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Zhang, Gyulassy and Ko, PLB (1999) 
 using elastic parton transport. 

( )B. Zhang et al.rPhysics Letters B 455 1999 45–4846

idealization we assume a uniform rapidity distribu-
tion from y5 to q5 and take a momentum distribu-
tion given by a local thermal one at a temperature of
500 MeV. Furthermore, produced particles are taken
to be formed on a hyperbola in the t-z plane, with z
the beam direction and x-z plane the reaction plane,
using a formation proper time t s0.2 fm.0
At RHIC energies, the initial minijet system is

dominated by gluons. Their subsequent time evolu-
tion can be described by the parton cascade model
ZPC. In this model, only gluon-gluon elastic scatter-
ing has been included, with a cross section

ds 9pa 2 m2 1g s 1q .2ž / 2d t 2 s tymŽ .
In the above, the strong interaction coupling constant
a is taken to be 0.47, and m is an effective screen-
ing mass responsible for regulating the divergent
leading-order cross section. We vary m to study the
dependence of the elliptic flow on s .g
The elliptic flow of partons is characterized by the

second Fourier coefficient Õ in their momentum2
distribution, i.e.,

1 dN
sÕ q2Õ cos f q2Õ cos 2f q PPP .Ž . Ž .0 1 2N df

1Ž .

Alternatively, it can be characterized by ÕX in the2
expansion of their transverse energy distribution,

1 dET X XsÕ q2Õ cos fŽ .0 1² :E dfT

q2ÕX cos 2f q PPP . 2Ž . Ž .2

Numerically, Õ is measured by averaging2

p2yp2x ycos 2f sŽ . 2 2p qpx y

over partons, i.e., it is the single particle average of
squared transverse momentum asymmetry. Similarly,
ÕX is measured by the E weighted single particle2 T

Ž .average of cos 2f . In general, the two azimuthal
distributions do not have to be the same, and the two
coefficients Õ and ÕX are thus not necessarily equal2 2
w x12 . We will later give an example in which they
develop different values.

The elliptic flow arises due to multiple collisions
as long as the initial transverse spatial distribution is
azimuthally asymmetric. For fixed impact parame-
ters, its value reflects the strength of interactions
Ž .s . For fixed s its value depends on the spatialg g

Žasymmetry as a function of the impact parameter or
.multiplicity .

In Fig. 1, we first show results for fixed impact
parameter bs7.5 fm. The time evolution of Õ for2
different values of the gluon-gluon scattering cross
section is shown. Note that all asymptotic values are
reached very early, t-2 fmrc, well before the
hadronization transition. For interaction length
'srp larger than the mean free path, the numerical

w xmethod of particle partition 13 has been used in
order to obtain stable solutions of the Boltzmann
equation. For the typical cross section between glu-
ons, 3 mb, the final Õ after the partonic stage is2
around 0.1 which is quite ‘‘large’’ and easily de-
tectable. Since the screening mass, or equivalently,
the effective parton scattering cross section is uncer-
tain we study its effect on the elliptical flow by using
different values for the cross section, i.e., 1 mb and
10 mb. We see that Õ is rather sensitive to the cross2
section and increases with increasing parton scatter-
ing cross section. However, with finite parton scat-
tering cross sections, values for Õ are smaller than2
that in the ideal hydrodynamic limit, which is around

w x0.2 8 . This demonstrates that very large dissipative
corrections are at work since in the ideal fluid limit

Fig. 1. Time evolution of Õ coefficient for different effective2 'parton scattering cross sections in Au-Au collisions at ss200
AGeV with impact parameter 7.5 fm. Filled circles are cascade
data, and dotted lines are hyperbolic tangent fits to the data.

Heinz, BES Workshop at LBNL 2014 
 using viscous hydrodynamics. 

Current Picture of vn Development

Hydrodynamics has been very successful  
for global observables, especially flow vn 

Transport model can describe flow vn : 
degree of equilibration is  
controlled by cross section σ 

Early hydro-type collective flow in sQGP 
converts initial spatial anisotropy into final momentum-space vn 
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Alver and Roland, PRC (2010) 
discovered significant triangular flow  
using A Multi-Phase Transport (AMPT); 
è intense developments of  
event-by-event hydrodynamics. 

Transport at large-enough cross section will approach hydrodynamics. 
 
It is generally believed: for low-PT in high-energy heavy ion collisions, 
the mechanism of vn development from transport model (via particle interactions) 
is in principle the same as viscous hydrodynamics (via pressure gradient). 

