
�
d✓2 + sin

2 ✓ d�2
�
+ d&2

SO(3)q

ûµ = (1, 0, 0, 0)
û

µ = ⌧

@x̂

µ

@x

⌫
u

⌫

Ajer	  Weyl	  rescaling	  and	  
coordinate	  transforma9on	  
the	  Gubser	  flow	  	  
four-‐velocity	  is	  sta9c!	  

de	  SiCer	  space	  flow	  velocity	  [	  S.	  Gubser,	  1006.0006;	  	  
	  	  S.	  Gubser	  and	  Y.Yarom,	  1012.1314	  ]	  
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Results	  of	  the	  1+1d	  kine<c	  solu<on	  
[G.	  Denicol,	  U.W.	  Heinz,	  M.	  Mar9nez,	  J.	  Noronha,	  and	  MS,	  1408.5646	  and	  1408.7048]	  

Visualiza9on	  of	  the	  effec9ve	  temperature	  
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Metric	  and	  basis	  four-‐vectors	  

gµ⌫ = �uµu⌫ + X µX ⌫ + YµY⌫ + ZµZ⌫

uµ
LRF ⌘ (1, 0, 0, 0)

X µ
LRF ⌘ (0, 1, 0, 0)

Yµ
LRF ⌘ (0, 0, 1, 0)

Zµ
LRF ⌘ (0, 0, 0, 1)

û

µ = ⌧

@x̂

µ

@x

⌫
u

⌫

⇥̂µ = ⌧

@x̂

µ

@x

⌫
X ⌫

�̂µ = ⌧

@x̂

µ

@x

⌫
Y⌫

&̂

µ = ⌧

@x̂

µ

@x

⌫
Z⌫

ûµ
= (1, 0, 0, 0)

ˆ

⇥

µ
= (0, (cosh ⇢)�1, 0, 0)

ˆ

�

µ
= (0, 0, (cosh ⇢ sin ✓)�1, 0)

&̂µ = (0, 0, 0, 1)

The	  Weyl-‐rescaled	  de	  Sicer	  metric	  can	  be	  expressed	  in	  
terms	  of	  the	  basis	  four-‐vectors	  

ĝµ⌫ = diag(�1, cosh2⇢, cosh2⇢ sin2✓, 1)

ĝµ⌫ = �ûµû⌫ + ⇥̂µ⇥̂⌫ + �̂µ�̂⌫ + &̂µ&̂⌫

ĝ ⌘ det ĝµ⌫ = � cosh

4⇢ sin2✓

û · û ⌘ ûµûµ = �1

⇥̂ · ⇥̂ ⌘ ⇥̂µ⇥̂µ = 1

�̂ · �̂ ⌘ �̂µ�̂µ = 1

&̂ · &̂ ⌘ &̂µ&̂µ = 1

Orthonormality	  rela<ons	  

Weyl-‐rescaling	  +	  coord	  transform	  

Minkowski	  basis	  vectors	   Weyl-‐rescaled	  de	  Sicer	  basis	  vectors	  
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prolate	   oblate	  

Isotropic	  in	  momentum	  space	  

⇠ =
hp2T i
2hp2Li

� 1

M.	  Mar9nez	  and	  MS,	  1007.0889	  
W.	  Florkowski	  and	  R.	  Ryblewski,	  1007.0130	  

Anisotropic	  hydrodynamics	  beginning	  

f(⌧,x,p) = f
aniso

(p,⇤(⌧,x)| {z }
T?

, ⇠(⌧,x)| {z }
anisotropy

) + �f̃

f(⌧,x,p) = feq(p, T (⌧,x)) + �f

fLRF
aniso

= f
iso

 p
p

2 + ⇠(x, ⌧)p2z
⇤(x, ⌧)

!

