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Mo+va+on	
  I	
  

•  Want	
  to	
  have	
  a	
  quan9ta9vely	
  reliable	
  understanding	
  of	
  so^-­‐
dynamics	
  of	
  the	
  QGP	
  that	
  can	
  be	
  applied	
  far	
  from	
  equilibrium	
  

•  Different	
  causal	
  formula9ons	
  on	
  the	
  market:	
  	
  
	
  
	
  
	
  
	
  
	
  
	
  

•  Leads	
  to	
  systema9c	
  uncertain9es	
  in	
  extrac9on	
  of	
  transport	
  
coefficients,	
  etc.	
  

•  Could	
  use	
  data	
  as	
  the	
  arbitrar,	
  but	
  it	
  would	
  be	
  beeer	
  to	
  have	
  exact	
  
solu9ons	
  that	
  could	
  be	
  used	
  to	
  test	
  frameworks/codes	
  

o  Israel-­‐Stewart	
  
o  Grad-­‐14	
  
o  Chapman-­‐Enskog	
  
o  Anisotropic	
  hydrodynamics	
  
o  …	
  	
  which	
  is	
  best?	
  

assume	
  isotropic	
  background	
  

assume	
  anisotropic	
  background	
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The	
  curvature	
  of	
  the	
  earth	
  
must	
  be	
  much	
  larger	
  than	
  

we	
  thought!?	
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Mo+va+on	
  II	
  

•  In	
  the	
  past,	
  approximate	
  analy9c	
  “shock-­‐tube”	
  solu9ons	
  in	
  
the	
  non-­‐expanding	
  case	
  have	
  been	
  used	
  to	
  test	
  codes	
  

•  Would	
  be	
  nice	
  to	
  have	
  exact	
  solu9ons	
  that	
  include	
  both	
  
strong	
  transverse	
  and	
  longitudinal	
  expansion	
  	
  

•  Test	
  case(s)	
  should	
  be	
  close	
  in	
  spirit	
  to	
  the	
  condi9ons	
  
generated	
  dynamically	
  in	
  heavy	
  ion	
  collisions	
  

•  Minimally,	
  we	
  can	
  target	
  a	
  system	
  that	
  is	
  boost	
  invariant	
  and	
  
cylindrically	
  symmetric	
  à	
  solu9ons	
  will	
  be	
  func9ons	
  of	
  
longitudinal	
  proper	
  9me	
  τ	
  	
  and	
  radial	
  coordinate	
  r	
  

•  Of	
  course,	
  we	
  would	
  like	
  to	
  go	
  beyond	
  this,	
  but	
  for	
  now	
  even	
  
this	
  would	
  be	
  a	
  good	
  star9ng	
  point	
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Mo+va+on	
  III	
  

•  For	
  this	
  purpose	
  we	
  will	
  exactly	
  solve	
  the	
  Boltzmann	
  
equa9on	
  with	
  a	
  simple	
  collisional	
  kernel	
  (relaxa9on	
  9me	
  
approxima9on	
  =	
  RTA)	
  subject	
  to	
  a	
  class	
  of	
  non-­‐trivial	
  flows	
  

•  The	
  resul9ng	
  exact	
  solu9on	
  holds	
  for	
  arbitrary	
  shear	
  
viscosity	
  to	
  entropy	
  density	
  ra9o	
  	
  

•  Allows	
  us	
  to	
  span	
  physical	
  situa9ons	
  ranging	
  from	
  ideal	
  
hydrodynamics	
  all	
  the	
  way	
  to	
  free	
  streaming	
  

•  Can	
  be	
  applied	
  to	
  large	
  and	
  small	
  systems	
  
•  Using	
  the	
  same	
  star9ng	
  point	
  (RTA	
  Boltzmann),	
  we	
  then	
  

derive	
  the	
  corresponding	
  hydrodynamical	
  equa9ons	
  of	
  
mo9on	
  using	
  hydro	
  frameworks	
  on	
  the	
  market	
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Results	
  of	
  the	
  1+1d	
  kine+c	
  solu+on	
  
[G.	
  Denicol,	
  U.W.	
  Heinz,	
  M.	
  Mar9nez,	
  J.	
  Noronha,	
  and	
  MS,	
  1408.5646	
  and	
  1408.7048]	
  