Current Picture of vn Development

Both hydrodynamics and transport model have been used to study vn : 
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Hydro 

Pathlength-dependent/ 
anisotropic energy loss 

Current Picture of vn Development

It is generally believed: 
high-PT observables cannot be described by hydrodynamics, 
one needs particle transport (plus energy loss, fragmentation, etc) 

A different paradigm for high-PT  



6/25 

Puzzle for small systems such as p+Pb or d+Au:
Mean free path may comparable to the system size; 

is hydrodynamics still applicable to such small systems?

Bzdak and Ma, PRL (2014) 
using A Multi-Phase Transport (AMPT). 

Current Picture of vn Development

Bozek and Broniowski, PLB (2013) 
using e-by-e viscous hydrodynamics.  

out, with a thermal spread in their relative momenta.
Another important source of correlations comes from the
global transverse-momentum conservation [44, 45]. We im-
pose approximately this constraint by requiring that the
sum over the particles in the generated event fulfills the
condition
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py

)2

< PT . (5)

We have found numerically that limiting the total trans-
verse momentum to PT = 5 GeV is sufficient; further
reduction does not affect the studied quantities. This
amounts for retaining about 8% of the least-PT events from
our sample.
We apply the hydrodynamic model to the two most cen-

tral centrality classes used by the CMS Collaboration. The
centrality of the events is defined based on the charged
particle multiplicity in the CMS acceptance. A good ap-
proximation of the centrality cuts in our model is repre-
sented by simple conditions on the number of the partici-
pant nucleons. The most central collisions withNpart ≥ 18
amount to 3.4% of most central events in the Glauber
Monte Carlo model. The second most central class is de-
fined by 16 ≤ Npart ≤ 17 and sums up 4.4% of the cross
section. Cuts on the final multiplicity in the calculations
instead of Npart could be used, once the model of the ini-
tial state were supplemented with effects of fluctuations of
the energy deposited in each elementary collision [46–49],
but this is not crucial for our study.
In the hydrodynamic model the multiplicity fluctuations

are largely decoupled from the collective expansion phase.
Our model gives realistic predictions on the collective flow,
but the multiplicity distribution cannot be reliably calcu-
lated. This has a consequence for the normalization of
the correlation functions. By integrating the per trigger
correlation function one obtains

∫

d∆φd∆η Ctrig(∆η,∆φ) =
⟨N(N − 1)⟩

⟨N⟩
, (6)

i.e., the ratio of the average number of pairs over average
multiplicity in a given acceptance window. In the presence
of correlations from collective flow only, a more robust
observable is the 2D correlation function normalized by
the number of pairs instead of N in Eq. (1).
In the hydrodynamic model collective flow dominates

in the correlation function for 2 < |∆η| < 4. There-
fore to make a meaningful estimate of the hydrodynamic
component in the 2D correlation function, we rescale the
calculated functions to get the same subtraction constant
CZYAM in the zero-yield-at-minimum (ZYAM) procedure.
We use the ZYAM values as quoted by the CMS Collabo-
ration for each multiplicity and pT bin [1]. Such rescaled
correlation functions, called normalized correlation func-
tions in the following, should be used to estimate the con-
tribution of the collective flow to the ridge observed in the
experiment.
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Figure 3: The projected and ZYAM-subtracted correlation function
in the region 2 < |∆η| < 4 for the two most central bins in multiplic-
ity (panels extending horizontally) and two pT intervals (panels ex-
tending vertically) for the pPb collisions. The CMS measurement [1]
is shown as dots. The results of our hydrodynamic model with the
normalized correlation functions are shown with the solid lines. The
dashed lines show the results of the hydrodynamic model with sub-
traction of the model ZYAM values and no rescaling.

In the following we describe the results obtained with
our simulations. We begin with the correlation function of
Eq. (1), shown in Fig. 1 for the most central collisions with
two different cuts imposed on the transverse momentum
of each particle in the pair. The 2D correlations func-
tion presents similar features as the experimental one [1].
A sharp same-side peak is formed due to the resonance
decays and the local charge conservation [4]. The ob-
served additional correlations from jet fragmentation at
small ∆φ-∆η, or the Bose-Einstein and Coulomb corre-
lations, are not included in our model. The away- and
same-side ridges are formed in the whole range of ∆η.
The shape of these ridges is determined mainly by the first
3 harmonics in the relative azimuth. The first harmonic
comes predominantly from the transverse-momentum con-
servation and is seen as a tendency for the back-to-back
emission. The second and third harmonics are provided
by the collective expansion of the initial fluctuating source
and describe well the shape and the width of the same- and
away-side ridges. As expected [11, 12], the collective ellip-
tic flow leads to the formation of the same-side ridge in the
2D correlation functions, which is our basic observation.