Viscous	  Hydrodynamics	  Expansion	  

Anisotropic	  Hydrodynamics	  Expansion	  

à	  “Romatschke-‐Strickland”	  form	  in	  LRF	  

Treat	  this	  term	  
“perturba9vely”	  

[D.	  Bazow,	  U.	  Heinz,	  	  
and	  MS,	  1311.6720;	  
D.	  Bazow,	  U.	  Heinz,	  and	  	  
M.	  Mar9nez,	  1503.07443]	  
à	  “vaHydro”	  
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A	  slightly	  more	  general	  version	  

In	  aHydro	  we	  assume	  that	  the	  distribu9on	  func9on	  is	  of	  the	  form	  

f(x, p) = feq

 p
p

µ⌅µ⌫(x)p⌫

�(x)
,

µ(x)

�(x)

!
+ �f̃(x, p)

⌅µ⌫ = uµu⌫ + ⇠µ⌫ ��µ⌫�

traceless	  
anisotropy	  
tensor	  

“Bulk”	  

Transverse	  
projector	  

LRF	  four	  
velocity	  

uµuµ = 1

⇠µµ = 0

�µ
µ = 3

uµ⇠
µ⌫ = uµ�

µ⌫ = 0

•  For	  a	  (massless)	  conformal	  system	  one	  must	  take	  Φ à	  0	  
•  In	  “leading-‐order”	  aHydro	  we	  assume	  that	  the	  most	  important	  anisotropies	  are	  the	  

diagonal	  ones	  and	  we	  ignore	  the	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ;	  in	  “vaHydro”	  one	  includes	  these	  using	  
moments-‐based	  expansion	  such	  as	  Grad-‐14	  	  	  	  	  	  	  	  	  	  	  

[	  L.	  Tin9	  and	  W.	  Florkowski,	  1312.6614	  (massless);	  
	  	  M.	  Nopoush,	  R.	  Ryblewski,	  and	  MS,	  1405.1355	  	  (massive)]	  
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Instead	  of	  wri9ng	  equa9ons	  in	  terms	  of	  the	  anisotropy	  parameters	  ξx,	  ξy,	  and	  
ξz	  it	  is	  convenient	  to	  use	  	  ↵i ⌘ (1 + ⇠i + �)�1/2

f(x, p) = feq

✓
1

�

p
pµ⌅µ⌫

p⌫

◆
= feq

 
1

�

s
X

i

p

2
i

↵

2
i

+m

2

!

� =
1

3

X

i

↵�2
i � 1

Momentum-‐space	  ellip<ci<es	  

In	  conformal	  limit	  (m	  =	  0,	  Φ =	  0)	  

1

3

X

i

↵�2
i = 1

f(x, p) = feq

 
1

�

s
X

i

p

2
i

↵

2
i

!

Two	  independent	  ellip9ci9es,	  e.g.	  αx	  and	  αz	  	  	  

[M.	  Nopoush,	  R.	  Ryblewski,	  and	  MS,	  1405.1355]	  
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de	  SiCer	  space	  +	  SO(3)q	  invariance	  

⌅̂µ⌫ = ûµû⌫ + ⇠̂µ⌫

⇠̂µ⌫ = ⇠̂✓⇥̂
µ⇥̂⌫ + ⇠̂��̂

µ�̂⌫ + ⇠̂& &̂
µ&̂⌫

⇠̂✓ + ⇠̂� + ⇠̂& = 0

Conformal	  form	  

Diagonal	  	  
anisotropy	  
tensor	  

Tracelessness	  of	  anisotropy	  	  
tensor	  requires	  

As	  a	  result,	  the	  anisotropy	  
tensor	  only	  has	  one	  
independent	  component,	  
which	  we	  choose	  to	  be	  the	  
rapidity	  component.	  
	  	  