Visualiza9on	
  of	
  the	
  effec9ve	
  temperature	
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0+1d	
  Solu+on	
  



Bjorken	
  Flow	
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Boost-­‐invariant	
  and	
  transversally	
  homogeneous	
  flow	
  à	
  Bjorken	
  flow	
  

(t, x, y, z) ! (⌧, x, y, &)

Milne	
  coordinates	
  

⌧2 = t2 � z2

& = arctanh(z/t)

-10 -5 5 10
z

-10

-5

5

10
t

uµ
= (cosh &, 0, 0, sinh &) =

✓
t

⌧
, 0, 0,

z

⌧

◆

u⌧ = 1

u& = 0

Cartesian	
  components	
  

Milne	
  components	
  

In	
  Milne	
  coordinates	
  Bjorken	
  flow	
  maps	
  to	
  a	
  sta9c	
  flow,	
  i.e.	
  all	
  
spacelike	
  components	
  of	
  the	
  four-­‐velocity	
  are	
  vanishing	
  	
  



Simple	
  kine+c	
  equa+on	
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f eq
= exp

⇣
�p · u

T

⌘

Rela9vis9c	
  Boltzmann	
  equa9on	
  

Use	
  RTA	
  for	
  the	
  collisional	
  kernel	
  

Assume	
  (for	
  now)	
  classical	
  sta9s9cs	
  

In	
  addi9on,	
  assume	
  (for	
  now)	
  that	
  	
  
all	
  par9cles	
  are	
  massless	
  

τeq = 	
  relaxa9on	
  9me	
  	
  

Conformal	
  (massless)	
  thermodynamic	
  vars	
  

⌧eq(⌧) =
5⌘

TS

For	
  conformal	
  RTA	
  

See	
  W.	
  Florkowski	
  and	
  E.	
  Maksymiuk,	
  arXiv:1411.3666	
  for	
  quantum	
  sta9s9cs	
  



•  The	
  one-­‐par9cle	
  distribu9on	
  func9on	
  is	
  a	
  Lorentz	
  scalar	
  
•  It	
  can	
  only	
  depend	
  on	
  longitudinal-­‐boost-­‐invariant	
  variables	
  

with	
  	
  
	
  
	
  

•  RTA	
  Boltzmann	
  equa9on	
  simplifies	
  drama9cally	
  	
  

Bjorken-­‐flow	
  symmetries	
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transverse	
  	
  
homogeneity	
  

boost	
  
invariance	
  

reflec9on	
  
symmetry	
  around	
  	
  
collision	
  plane	
  

f eq
(⌧, w, pT ) = exp

"
�
p

w2
+ p2T ⌧

2

T (⌧)⌧

#

w = tpL � zE



Solu+on	
  for	
  the	
  distribu+on	
  func+on	
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Solu9on	
  for	
  the	
  distribu9on	
  func9on	
  is	
  now	
  straightorward	
  to	
  obtain	
  

with	
  the	
  damping	
  func9on	
  D	
  given	
  by	
  

One	
  could	
  solve	
  this	
  3d	
  integral	
  equa9on	
  for	
  f,	
  but	
  the	
  problem	
  can	
  be	
  reduced	
  to	
  solving	
  	
  
a	
  1D	
  integral	
  equa9on	
  by	
  integra9ng	
  the	
  le^	
  and	
  right	
  to	
  obtain	
  the	
  energy	
  density	
  

⌧eq(⌧) =
5⌘

TS

v ⌘ Et� pLz =
q
w2 + p2T ⌧

2

dP = 2 d4p �
�
p2 �m2

�
✓(p0)/(2⇡)3 =

dw

v
d2pT

with	
  

[W.	
  Florkowski,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1304.0665	
  and	
  1305.7234]	
  



Energy	
  density	
  integral	
  equa+on	
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Ē = E/E0⇠FS(⌧) = (1 + ⇠0)(⌧/⌧0)
2 � 1

R(z) =
1

2

⇥
(1 + z)�1 + arctan

�p
z
�
/
p
z
⇤

Ē(⌧) = D(⌧, ⌧0)R
�
⇠FS(⌧)

��
R (⇠0)

+

Z ⌧

⌧0

d⌧ 0

⌧eq(⌧ 0)
D(⌧, ⌧ 0) Ē(⌧ 0)R

✓⇣ ⌧

⌧ 0

⌘2
� 1

◆

•  Allows	
  for	
  arbitrarily	
  momentum-­‐space	
  anisotropic	
  ini9al	
  condi9on	
  
