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Outline of this talk

e A brief introduction — thermal noise in heavy-ion collisions

e Theoretical formulation of thermal fluctuations in a thermal system
» Thermal fluctuations in a fluid system and heavy-ion collisions.
e Thermal noise and hydrodynamics with analytical solutions :

> 1—|—1D Bjorken hydI'O.(Kapusta,l\/Iiiller and Stephanov)

» 241D Gubser hydro.

e Applications to A+A, p+A and p+p .
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Thermal fluctuations in heavy-ion collisions

e Thermal fluctuations — Physical quantities fluctuate around mean values

- Thermal fluctuations are general for systems with 17" > 0.

- Thermal fluctuations are related to dissipations — fluctuation-dissipation
n/s ~ O(1/4m)
- Thermal fluctuations are more significant in small systems.

from Pb+Pb and Au+Au to p+Pb, d4+Au, 3He—|—Au, p+p

e Effective modeling heavy-ion collisions with hydro.,
* Initial state fluctuations — hydro. event w.r.t. each initial state
= Event-by-event hydro.

* Thermal fluctuations — ensemble average for each initial state
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Why thermal fluctuations might be important?

e Modeling medium collectivity in small colliding systems — hydro.

CMS pPb \[s, = 5.02 TeV, No/"™ < 35
1<p, <3GeVic |

(a) CMSPPb\fsy =5.02 TeV, NO /"™ > 110 (b)
1<p, <3GeVic

— = F— e-
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* convergence of gradient expansion — Knudsen number

* inclusion of thermal fluctuations

e A preliminary analysis of the effect of thermal fluctuations

* How significant is the effect of thermal fluctuations in heavy-ion collisions?

* In particular, effect of thermal fluctuations in small colliding systems?
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Hydro. and thermal fluctuations in a fluid system

e Hydrodynamics — conservation of energy-momentum, etc.
T =THY |+ 11" < d,T"" =0 (Euler and equ. of continuity)

especially from hydro EoM, one recognizes that

1 5 ds 1 v
d,(su") = —?V(Muy)ﬂ“ - = —/d?’va(uuy)ﬂ”

Navier-Stokes hydro. (1st order):
pv 1 po A VB 1 pr A af pv
11 = —n iA A (dau5—|—d5ua)—§A A dau5 = —no
where
AP = gty 1 gt

* We ignore bulk viscosity ¢ in our work.
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Hydro. and thermal fluctuations in a fluid system

e EoM of a set of physical quantities {x,} in a thermal system

(Landau and Lifshitz. J.Kapusta et al.)

C.Ua — _Z’YabXb—I_ Ya
b v
~ ~— ~  fluc.
drag

Maximization of S = (yo(t1)ys(t2)) = (Yab + Yba )9 (t1 — t2)

& S:—Z:&axa

e Auto-correlations of thermal noise : fluctuation-dissipation

e For hydro., v, is determined then by identifying

. y AV as 3 1 y
z — II" and X — TV(Muy), (E = —/d va(uuy)ﬂ“ )
e Remarks:

1. White noise — delta function §() ~ ﬁ.

2. Form of ~,; corresponds to the detailed form of I1#¥, v, ~ dissipations.

3. Noise y, corresponds to thermodynamical quantity z,, also for S#¥ and II#V.
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e Hydrodynamics with thermal noise (Navier-Stokes hydro):

( Landau and Lifshitz, J. Kapusta et. al. and A. Kumar et al.)

THY = THY | 4TI 4 S

where thermal fluctuation tensor S#Y are introduced w.r.t. IT#Y

(5#(z)) = 0
Navier-Stokes: (S* (z1)S%? (z2)) = ATnAFY B (21 — x5)
where
1 1
ARves = Z AR NS £ AEAYE| - CAMAY, and AP dgug = o

* One-point functions of physical quantities are not affected.