A qualitatively different behavior is visualized in Fig. 2.
At low pT the correlation displays a ridge (panel a) in the
azimuthal angle direction (near ∆η = 0), which is due to
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FIG. 1: The transverse momentum dependence of the elliptic, v2, and triangular, v3, flow coefficients in p+Pb (upper panel) and
Pb+Pb collisions (lower panel) as obtained in the AMPT model (open symbols) with the string melting mechanism. Different
centrality classes are defined by the number of produced charged particles, Ntrack, measured in |η| < 2.4 and pT > 0.4 GeV/c.
The CMS data are denoted by the full points.
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FIG. 2: The CMS data (full points) vs the AMPT model (open symbols) with the string melting mechanism for the integrated
elliptic, v2, and triangular, v3, flow coefficients in p+Pb (left) and Pb+Pb (right) collisions as a function of the number of
produced charged particles, Ntrack, measured in |η| < 2.4 and pT > 0.4 GeV/c.

and antiquarks which undergo elastic scatterings (in con-
trast to the default model, where only partons from
minijets interact) with a partonic cross-section which is
controlled by the strong coupling constant and the De-
bye screening mass. Subsequently a simple coalescence
model is employed to form hadrons which further un-
dergo hadronic scatterings. The detailed description of
the AMPT model can be found in Ref. [2]. The AMPT
model provides a consistent framework to understand
many phenomena in p+p, p+A and A+A collisions. In
particular, different orders of harmonic coefficients have
been well reproduced in Au+Au collisions at the top
RHIC energy [37] and Pb+Pb collisions at the LHC en-
ergy [38], which indicates that in A+A interactions, the
initial spacial asymmetry is transformed into the final

momentum anisotropy via the incoherent parton scatter-
ings [39].

In our previous study, the long-range two-particle az-
imuthal correlations have been observed in p+p and
p+Pb collisions at the LHC energies with a modest
parton-parton cross-section of σ = 1.5−3 mb [1]. There-
fore, it is important to check if the flow coefficients vn
extracted from the long-range two-particle azimuthal cor-
relation function are comparable with the data. In this
work we simulate p+Pb collisions at

√
s = 5.02 TeV and

peripheral Pb+Pb collisions (50 − 100%) at
√
s = 2.76

TeV with the parton-parton cross-section of 3 mb, being
consistent with our previous study.

In Fig. 1 we present the elliptic and triangular Fourier
coefficients from the long-range two-particle azimuthal

Small systems: both hydrodynamics and transport can describe flow 
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Method:
Study vn development 

 by tracking the complete collision history of each parton, 
including 
•  3 parton populations  

 (e.g. freezeout partons, active partons & all partons) 
•  vn versus Ncoll (number of collisions suffered by a parton) 
•  vn versus time

Tracking Parton Collisions in Transport Models

Most results shown here are obtained with AMPT (string melting version); 
some obtained with MPC (elastic version of the parton cascade). 
 
We only study the parton stage here. 
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A b=10 fm Au+Au event at 200AGeV from String Melting AMPT

60fm-long box; 
 
shows only  
formed particles. 

Beam axes 

1st frame:  
right after the 
primary collision, 
only spectator  
nucleons are 
formed. 

Particle # vs time 
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dN/dy of π & K 

Constraining Parameters of the String Melting AMPT

pT spectra of π & K (in central collisions) 

v2 of π & K (AuAu@200AGeV b=7.3fm) 

Same parameters for Au+Au as in ZWL PRC (2014),  
 which described low-pt (<2GeV/c) π & K data on dN/dy, pT spectra & v2  

  in central & mid-central events of 200AGeV Au+Au. 

Parton cross section σ =3mb 
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FIG. 2: Parton v
2

in Au+Au collisions as a function of the
number of collisions N

coll

that a parton has su↵ered. The
solid curve is the v

2

of all(active) partons after su↵ering N
coll

collisions, the dashed curve freezeout partons, and the dotted
curve non-freezeout partons.
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FIG. 3: Parton �? ⌘ hr̂? · p̂?i as a function of the number of
collisions N

coll

in Au+Au collisions. Both the normal (thick
curves) and the azimuth-randomized (thin curves) AMPT re-
sults are shown. The solid curves are those for all(active)
partons after su↵ering N

coll

collisions, and the dashed curves
are for freezeout partons.

di↵erence in the physics mechanisms between them.