NB:	  A	  similar	  reduc9on	  occurs	  in	  viscous	  hydro	  
subject	  to	  Gubser	  flow	  

Therefore,	  
	  
	  
	  
à	  Symmetries	  require	  spheroidal	  form	  

p̂2⌦ ⌘ p̂2✓ + p̂2�/sin
2✓

⇠̂✓ = ⇠̂�

SO(3)q	  invariance	  requires	  that	  distribu9on	  
func9on	  can	  only	  depend	  on	  	  

(↵̂✓ = ↵̂�)
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T̂µ⌫ = "̂ûµû⌫ + P̂✓⇥̂
µ⇥̂⌫ + P̂��̂

µ�̂⌫ + P̂& &̂
µ&̂⌫

T̂

µ⌫ ⌘ 1

(2⇡)3

Z
d

3
p̂p

�ĝ p̂

0
p̂

µ
p̂

⌫
f(x̂, p̂)

Ellipsoidal	  form	  

Kine9c	  energy-‐momentum	  tensor	  (2nd-‐moment)	  

"̂ = ûµT̂
µ⌫ û⌫

P̂✓ = ⇥̂µT̂
µ⌫⇥̂⌫

P̂� = �̂µT̂
µ⌫�̂⌫

P̂& = &̂µT̂
µ⌫ &̂⌫

"̂ =
3 ↵̂4

✓�̂
4

2⇡2
H2(ȳ)

P̂✓ =
3 ↵̂4

✓�̂
4

4⇡2
H2T (ȳ)

P̂� = P̂✓

P̂& =
3 ↵̂4

✓�̂
4

2⇡2
H2L(ȳ)

•  	  
	  

•  SO(3)q	  symmetry	  	  
à	  Pθ=Pφ 

•  H-‐func9ons	  are	  
rela9vely	  simple	  
analy9c	  func9ons	  

ȳ =

r
3↵̂2

& � 1

2
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Dµ	  is	  the	  geometrical	  covariant	  deriva9ve	  which	  obeys,	  e.g.	  when	  ac9ng	  on	  a	  vector	  
	  
	  
	  
	  
gives	  

DµT̂
µ⌫ =

1p
�g

@µ
⇣p

�g T̂µ⌫
⌘
+ �⌫

�µT̂
�µ

@⌧" = �"+ PL

⌧
“	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  “	  

SO(3)q	  invariance	  +	  	  
boost	  invariance	  

4

d log ˆ�

d⇢
+

3↵̂2
&

⇣
H2L(ȳ)
H2(ȳ)

+ 1

⌘
� 4

3↵̂2
& � 1

d log ↵̂&

d⇢
+ tanh ⇢

✓
H2T (ȳ)

H2(ȳ)
+ 2

◆
= 0

ȳ =

r
3↵̂2

& � 1

2

@⇢"̂+ 2 tanh⇢ ("̂+ P̂✓) = 0

@✓P̂✓ = @�P̂� = @& P̂& = 0

DµT̂
µ⌫ = 0
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Î = Î⇢
h
û⌦ û⌦ û

i

+ Î✓
h
û⌦ ⇥̂⌦ ⇥̂ + ⇥̂⌦ û⌦ ⇥̂ + ⇥̂⌦ ⇥̂⌦ û

i

+ Î�
h
û⌦ �̂⌦ �̂ + �̂⌦ û⌦ �̂ + �̂⌦ �̂⌦ û

i

+ Î&
h
û⌦ &̂ ⌦ &̂ + &̂ ⌦ û⌦ &̂ + &̂ ⌦ &̂ ⌦ û

i

Î✓ = Î�
Î⇢ =

X

i=✓,�,&

Îi

D�Î�µ⌫ = � 1

⌧̂eq

⇣
û�Î�µ⌫ � û�Î�µ⌫

eq

⌘

Î�µ⌫ =

Z
d

3
p̂p

�ĝ p̂

0
p̂

�
p̂

µ
p̂

⌫
f(x̂, p̂)

•  Next	  consider	  the	  second	  moment	  
of	  the	  RTA	  Boltzmann	  equa9on	  
	  

•  Symmetries	  and	  m=0	  reduce	  DOFs	  
to	  only	  2!	  