* Thermal noise affects two-point correlations.
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Solving hydro. with thermal noise

e Linearized hydro. EoM with thermal fluctuations around d,7T}" = 0

(2)
e(x) =eo(x) + de(x)
P(x) =Po(x) + 0P (x)
u(z) =ug (z) + ou’ ()

therefore d,0T"” =0 ~ O(6)

~

dwDus + wéu"due + (Dw + w0 - u)due + VadP + wDus + d,, (6115, + S5) =0
Déde + dwd - u + d, (wou") + woéu Due — ud, (5115 + SE) =0

Note that 0II*" is induced by 071, etc. (c. Young, J. Kapusta et al.)

e Beyond linear order, thermal noise becomes large, e.g., phase transition.
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Hydro. with symmetry simplification — Bjorken hydro.

e Bjorken hydro., 1+1D (Bjorken, 1982)
» Bjorken boost — indep. of spatial rapidity &, so that in (7, &) space-time,

ds®> = —dr? + 12d¢?> —  ut =(1,0) fluid at rest

» Only one equation left non-trivial — equation of continuity:

De + (e + P)V - u+ V  u, [T =0

» For Navier-Stokes (1st order) hydro., with conformal EoS € = 3P,

4
=) - ()]

1/4
7'80

where constant Hg o 71/s is used to parameterize 7.
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Hydro. with symmetry simplification — Gubser hydro.

e Gubser hYdrO., 2+1D (Gubser and Yarom, 2010)
» Bjorken boost — indep. of spatial rapidity &

» Rotational symmetry w.r.t. to beam axis — for p+A and ultra-central A+A

e Change coordinates:

> Via Weyl transformation, g, — Juv = guv /72
1
RY? = dS; xR : ds* = 7—2[—d72 + di? | + de?.

» Reparameterize dS3 by the mapping (r,7) <> (p, 0):
1 — ¢272 + ¢2¢2

sinh p = —

so that symmetry SO(1,1) x SO(3) X Z2 are now manifest

ds? = —dp® + d&? + cosh? p (d9? + sin? 0d¢) .
p plays the role of ‘time’ in the ‘hat’ coordinate system.
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o di* = —dp® + d€? + cosh? p (d92 + sin? ngb) leads to allowed velocity profile
u" = (1,0,0,0) fluid at rest
e Only one equation left non-trivial — equation of continuity:
Dé + (8 4 P)d,a" + V (i, 1" =0

e For Navier-Stokes (1st order) hydro., with conformal EoS ¢ = 3P,

£(9) = (coshp)F |To + 3 HoFa(p) 4

e To recover quantities in the original coordinates,

—d~
€E =T €

Ur =T @,& —I—%ﬁ,
T or " or °

U, =T ap@—l—aef&
=" \oz, ? oz, T

o Ty — multiplicity, ¢ — transverse size.
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Bjorken hydro. and thermal noise

e Correlation of thermal noise in 1+1D Bjorken hydro,. (. kapusta et. al., 2012)

(SH¥(11,£1)S% (12, &2)) = 3718AL TnAM A*5(11 — 12)6(&1 — &)

1. 6(F1L — @21 ) = A characterizes transverse size of the system.

2. Tensor structure of S#¥ is factorized, due to the fact that u* = (1,0).

S = w(r) f(T,§) A,

such that the unknown scalar and dimensionless function f(7, &)

8T'(T T
(Fr €0 (ra,2) =T (1 — m)a(6s — €2
= 2V — T — with v = in
= A win 6(t1 — 12)0(&1 — &2) th v = >

3. Magnitude of thermal noise is constrained by (in addition to n/s):

<Alw<T>T>~AL( 45 ) by

_ 27 ) ;o 2L multiplicit
Td%x | dE dy PR

Multiplicity more crucial than system size.
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Bjorken hydro. and thermal noise

e EoM of thermal fluctuations of modes (in the conjugate space of &):
du 6T =0 —  V'(7,ke) = =T (7, ke)V(7, ke) + K (7, ke),

Prime denotes 70-, and

~ n(r, k . 08 ~
V() = 7}(7’ ¢) , n=— and &= due/T
a(T, ke) S
and ~
Ry =( 7 F(T,ke) = [ dge'™s*
(7_) - . r ] f(Ta 5) - 56 f(Tag)
—tke f
and ,
= 0 ikg vV C —ikg
r = | . — >
(7) (zkgcg 1— c?) * Tt <—zk£ 1+ + k?)
1. Coupled EoMs in 1+1D.
2. Thermal noises for u¢ mode are larger for higher order (larger k¢) modes.
3. Langevin-type, but (K) is NOT directly related to I' as in Langevin process.
4. Can be solved numerically, and analytically in some special limits, e.g., k¢ — O.
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Gubser hydro. and thermal noise

e Correlation of thermal noise in 241D Gubser hydro., (X — (p,0,¢,¢))
2071’5
cosh? p; sin 6,