Figure 3 shows the average space-momentum correla-
tion of partons, �? ⌘ hr̂? · p̂?i where r̂? and p̂? are
the transverse radial position and momentum unit vec-
tors, as a function of N

coll

. The �? parameter repre-
sents approximately the collective transverse radial ve-
locity. The plot is for Au+Au collisions, but the result
is similar for d+Au collisions. The �? of active par-
tons (thick solid curve) at N

coll

=0 is not exactly zero
because partons can form only after a finite formation
time over which a parton’s displacement depends on its
momentum. The freezeout partons (thick dashed curve)
at N

coll

=0 have a strong space-momentum correlation.

This is a space-momentum correlation with a non-zero
local velocity due to the anisotropic escape mechanism,
but di↵erent from a collectivity that represents a common
collective flow velocity achieved only via interactions. As
Fig. 3 shows, there are space-momentum correlations for
the active partons at any given N

coll

>0; these correla-
tions are good indicators of collective flow. Some of the
active partons freeze out at a given N

coll

; the additional
�? for these freezeout partons relative to the active par-
tons is the e↵ect of the anisotropic escape mechanism.
The question is then whether the collective flow of the

active partons is important for the final vn. Thus we did
test calculations with no collective flow by randomizing
the parton azimuthal direction after each parton-parton
scattering. The system continues to evolve in AMPT, but
the evolution is di↵erent from the original one. The �?
variable from this modified evolution is shown in Fig. 3
for Au+Au. The results for d+Au are again similar. The
active parton �? is now zero because of the randomiza-
tion. The freezeout parton �? is non-zero purely due to
the anisotropic escape mechanism.
We show in Fig. 4 the v

2

of active partons and freeze-
out partons from this azimuth-randomized AMPT run
by the thin solid and dashed curves, respectively, for
Au+Au (left panel) and d+Au collisions (right panel).
In the randomized case, the parton azimuthal angles are
randomized and hence the active parton v

2

is zero; thus
the final-state freezeout anisotropy is entirely due to the
anisotropic escape mechanism. For comparison, the v

2

results from the normal AMPT run for Au+Au (already
shown in Fig. 2) are superimposed in Fig. 4 as the thick
solid and dashed curves, where the active parton v

2

is
slightly positive and the freezeout parton v

2

is much
higher. The gain in v

2

from the active partons to the
freezeout partons is due to the escape mechanism. The
gain in the normal AMPT results is slightly di↵erent from
that in the azimuth-randomized results. This is not sur-
prising because the anisotropies in the escape probability
di↵er in these two cases: in the former case the parton
p̂?’s are correlated with their r̂?’s while in the latter case
the parton p̂?’s are random. The integrated v

2

of all fi-
nal partons in Au+Au (b=7.3 fm) collisions is 3.9% from
the normal AMPT results and 2.7% from the azimuth-
randomized results, indicating that the collective flow of
active partons plays only a minor role for the final vn.
The corresponding values for d+Au (b=0 fm) collisions
are 2.7% and 2.5%.
We have shown mostly results in 200 GeV Au+Au

collisions at impact parameter b=7.3 fm. There seems
to be no qualitative di↵erence between the behaviors in
Au+Au and d+Au collisions, as shown in Fig. 4. The
results for other impact parameters are also similar. Al-
though we discussed only v

2

, the same conclusions hold
for v

3

as well, suggesting that the development mecha-
nism of vn in AMPT is universal. We note that a fixed
N

coll

value does not correspond to partons at identical

Results: v2 versus collision # of each parton

Ncoll: number of collisions suffered by a parton 

3 parton populations  at a given Ncoll: 
freezeout partons:  freeze out after exactly Ncoll collisions; 
active partons:  will collide again, freeze out after >Ncoll collisions; 
all partons:   sum of the above two populations 

  (i.e. all formed partons that have survived Ncoll collisions). 

freezeout partons 
all partons 
active partons 
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in Au+Au collisions as a function of the
number of collisions N

coll

that a parton has su↵ered. The
solid curve is the v

2

of all(active) partons after su↵ering N
coll

collisions, the dashed curve freezeout partons, and the dotted
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FIG. 3: Parton �? ⌘ hr̂? · p̂?i as a function of the number of
collisions N

coll

in Au+Au collisions. Both the normal (thick
curves) and the azimuth-randomized (thin curves) AMPT re-
sults are shown. The solid curves are those for all(active)
partons after su↵ering N

coll

collisions, and the dashed curves
are for freezeout partons.

di↵erence in the physics mechanisms between them.