@⇢Î✓ + 4 tanh ⇢ Î✓ =
1

⌧̂
eq

h
Î✓,iso � Î✓

i

@⇢Î& + 2 tanh ⇢ Î& =
1

⌧̂
eq

h
Î&,iso � Î&

i

@✓Î✓ = @�Î� = @& Î& = 0

Î⇢ = 2Î✓ + Î&



Final	  aHydro	  Eqs	  
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•  The	  result	  is	  two	  ordinary	  differen9al	  equa9ons	  that	  describe	  
the	  de	  Sicer	  9me	  evolu9on	  of	  the	  scale	  λ	  and	  a	  single	  
anisotropy	  parameter	  αζ

•  We	  need	  ini9al	  values	  for	  these	  at	  some	  value	  ρ0;	  in	  prac9ce,	  
we	  take	  a	  “large”	  nega9ve	  ρ0	  =	  -‐10	  

6↵̂&

1� 3↵̂2
&

d↵̂&

d⇢
�

3
�
3↵̂4

& � 4↵̂2
& + 1

�

4⌧̂eq↵̂5
&

 
T̂

�̂

!5

+ 2 tanh ⇢ = 0

4

d log ˆ�

d⇢
+

3↵̂2
&

⇣
H2L(ȳ)
H2(ȳ)

+ 1

⌘
� 4

3↵̂2
& � 1

d log ↵̂&

d⇢
+ tanh ⇢

✓
H2T (ȳ)

H2(ȳ)
+ 2

◆
= 0

ȳ =

r
3↵̂2

& � 1

2
T̂ =

↵̂&

ȳ

✓
H2(ȳ)

2

◆1/4

�̂

Landau	  matching	  

En
er
gy
	  

co
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va
<o

n	  
Se
co
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M
om
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t	  
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•  In	  the	  limit	  teqà	  0	  we	  obtain	  the	  original	  ideal	  hydro	  
solu9on	  obtained	  by	  Gubser	  and	  Yarom	  

	  
•  In	  the	  limit	  teqà	  ∞	  we	  obtain	  the	  free	  streaming	  solu9on	  
obtained	  in	  G.	  Denicol,	  U.W.	  Heinz,	  M.	  Mar9nez,	  J.	  
Noronha,	  and	  MS,	  1408.7048	  

	  

ˆT (⇢) = ˆT0

✓
cosh ⇢0
cosh ⇢

◆2/3

"̂FS =
3�̂4

0↵̂
4
&,0

⇡2
H"(C⇢0,⇢)

(⇡̂&
& )FS =

�̂4
0↵̂

4
&,0

⇡2
H⇡

�C�1
⇢0,⇢

�
C⇢0,⇢ =

↵̂✓,0 cosh ⇢0
↵̂&,0 cosh ⇢
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Comparison	  with	  exact	  solu<on	  
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Isotropic	  ini<al	  condi<ons	  

DNMR	  =	  Grad-‐14	  2nd	  order	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  viscous	  hydro	  

[M.	  Nopoush,	  R.	  Ryblewski,	  and	  MS,	  1410.6790]	  	  
Exact	  Solu9on:	  	  [G.	  Denicol,	  U.W.	  Heinz,	  M.	  Mar9nez,	  J.	  Noronha,	  and	  MS,	  1408.5646	  and	  1408.7048]	  



M.	  Strickland	   18	  

 0.001

 0.01

 0.1

 1

     

T^

4πη/s = 1

(a)

Exact

aHydro

DNMR

Israel-Stewart

 

 

 

 

     

4πη/s = 3

(b)

 

 

 

 

     

4πη/s = 10

(c)

-0.4

-0.2

0

0.2

0.4

0.6

-10 -5  0  5 10

π_
ζ ζ

ρ

(d)

 

 

 

 

 

 

-10 -5  0  5 10

ρ

(e)