(S™ (p1, 01, ¢1,€1) 5 (p2, 02, ¢2,&2)) = A" AP5(X1 — Xo)

1. Tensor structure of S#¥ is factorized, due to 4 = (1,0, 0, 0).

SHY (p,0,¢,€) = w(p)f(p,0, P, &) AP

and again we have the correlation of scalar function

<f(P1;€1;¢17€1)f(p2,02,¢27€2)> _ 2v

W cosh? p1 sin 01

(X1 — Xo9)
2. For scalar function f (X), mode decomposition w.r.t. SO(3) symmetry leads to

scalar modes: f(p,0,,&) = Z h(p)Yim (0, )etFes

and
2v

osh? p

(h(p1)h(p2)) = — 1 d(p1 — p2)

3. Magnitude of thermal noise is constrained by

W o~ T ~ multiplicity

Multiplicity more crucial than system size.
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Gubser hydro. and thermal noise

e Decompose thermal fluctuations into modes — scalar and vector modes:
0T =T 61(p)Yim (0, p)e™e*
ou; = Z {Uls(p)azi/lm (97 ¢)eik££ + Viw (p)(I)’LUm) (97 ¢)eik££i|

Sue =Y vig(p)Yim (0, ¢)e'
e EoM of each mode,
Vi(p) = =T (p, 1, ke)Vi(p) + K(p, ke),

where prime denotes derivative w.r.t. p

5:(p) ( ;_/% tanh ph(p) \
- . . — tanh ph
Vi(p) = vis (P) : ' is a 4 X 4 matrix, K=| 3" .+ php)

%EP) —wr o h(p)

Viv P)

T+ Hg tanh p
\ 0 T

Coupled EoMs in 3+1D.
Thermal noises for ug mode are larger for higher order (larger k¢) modes.

Vector modes are decoupled, and NO'T affected by thermal noise.

= W =

Can be solved numerically, and simplified in some special limits, e.g., k¢ — 0.
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Analytical solution of the modes

e EoM of thermal noise, (for Bjorken take p — In(7/7).)

V'(p) = =T(p, 1, ke)V(p) + K(p, ke),
has formal solutions, (K — (k¢,l,m))

~ ~

P - - ~
V(oK) = [ 6o~ FOR(E 1)+ Glp — po, K)V(po K),

v
PO M
\ v

~~ initial fluct.
thermal fluct.

with Green function (determined by hydro. evolution)

~ P ~
G(p—p's K) =exp [— / dp"l“(p",m]

J

e One-point function (linear response),

V(p, K)) = G(p — po, K)(V(po, K))

NOT affected by thermal fluctuations.
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e Two-point function,

Vilp, KOV (o KN = [ dp (G0 = # K)Aun(p)G" (0= 0, K')) S(K + K)

()

(T~

o
7

~~

thermal fluct.

+ (Q(p— po, K)Aini(p0)G" (p — po,K’))‘ 6(K+ K').

()
N J/
-~

initial fluct.

* Dirac delta is given by two-point correlations of thermal and initial fluct.,

e.g. O(K + K') ~ §(ke + ké)éll/ém,—m’(_l)m & (T —T)eE-¢)

* Aini and Ay, are matrices characterizing the strength of correlations.

(assuming §s/s ~ 1/v/'N)
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* 141D Bjorken hydro.: k¢ = 0 mode and small /s limit (n ~ ds/s)

P - - - -
(n(p, O)2> :/ dP/(gAthgT)n + (gAinz'gT)ll

£0
% TO 2/3 1 2
_ (2] 4 L el 2mi(r - )
2AL807'02 { T ] T N exp[ 1(7- TO)C ]
where
31/ TO 2/3 2
1(T — 70) Tore { . ] + O(v?)