•  Can	
  be	
  solved	
  by	
  guessing	
  proper-­‐9me	
  dependence	
  of	
  the	
  energy	
  

density	
  and	
  then	
  itera9ng	
  un9l	
  convergence	
  is	
  achieved	
  
•  Once	
  the	
  energy	
  density	
  profile	
  is	
  obtained,	
  this	
  can	
  be	
  used	
  to	
  

determine	
  the	
  effec9ve	
  temperature,	
  all	
  other	
  components	
  of	
  the	
  
energy-­‐momentum	
  tensor,	
  number	
  density,	
  and	
  the	
  full	
  one-­‐
par9cle	
  distribu9on	
  func9on	
  	
  

[W.	
  Florkowski,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1304.0665	
  and	
  1305.7234]	
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BE	
  =	
  Exact	
  solu9on	
  
AH	
  =	
  Leading	
  order	
  aHydro	
  
IS	
  =	
  Israel-­‐Stewart	
  vHydro	
  
DNMR	
  =	
  Grad-­‐14	
  vHydro	
  

[W.	
  Florkowski,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1304.0665	
  and	
  1305.7234]	
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  results	
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BE	
  =	
  Exact	
  solu9on	
  
AH	
  =	
  Leading	
  order	
  aHydro	
  
IS	
  =	
  Israel-­‐Stewart	
  vHydro	
  
DNMR	
  =	
  Grad-­‐14	
  vHydro	
  

[W.	
  Florkowski,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1304.0665	
  and	
  1305.7234]	
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Conformal	
  0+1d	
  results	
  -­‐	
  vaHydro	
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Exact Solution
vaHydro
aHydro
3rd-order hydro

[D.	
  Bazow,	
  U.	
  Heinz,	
  and	
  MS,	
  1311.6720]	
  

•  Second-­‐order	
  aHydro	
  
(“vaHydro”)	
  further	
  
improves	
  the	
  agreement	
  
with	
  the	
  exact	
  solu9ons	
  

•  Shown	
  on	
  the	
  le^	
  is	
  the	
  
pressure	
  anisotropy	
  is	
  
quite	
  sensi9ve	
  to	
  the	
  
framework	
  used	
  

•  Same	
  conclusion	
  
obtained	
  for	
  all	
  
observables	
  studied	
  

•  Note	
  that	
  I	
  don’t	
  even	
  
show	
  Israel-­‐Stewart	
  any	
  
longer,	
  only	
  3rd	
  order	
  
viscous	
  hydro	
  of	
  Jaiswal	
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Conformal	
  0+1d	
  results	
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[D.	
  Bazow,	
  U.	
  Heinz,	
  and	
  MS,	
  1311.6720]	
  

•  Second-­‐order	
  aHydro	
  
(“vaHydro”)	
  further	
  
improves	
  the	
  agreement	
  
with	
  the	
  exact	
  solu9ons	
  

•  Shown	
  on	
  the	
  le^	
  is	
  the	
  
pressure	
  anisotropy	
  is	
  
quite	
  sensi9ve	
  to	
  the	
  
framework	
  used	
  

•  Same	
  conclusion	
  
obtained	
  for	
  all	
  
observables	
  studied	
  

•  Note	
  that	
  I	
  don’t	
  even	
  
show	
  Israel-­‐Stewart	
  any	
  
longer,	
  only	
  3rd	
  order	
  
viscous	
  hydro	
  of	
  Jaiswal	
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•  Number	
  (entropy)	
  
produc9on	
  vanishes	
  
in	
  two	
  limits:	
  	
  ideal	
  
hydrodynamic	
  and	
  
free	
  streaming	
  limits	
  

•  In	
  the	
  conformal	
  
model	
  which	
  we	
  are	
  
tes9ng	
  with,	
  number	
  
density	
  is	
  
propor9onal	
  to	
  
entropy	
  density	
  

[D.	
  Bazow,	
  U.	
  Heinz,	
  and	
  MS,	
  1311.6720]	
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Jaiswal	
  –	
  3rd	
  order	
  

Exact	
  0+1d	
  Solu9on	
  

τ0	
  =	
  0.25	
  fm/c	
  
T0	
  =	
  600	
  MeV	
  	
  
Tg	
  =	
  150	
  MeV	
  	
  