 

 

 

 

 

 

-10 -5  0  5 10

ρ

(f)

Isotropic	  ini<al	  condi<ons	  

DNMR	  =	  Grad-‐14	  2nd	  order	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  viscous	  hydro	  

 0.001

 0.01

 0.1

 1

     

T^

4πη/s = 1

(a)

Exact

aHydro

DNMR

Israel-Stewart

 

 

 

 

     

4πη/s = 3

(b)

 

 

 

 

     

4πη/s = 10

(c)

-0.4

-0.2

0

0.2

0.4

0.6

-10 -5  0  5 10

π_
ζ ζ

ρ

(d)

 

 

 

 

 

 

-10 -5  0  5 10

ρ

(e)

 

 

 

 

 

 

-10 -5  0  5 10

ρ

(f)

Comparison	  with	  exact	  solu<on	  
[M.	  Nopoush,	  R.	  Ryblewski,	  and	  MS,	  1410.6790]	  	  

Exact	  Solu9on:	  	  [G.	  Denicol,	  U.W.	  Heinz,	  M.	  Mar9nez,	  J.	  Noronha,	  and	  MS,	  1408.5646	  and	  1408.7048]	  



M.	  Strickland	   19	  

Comparison	  with	  exact	  solu<on	  

 0.001

 0.01

 0.1

 1

     

T^

4πη/s = 1

(a)

Exact

aHydro

DNMR

Israel-Stewart

 

 

 

 

     

4πη/s = 3

(b)

 

 

 

 

     

4πη/s = 10

(c)

-0.4

-0.2

0

0.2

0.4

0.6

-10 -5  0  5 10

π_
ζ ζ

ρ

(d)

 

 

 

 

 

 

-10 -5  0  5 10

ρ

(e)

 

 

 

 

 

 

-10 -5  0  5 10

ρ

(f)

Isotropic	  ini<al	  condi<ons	  

DNMR	  =	  Grad-‐14	  2nd	  order	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  viscous	  hydro	  

[M.	  Nopoush,	  R.	  Ryblewski,	  and	  MS,	  1410.6790]	  	  
Exact	  Solu9on:	  	  [G.	  Denicol,	  U.W.	  Heinz,	  M.	  Mar9nez,	  J.	  Noronha,	  and	  MS,	  1408.5646	  and	  1408.7048]	  



M.	  Strickland	   20	  

 0.001

 0.01

 0.1

 1

     

T^

4πη/s = 1

(a)

Exact

aHydro

DNMR

Israel-Stewart

 

 

 

 

     

4πη/s = 3

(b)

 

 

 

 

     

4πη/s = 10

(c)

-0.4

-0.2

0

0.2

0.4

0.6

-10 -5  0  5 10

π_
ζ ζ

ρ

(d)

 

 

 

 

 

 

-10 -5  0  5 10

ρ

(e)

 

 

 

 

 

 

-10 -5  0  5 10

ρ

(f)

Oblate	  (PL,0	  /	  PT,0	  	  <<	  1)	  ini<al	  condi<ons	  

Comparison	  with	  exact	  solu<on	  
[M.	  Nopoush,	  R.	  Ryblewski,	  and	  MS,	  1410.6790]	  	  

Exact	  Solu9on:	  	  [G.	  Denicol,	  U.W.	  Heinz,	  M.	  Mar9nez,	  J.	  Noronha,	  and	  MS,	  1408.5646	  and	  1408.7048]	  



M.	  Strickland	   21	  

 0.001

 0.01

 0.1

 1

     

T^

4πη/s = 1

(a)

Exact

aHydro

DNMR

 

 

 

 

     

4πη/s = 3

(b)

 

 

 

 

     

4πη/s = 10

(c)

-0.2

0

0.2

0.4

0.6

-10 -5  0  5 10

π_
ζ ζ

ρ

(d)

 

 

 

 

 