* Nalve estiamte for ultra-central PbPb and pPb:

0.006 T T T T T T T T 0_14
0.005 M 7 o e ] 0.12 -
initial _——
0.1
0.004 - . .
A A S. . .
) S 0.08 | ool Initial
£ 0.008 - ultra-central PbPb 1 E
= S 0.06 - ]
¥ 0.002 | ] v 0.04 | ultra-central pPb _____Ikle_rmgl_i
0.001 thermal] 002 | /,/
0 -=7TT 0/

05 1 15 2 25 3 35 4 45 5
(fm) t(fm)
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Apply Gubser hydro. with thermal noise to heavy-ion collisions

e Ultra-central Pb-Pb, p-Pb and p-p.

e Approximates system evolution of first several fm’s

— conformal symmetry, e.g., ¢ = 3P.

— linearized hydro. EoM, treat noises as perturbations.

e k: =0 mode

- Long rapidity range correlations, affected also by initial fluctuations.

- Further simplification with v¢ modes decoupled — 2 coupled equations.

e Th and q determine the system.

PbPb | pPb | pp

To 7.3 3.1 | 1.7
¢ '(fm)”t | 4.3 1.1 | 1.1

e Initial fluctuations: Gaussian, Dirac delta.

magnitude ~ 1/vV N
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Evolution of a Gaussian profile

. 2,92 _
e 01p = exp [—9 = 292922008(¢ %)}

e 01'(7,%4,) without thermal noise

Li Yan, INT workshop
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~ 2 2
o 5T = exp [_9 +605 —200 cos(d—do)

202

:| (Staig and Shuryak)

e 4T'(7,7, ) with thermal noise, one random event
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~ 2 2 _ _
o 57y = exp [ Ptk o=

:| (Staig and Shuryak)

e 4T (7,7,) with thermal noise, average over 100 events
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0.1 .
0 -0.05
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Evolution of a Gaussian profile

A 2192 _ _
o 5T = exp [_9 4605 —260¢ cos(p— o)

952 j| (Staig and Shuryak)

e 01'(T,%,) with thermal noise, average over 1000 events
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Two-point correlations — PbPb

e Initial fluctuations: 67 (po) ~ 6(0 — 00)8(¢ — o), and Oy = 1.5, ¢ = .

e (6T1(p)?) with thermal noise (1000 events) and without thermal noise:

0.018 — 0.018 ——
0.016 with noise 0.016 with noise
0.014 0.014
. 0.012 0.012
S 0.01 0.01
<g’ 0.008 0.008
0.006 0.006
0.004 0.004
0.002 0.002
0 0
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Two-point correlations — pPb

e Initial fluctuations: 67 (po) ~ 6(0 — 00)8(¢ — o), and Oy = 1.5, ¢ = .

e (6T1(p)?) with thermal noise (1000 events) and without thermal noise:

0.04 | — 0.04 T )
with noise with noise
0.035 0.035
0.03 0.03 -
A 0.025 A 0.025 -
N N
£ 0.02 S 0.02
< <l
(Ze) (Ze)
V. 0.015 v 0.015
0.01 0.01
0.005 0.005
0 0 ||=4 L7 | | N |
2 -15 -1 -05 0 05 1
p p
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Two-point correlations — pp

e Initial fluctuations: 67 (po) ~ 6(0 — 00)8(¢ — o), and Oy = 1.5, ¢ = .

e (6T1(p)?) with thermal noise (1000 events) and without thermal noise:

0.06 - I 0.06 - r
with noise with noise
0.05 0.05 .
0.04 0.04 - .
AN
N/-\
£ 0.03 £ 0.03
<l —
v
0.02 0.02
0.01 0.01
~—
O O | L N A | ~ |
2 15 -1 05 0 05 1
p p
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Summary and outlook

e Formulate and solve 2+1D Gubser hydro. with thermal fluctuations.

e Effect of thermal noise in heavy-ion collisions:

1. Absolute magnitude of thermal noise is mostly controlled by multiplicity.

2. Relatively magnitude of initial fluctuations (~ 1/v N).
3. Thermal fluctuations are more significant in pp than pPb, but not in PbPb.

e Outlook

* Two-point correlations in particle spectrum.
* 2nd order hydro.

* Colored nOiSG.(T. Hirano et al.)
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