Conformal	
  0+1d	
  results	
  



Non-­‐conformal	
  (massive)	
  gas	
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[W.	
  Florkowski,	
  E.	
  Maksymiuk,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1402.7348]	
  

•  Can	
  use	
  a	
  same	
  method	
  to	
  obtain	
  the	
  
exact	
  solu9on	
  for	
  a	
  massive	
  gas	
  

•  Allows	
  one	
  to	
  assess	
  different	
  methods	
  
for	
  inclusion	
  of	
  bulk	
  viscous	
  effects	
  

•  The	
  overarching	
  conclusion	
  is	
  that	
  it	
  is	
  
important	
  to	
  include	
  shear-­‐bulk	
  
couplings	
  (Israel-­‐Stewart	
  fails	
  
completely).	
  
	
  
	
  

•  Plots	
  on	
  the	
  le^	
  show	
  recent	
  results	
  of	
  
Bazow,	
  Heinz,	
  and	
  Mar9nez	
  
1503.07443	
  

	
  
	
  

M.	
  Nopoush,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1405.1355	
  
G.S.	
  Denicol,	
  W.	
  Florkowski,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1407.4767	
  
A.	
  Jaiswal,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1407.7231	
  

Shear	
   Bulk	
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  (massive)	
  gas	
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[W.	
  Florkowski,	
  E.	
  Maksymiuk,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1402.7348]	
  

aHydro	
  =	
  M.	
  Nopoush,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1405.1355	
  
vaHydro	
  =	
  D.	
  Bazow,	
  U.	
  Heinz,	
  and	
  M.	
  Mar9nez,	
  1503.07443	
  
vHydro	
  =	
  G.S.	
  Denicol,	
  W.	
  Florkowski,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1407.4767	
  

•  Can	
  use	
  a	
  same	
  method	
  to	
  obtain	
  the	
  
exact	
  solu9on	
  for	
  a	
  massive	
  gas	
  

•  Allows	
  one	
  to	
  assess	
  different	
  methods	
  
for	
  inclusion	
  of	
  bulk	
  viscous	
  effects	
  

•  The	
  overarching	
  conclusion	
  is	
  that	
  it	
  is	
  
important	
  to	
  include	
  shear-­‐bulk	
  
couplings	
  (Israel-­‐Stewart	
  fails	
  
completely).	
  
	
  
	
  

•  Plots	
  on	
  the	
  le^	
  show	
  recent	
  results	
  of	
  
Bazow,	
  Heinz,	
  and	
  Mar9nez	
  
1503.07443	
  

	
  
	
  

M.	
  Nopoush,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1405.1355	
  
G.S.	
  Denicol,	
  W.	
  Florkowski,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1407.4767	
  
A.	
  Jaiswal,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1407.7231	
  

Israel-­‐Stewart	
  fails	
  to	
  
describe	
  the	
  dynamics	
  
un9l	
  very	
  late	
  9mes	
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1+1d	
  Conformal	
  Solu+on	
  



Gubser	
  Flow	
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ũ⌧
= cosh(✓?)

ũr
= sinh(✓?)

ũ�
= 0

ũ&
= 0

Gubser	
  flow	
  is	
  a	
  cylindrically-­‐symmetric	
  and	
  boost-­‐invariant	
  flow	
  that	
  possesses	
  
a	
  high	
  degree	
  of	
  symmetry	
  when	
  mapped	
  to	
  Weyl-­‐rescaled	
  deSieer	
  space	
  	
  

Related	
  to	
  
rota9onal	
  symmetry	
  
around	
  beam	
  axis	
  

boost	
  
invariance	
  

reflec9on	
  
symmetry	
  around	
  	
  
collision	
  plane	
  

Polar	
  Milne	
  components	
   Transverse	
  rapidity	
  

The	
  parameter	
  q	
  above	
  is	
  an	
  arbitrary	
  energy	
  scale	
  that	
  	
  
sets	
  the	
  radial	
  extent	
  of	
  the	
  system	
  at	
  a	
  given	
  proper	
  9me.	
  

This	
  flow	
  is	
  quite	
  strong:	
  
The	
  velocity	
  gradients	
  grow	
  
exponen9ally	
  in	
  9me!	
  