-10 -5  0  5 10

ρ

(e)

 

 

 

 

 

-10 -5  0  5 10

ρ

(f)

Prolate	  (PL,0	  /	  PT,0	  	  >>	  1)	  ini<al	  condi<ons	  

Israel-‐Stewart	  “explodes”	  
so	  I	  don’t	  show	  it	  

Comparison	  with	  exact	  solu<on	  
[M.	  Nopoush,	  R.	  Ryblewski,	  and	  MS,	  1410.6790]	  	  

Exact	  Solu9on:	  	  [G.	  Denicol,	  U.W.	  Heinz,	  M.	  Mar9nez,	  J.	  Noronha,	  and	  MS,	  1408.5646	  and	  1408.7048]	  



M.	  Strickland	   22	  

•  Results	  are	  not	  very	  easy	  to	  interpret	  intui9vely,	  so	  let’s	  map	  them	  back	  to	  
Minkowski	  space	  by	  reversing	  the	  Weyl-‐rescaling	  and	  coordinate	  
transforma9on	  
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E(⌧, r) = Ê(⇢(⌧, r))
⌧4

sinh ⇢ = �1� q2⌧2 + q2r2

2q⌧

0 1 2 3 4 5 6
0

2

4

6

8

10

12

r @fmD
E
êE 0

4phês = 3 r0 = -10 E
` Hr0L = 1

E
[a
rb
it
ra
ry

u
n
it
s] t = 1 fmêc

t = 1.5 fmêc
t = 2 fmêc
t = 3 fmêc

0 2 4 6 8

0.5

1.0

1.5

r @fmD

TêT
0

HbL 4phês = 3

Comparison	  with	  exact	  solu<on	  
[M.	  Nopoush,	  R.	  Ryblewski,	  and	  MS,	  1410.6790]	  	  

Exact	  Solu9on:	  	  [G.	  Denicol,	  U.W.	  Heinz,	  M.	  Mar9nez,	  J.	  Noronha,	  and	  MS,	  1408.5646	  and	  1408.7048]	  



M.	  Strickland	   23	  

Kinetic Exact

aHydro

DNMR

0 5 10 15 20
0.0

0.1

0.2

0.3

0.4

T
@Ge

V
D

t = 1 fmêc

0 5 10 15 20

0.02

0.04

0.06

0.08
t = 5 fmêc

0 5 10 15 20
0.005
0.010
0.015
0.020
0.025
0.030
0.035
0.040

t = 10 fmêc

0 5 10 15 20
-0.30

-0.25

-0.20

-0.15

-0.10

r @fmD

p
ππ

0 5 10 15 20

-0.2

-0.1

0.0

0.1

r @fmD 0 5 10 15 20

-0.2
-0.1
0.0
0.1
0.2

r @fmD

4πη/s = 3

Comparison	  with	  exact	  solu<on	  
[M.	  Nopoush,	  R.	  Ryblewski,	  and	  MS,	  1410.6790]	  	  

Exact	  Solu9on:	  	  [G.	  Denicol,	  U.W.	  Heinz,	  M.	  Mar9nez,	  J.	  Noronha,	  and	  MS,	  1408.5646	  and	  1408.7048]	  



Conclusions	  I	  

•  Brief	  run	  through	  of	  aHydro	  +	  Gubser	  flow	  
	  

•  Final	  result	  is	  two	  ordinary	  differen9al	  equa9ons	  which	  
describe	  the	  de	  Sicer	  9me	  evolu9on	  of	  a	  single	  scale	  and	  
anisotropy	  parameter	  
	  

•  They	  (analy9cally)	  reduce	  to	  Gubser’s	  ideal	  hydro	  result	  
when	  the	  relaxa9on	  9me	  goes	  to	  zero	  and	  the	  exact	  free	  
streaming	  result	  in	  the	  limit	  of	  infinite	  relaxa9on	  9me	  	  
	  

•  Result	  of	  numerically	  integra9ng	  the	  coupled	  nonlinear	  diff	  
eqs	  seems	  to	  agree	  quite	  well	  with	  the	  exact	  solu9on;	  
becer	  than	  standard	  2nd-‐order	  viscous	  hydro	  
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Making	  aHydro	  ready	  for	  prime<me	  	  
In	  a	  recent	  paper,	  we	  showed	  how	  to	  
	  
1.  Implement	  a	  realis9c	  lavce-‐based	  equa9on	  of	  state	  
2.  Implement	  anisotropic	  Cooper-‐Frye	  freezeout	  

	  
For	  1+1D	  boost-‐invariant	  and	  cylindrically-‐symmetric	  expansion	  (central	  collision),	  
we	  then	  compare	  LO	  aHydro	  with	  second-‐order	  viscous	  hydrodynamics.	  
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Realis<c	  equa<on	  of	  state	  



Anisotropic	  Freezeout	  
We	  use	  the	  ellipsoidal	  form	  for	  the	  distribu9on	  func9on	  for	  both	  the	  dynamical	  
equa9ons	  and	  also	  for	  “anisotropic	  freezeout”.	  

[Bazow,	  Heinz,	  Mar9nez,	  Nopoush,	  Ryblewski,	  MS,1506.05278]	  
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Conclusions	  II	  

•  For	  Pb-‐Pb	  collisions,	  in	  the	  limit	  of	  small	  shear	  viscosi9es	  
aHydro	  agrees	  well	  with	  2nd	  order	  viscous	  hydro	  for	  the	  
effec9ve	  temperature	  profile	  etc	  

•  Of	  course,	  differences	  grow	  larger	  as	  eta/s	  is	  increased	  

•  There	  is	  less	  viscous	  par9cle	  produc9on	  in	  aHydro	  than	  2nd	  
order	  viscous	  hydro	  

•  For	  pA	  collisions	  there	  are	  large	  anisotropies	  in	  the	  
pressures	  throughout	  the	  QGP	  life9me	  and	  consequently	  
there	  are	  large	  anisotropic	  (viscous)	  correc9ons	  to	  the	  
freezeout	  distribu9on	  
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•  What	  is	  special	  about	  this	  form	  at	  leading	  order?	  
	  
	  
	  
	  

•  Gives	  the	  ideal	  hydro	  limit	  when	  ξ=0  (Λ à	  T )	  

•  For	  longitudinal	  (0+1d)	  free	  streaming,	  the	  LRF	  distribu9on	  
func9on	  is	  of	  spheroidal	  form;	  limit	  emerges	  automa9cally	  in	  
aHydro	  
	  
	  
	  

•  Since	  fiso	  ≥	  0,	  the	  one-‐par9cle	  distribu9on	  func9on	  and	  pressures	  
are	  ≥	  0	  (not	  guaranteed	  in	  viscous	  hydro)	  
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Why	  spheroidal	  form	  at	  LO?	  

fLRF
aniso

= f
iso

 p
p

2 + ⇠(x, ⌧)p2z
⇤(x, ⌧)

!

⇠FS(⌧) = (1 + ⇠0)

✓
⌧

⌧0

◆2

� 1



Sketch	  of	  the	  1+1d	  kine<c	  solu<on	  
•  Start	  with	  the	  RTA	  Boltzmann	  equa9on	  subject	  to	  Gubser	  flow	  
•  Make	  a	  Weyl-‐rescaling	  (homogeneous	  transforma9on	  of	  RTA	  

Boltzmann	  eq.)	  +	  coord.	  transforma9on	  of	  the	  kine9c	  equa9on	  
•  Use	  the	  fact	  that	  the	  distribu9on	  func9on	  can	  only	  depend	  on	  