SO(3)q ⇥ SO(1, 1) ⇥ Z2

[	
  S.	
  Gubser,	
  1006.0006;	
  	
  
	
  	
  S.	
  Gubser	
  and	
  Y.Yarom,	
  1012.1314	
  ]	
  



Weyl-­‐rescaled	
  de	
  SiTer	
  Coordinates	
  
•  Conformal	
  theories	
  are	
  invariant	
  under	
  arbitrary	
  Weyl	
  

transforma9ons	
  
•  An	
  (m,n)	
  tensor	
  with	
  canonical	
  dimension	
  Δ	
  transforms	
  as	
  	
  

	
  
	
  
where	
  Ω is	
  an	
  arbitrary	
  func9on	
  of	
  space9me	
  

•  For	
  the	
  problem	
  at	
  hand	
  we	
  take	
  Ω = τ  à	
  “Weyl-­‐rescaling”	
  
•  Next	
  we	
  transform	
  to	
  de	
  Sieer	
  coordinates	
  defined	
  via	
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•  ρ  =  de	
  Sieer	
  “9me”	
  
•  SO(3)q	
  symmetry	
  guarantees	
  that,	
  in	
  

the	
  end,	
  physical	
  observables	
  will	
  not	
  
depend	
  on	
  θ

•  Azimuthal	
  angle	
  and	
  spa9al	
  rapidity	
  
are	
  the	
  same	
  as	
  in	
  Minkowski	
  coords	
  

Q

µ1...µm
⌫1...⌫n

(x) ! ⌦�+m�n
Q

µ1...µm
⌫1...⌫n

(x)



Weyl-­‐rescaled	
  de	
  SiTer	
  Coordinates	
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ũ⌧
= cosh(✓?)

ũr
= sinh(✓?)

ũ�
= 0

ũ&
= 0

Polar	
  Milne	
  components	
  

dŝ2 = �d⇢2 + cosh

2⇢
�
d✓2 + sin

2 ✓ d�2
�
+ d&2

SO(3)q

ûµ = (1, 0, 0, 0)
û

µ = ⌧

@x̂

µ

@x

⌫
u

⌫

A^er	
  Weyl	
  rescaling	
  and	
  
coordinate	
  transforma9on	
  
the	
  Gubser	
  flow	
  	
  
four-­‐velocity	
  is	
  sta9c!	
  

de	
  SiTer	
  space	
  flow	
  velocity	
  [	
  S.	
  Gubser,	
  1006.0006;	
  	
  
	
  	
  S.	
  Gubser	
  and	
  Y.Yarom,	
  1012.1314	
  ]	
  



Sketch	
  of	
  the	
  1+1d	
  kine+c	
  solu+on	
  
•  Start	
  with	
  the	
  RTA	
  Boltzmann	
  equa9on	
  subject	
  to	
  Gubser	
  flow	
  
•  Make	
  a	
  Weyl-­‐rescaling	
  (homogeneous	
  transforma9on	
  of	
  RTA	
  

Boltzmann	
  eq.)	
  +	
  coord.	
  transforma9on	
  of	
  the	
  kine9c	
  equa9on	
  
•  Use	
  the	
  fact	
  that	
  the	
  distribu9on	
  func9on	
  can	
  only	
  depend	
  on	
  

SO(3)q	
  x	
  SO(1,1)	
  x	
  Z2	
  invariants	
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p̂2⌦ = p̂2✓ +
p̂2�

sin2 ✓
SO(3)q	
  invariance	
  

p̂&SO(1,1)	
  invariance	
  	
   (related	
  to	
  the	
  w	
  variable	
  from	
  0+1d	
  solu9on)	
  

Z2	
   & ! �& Reflec9on	
  symmetry	
  

f(x̂µ
, p̂i) �! f(⇢; p̂2⌦, p̂

&)

[G.	
  Denicol,	
  U.W.	
  Heinz,	
  M.	
  Mar9nez,	
  J.	
  Noronha,	
  and	
  MS,	
  1408.5646	
  and	
  1408.7048]	
  	
  



•  For	
  a	
  conformal	
  system	
  the	
  relaxa9on	
  9me	
  must	
  be	
  
propor9onal	
  to	
  the	
  inverse	
  temperature	
  (no	
  other	
  scale)	
  
	
  
	
  

•  This	
  gives	
  	
  
	
  
	
  
	
  
	
  
with	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (mass	
  shell	
  constraint)	
  
	
  

•  This	
  looks	
  exactly	
  like	
  the	
  Bjorken-­‐flow	
  problem	
  solved	
  
previously!	
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⌧eq =
c

T
For	
  RTA	
  kernel	
   c = 5⌘/S

@

@⇢
f(⇢; p̂2⌦, p̂&) = � T̂ (⇢)

c

h
f
�
⇢; p̂2⌦, p̂&

�
� feq

⇣
p̂⇢/T̂ (⇢)

⌘i

p̂⇢ =

s
p̂2⌦

cosh

2⇢
+ p̂2&

[G.	
  Denicol,	
  U.W.	
  Heinz,	
  M.	
  Mar9nez,	
  J.	
  Noronha,	
  and	
  MS,	
  1408.5646	
  and	
  1408.7048]	
  	
  
Sketch	
  of	
  the	
  1+1d	
  kine+c	
  solu+on	
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[G.	
  Denicol,	
  U.W.	
  Heinz,	
  M.	
  Mar9nez,	
  J.	
  Noronha,	
  and	
  MS,	
  1408.5646	
  and	
  1408.7048]	
  
[M.	
  Nopoush,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1410.6790]	
  	
  

Sketch	
  of	
  the	
  1+1d	
  kine+c	
  solu+on	
  
•  As	
  before,	
  we	
  can	
  turn	
  this	
  into	
  a	
  1d	
  integral	
  equa9on	
  for	
  the	
  energy	
  

density	
  and,	
  once	
  that	
  it	
  is	
  solved,	
  we	
  can	
  determine	
  all	
  components	
  of	
  
the	
  energy-­‐momentum	
  tensor	
  and	
  the	
  full	
  distribu9on	
  func9on	
  
	
  
	
  
	
  
	
  

	
  

"̂(⇢) = D(⇢, ⇢0)"̂FS +

3

⇡2c

Z ⇢

⇢0

d⇢0D(⇢, ⇢0)H"

✓
cosh ⇢0

cosh ⇢

◆
ˆT 5
(⇢0)

H"(x) ⌘ x

2

2
+

x

4

2

tanh�1
p
1� x

2

p
1� x

2

•  For	
  heavy	
  ion	
  applica9on,	
  the	
  ini9al	
  
value	
  for	
  the	
  de	
  Sieer	
  space	
  energy	
  
density	
  should	
  be	
  provided	
  at	
  	
  
ρ0 à	
  -­‐∞	
  which	
  maps	
  to	
  τ0	
  à	
  0+	
  
	
  

•  I	
  will	
  show	
  results	
  for	
  ρ0 =	
  -­‐10	
  which,	
  
for	
  q	
  =	
  1,	
  maps	
  to	
  τ0 <	
  5	
  x	
  10-­‐4	
  fm/c 	
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Results	
  of	
  the	
  1+1d	
  kine+c	
  solu+on	
  
[G.	
  Denicol,	
  U.W.	
  Heinz,	
  M.	
  Mar9nez,	
  J.	
  Noronha,	
  and	
  MS,	
  1408.5646	
  and	
  1408.7048]	
  

[M.	
  Nopoush,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1410.6790]	
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Isotropic	
  ini+al	
  condi+ons	
  

DNMR	
  =	
  Grad-­‐14	
  2nd	
  order	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  viscous	
  hydro	
  



Knudsen	
  number	
  in	
  de	
  Sieer	
  coordinates	
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Why	
  is	
  this	
  nontrivial?	
  

2 tanh(⇢)

Kinetic Exact

Ideal Hydro

-10 -5 0 5 1010-3

10-2

10-1

1

101

102

r

t̀ r
el
»q` »

4phês = 1 r0 = 0 E
` Hr0L = 1

Exponen9ally	
  large	
  
gradients	
  at	
  early	
  
and	
  late	
  de	
  Sieer	
  
9mes!	
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Results	
  of	
  the	
  1+1d	
  kine+c	
  solu+on	
  
[G.	
  Denicol,	
  U.W.	
  Heinz,	
  M.	
  Mar9nez,	
  J.	
  Noronha,	
  and	
  MS,	
  1408.5646	
  and	
  1408.7048]	
  