SO(3)q	  x	  SO(1,1)	  x	  Z2	  invariants	  	  	  	  	  
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p̂2⌦ = p̂2✓ +
p̂2�

sin2 ✓
SO(3)q	  invariance	  

p̂&SO(1,1)	  invariance	  	   (related	  to	  the	  w	  variable	  from	  0+1d	  solu9on)	  

Z2	   & ! �& Reflec9on	  symmetry	  

f(x̂µ
, p̂i) �! f(⇢; p̂2⌦, p̂

&)

[G.	  Denicol,	  U.W.	  Heinz,	  M.	  Mar9nez,	  J.	  Noronha,	  and	  MS,	  1408.5646	  and	  1408.7048]	  	  



•  For	  a	  conformal	  system	  the	  relaxa9on	  9me	  must	  be	  
propor9onal	  to	  the	  inverse	  temperature	  (no	  other	  scale)	  
	  
	  

•  This	  gives	  	  
	  
	  
	  
	  
with	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (mass	  shell	  constraint)	  
	  

•  This	  looks	  exactly	  like	  the	  Bjorken-‐flow	  problem	  solved	  
previously!	  

M.	  Strickland	   38	  

⌧eq =
c

T
For	  RTA	  kernel	   c = 5⌘/S

@

@⇢
f(⇢; p̂2⌦, p̂&) = � T̂ (⇢)

c

h
f
�
⇢; p̂2⌦, p̂&

�
� feq

⇣
p̂⇢/T̂ (⇢)

⌘i

p̂⇢ =

s
p̂2⌦

cosh

2⇢
+ p̂2&

[G.	  Denicol,	  U.W.	  Heinz,	  M.	  Mar9nez,	  J.	  Noronha,	  and	  MS,	  1408.5646	  and	  1408.7048]	  	  
Sketch	  of	  the	  1+1d	  kine<c	  solu<on	  
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[G.	  Denicol,	  U.W.	  Heinz,	  M.	  Mar9nez,	  J.	  Noronha,	  and	  MS,	  1408.5646	  and	  1408.7048]	  
[M.	  Nopoush,	  R.	  Ryblewski,	  and	  MS,	  1410.6790]	  	  

Sketch	  of	  the	  1+1d	  kine<c	  solu<on	  
•  As	  before,	  we	  can	  turn	  this	  into	  a	  1d	  integral	  equa9on	  for	  the	  energy	  

density	  and,	  once	  that	  it	  is	  solved,	  we	  can	  determine	  all	  components	  of	  
the	  energy-‐momentum	  tensor	  and	  the	  full	  distribu9on	  func9on	  
	  
	  
	  
	  

	  

"̂(⇢) = D(⇢, ⇢0)"̂FS +
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⇡2c
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•  For	  heavy	  ion	  applica9on,	  the	  ini9al	  
value	  for	  the	  de	  Sicer	  space	  energy	  
density	  should	  be	  provided	  at	  	  
ρ0 à	  -‐∞	  which	  maps	  to	  τ0	  à	  0+	  
	  

•  I	  will	  show	  results	  for	  ρ0 =	  -‐10	  which,	  
for	  q	  =	  1,	  maps	  to	  τ0 <	  5	  x	  10-‐4	  fm/c 	  	  
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Results	  of	  the	  1+1d	  kine<c	  solu<on	  
[G.	  Denicol,	  U.W.	  Heinz,	  M.	  Mar9nez,	  J.	  Noronha,	  and	  MS,	  1408.5646	  and	  1408.7048]	  

Gives	  exact	  solu9on	  in	  the	  forward	  light	  cone.	  	  	  
Below	  I	  show	  the	  solu9on	  for	  the	  scaled	  shear	  correc9on.	  	  



Knudsen	  number	  in	  de	  Sicer	  coordinates	  
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Why	  is	  this	  nontrivial?	  

2 tanh(⇢)

Kinetic Exact

Ideal Hydro
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Exponen9ally	  large	  
gradients	  at	  early	  
and	  late	  de	  Sicer	  
9mes!	  