[M.	
  Nopoush,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1410.6790]	
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DNMR	
  =	
  Grad-­‐14	
  2nd	
  order	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  viscous	
  hydro	
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Results	
  of	
  the	
  1+1d	
  kine+c	
  solu+on	
  
[G.	
  Denicol,	
  U.W.	
  Heinz,	
  M.	
  Mar9nez,	
  J.	
  Noronha,	
  and	
  MS,	
  1408.5646	
  and	
  1408.7048]	
  

[M.	
  Nopoush,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1410.6790]	
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Results	
  of	
  the	
  1+1d	
  kine+c	
  solu+on	
  
[G.	
  Denicol,	
  U.W.	
  Heinz,	
  M.	
  Mar9nez,	
  J.	
  Noronha,	
  and	
  MS,	
  1408.5646	
  and	
  1408.7048]	
  

[M.	
  Nopoush,	
  R.	
  Ryblewski,	
  and	
  MS,	
  1410.6790]	
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Israel-­‐Stewart	
  “explodes”	
  
so	
  I	
  don’t	
  show	
  it	
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Results	
  of	
  the	
  1+1d	
  kine+c	
  solu+on	
  
[G.	
  Denicol,	
  U.W.	
  Heinz,	
  M.	
  Mar9nez,	
  J.	
  Noronha,	
  and	
  MS,	
  1408.5646	
  and	
  1408.7048]	
  

•  Results	
  are	
  not	
  very	
  easy	
  to	
  interpret	
  intui9vely,	
  so	
  let’s	
  map	
  back	
  them	
  
back	
  to	
  Minkowski	
  space	
  by	
  reversing	
  the	
  Weyl-­‐rescaling	
  and	
  coordinate	
  
transforma9on,	
  e.g.	
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E(⌧, r) = Ê(⇢(⌧, r))
⌧4

sinh ⇢ = �1� q2⌧2 + q2r2

2q⌧

0 1 2 3 4 5 6
0

2

4

6

8

10

12

r @fmD
E
êE 0

4phês = 3 r0 = -10 E
` Hr0L = 1

E
[a
rb
it
ra
ry

u
n
it
s] t = 1 fmêc

t = 1.5 fmêc
t = 2 fmêc
t = 3 fmêc

0 2 4 6 8

0.5

1.0

1.5

r @fmD

TêT
0

HbL 4phês = 3



M.	
  Strickland	
   34	
  

Results	
  of	
  the	
  1+1d	
  kine+c	
  solu+on	
  
[G.	
  Denicol,	
  U.W.	
  Heinz,	
  M.	
  Mar9nez,	
  J.	
  Noronha,	
  and	
  MS,	
  1408.5646	
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Conclusions	
  
•  All	
  methods	
  (exact	
  solu9on	
  and	
  hydro	
  formula9ons)	
  agree	
  

qualita9vely	
  à	
  momentum-­‐space	
  anisotropy,	
  etc.	
  
•  Israel-­‐Stewart	
  (IS)	
  equa9ons	
  are	
  the	
  worst	
  approxima9on	
  

overall.	
  
•  Grad-­‐14	
  and	
  Jaiswal’s	
  Chapman-­‐Enskog-­‐like	
  method	
  work	
  

much	
  beeer	
  than	
  IS	
  for	
  the	
  conformal	
  case	
  and,	
  if	
  one	
  
includes	
  the	
  shear-­‐bulk	
  couplings,	
  they	
  also	
  work	
  reasonably	
  
well	
  in	
  the	
  non-­‐conformal	
  case.	
  

•  Anisotropic	
  hydrodynamics	
  (aHydro	
  and	
  vaHydro)	
  worked	
  
the	
  best	
  in	
  all	
  cases	
  examined.	
  	
  	
  

•  aHydro	
  can	
  describe	
  systems	
  ranging	
  from	
  the	
  ideal	
  hydro	
  
limit	
  to	
  the	
  free	
  streaming	
  limit	
  and	
  automa9cally	
  includes	
  
higher-­‐order	
  couplings,	
  e.g.	
  shear-­‐bulk	
  couplings.	
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Gives	
  exact	
  solu9on	
  in	
  the	
  forward	
  light	
  cone.	
  	
  	
  
Below	
  I	
  show	
  the	
  solu9on	
  for	
  the	
  scaled	
  shear	
  correc9on.	
  	
  