Figure 3 shows the average space-momentum correla-
tion of partons, �? ⌘ hr̂? · p̂?i where r̂? and p̂? are
the transverse radial position and momentum unit vec-
tors, as a function of N

coll

. The �? parameter repre-
sents approximately the collective transverse radial ve-
locity. The plot is for Au+Au collisions, but the result
is similar for d+Au collisions. The �? of active par-
tons (thick solid curve) at N

coll

=0 is not exactly zero
because partons can form only after a finite formation
time over which a parton’s displacement depends on its
momentum. The freezeout partons (thick dashed curve)
at N

coll

=0 have a strong space-momentum correlation.

This is a space-momentum correlation with a non-zero
local velocity due to the anisotropic escape mechanism,
but di↵erent from a collectivity that represents a common
collective flow velocity achieved only via interactions. As
Fig. 3 shows, there are space-momentum correlations for
the active partons at any given N

coll

>0; these correla-
tions are good indicators of collective flow. Some of the
active partons freeze out at a given N

coll

; the additional
�? for these freezeout partons relative to the active par-
tons is the e↵ect of the anisotropic escape mechanism.
The question is then whether the collective flow of the

active partons is important for the final vn. Thus we did
test calculations with no collective flow by randomizing
the parton azimuthal direction after each parton-parton
scattering. The system continues to evolve in AMPT, but
the evolution is di↵erent from the original one. The �?
variable from this modified evolution is shown in Fig. 3
for Au+Au. The results for d+Au are again similar. The
active parton �? is now zero because of the randomiza-
tion. The freezeout parton �? is non-zero purely due to
the anisotropic escape mechanism.
We show in Fig. 4 the v

2

of active partons and freeze-
out partons from this azimuth-randomized AMPT run
by the thin solid and dashed curves, respectively, for
Au+Au (left panel) and d+Au collisions (right panel).
In the randomized case, the parton azimuthal angles are
randomized and hence the active parton v

2

is zero; thus
the final-state freezeout anisotropy is entirely due to the
anisotropic escape mechanism. For comparison, the v

2

results from the normal AMPT run for Au+Au (already
shown in Fig. 2) are superimposed in Fig. 4 as the thick
solid and dashed curves, where the active parton v

2

is
slightly positive and the freezeout parton v

2

is much
higher. The gain in v

2

from the active partons to the
freezeout partons is due to the escape mechanism. The
gain in the normal AMPT results is slightly di↵erent from
that in the azimuth-randomized results. This is not sur-
prising because the anisotropies in the escape probability
di↵er in these two cases: in the former case the parton
p̂?’s are correlated with their r̂?’s while in the latter case
the parton p̂?’s are random. The integrated v

2

of all fi-
nal partons in Au+Au (b=7.3 fm) collisions is 3.9% from
the normal AMPT results and 2.7% from the azimuth-
randomized results, indicating that the collective flow of
active partons plays only a minor role for the final vn.
The corresponding values for d+Au (b=0 fm) collisions
are 2.7% and 2.5%.
We have shown mostly results in 200 GeV Au+Au

collisions at impact parameter b=7.3 fm. There seems
to be no qualitative di↵erence between the behaviors in
Au+Au and d+Au collisions, as shown in Fig. 4. The
results for other impact parameters are also similar. Al-
though we discussed only v

2

, the same conclusions hold
for v

3

as well, suggesting that the development mecha-
nism of vn in AMPT is universal. We note that a fixed
N

coll

value does not correspond to partons at identical

freezeout partons 
all partons 
active partons 

At  Ncoll=1: 
active partons at Ncoll=0 
collide once each, become 
all partons at Ncoll=1: v2 ≈ 0 

Results: v2 versus collision # of each parton

At  Ncoll=0: 
all partons: v2=0 by symmetry; 
escaped/freezeout: v2 ≈ 4.5%; 
Active: v2 <0. 

this repeats itself to higher Ncoll… 

¢ 

¢ 
¢ 
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FIG. 1: (a) Normalized probability distributions of partons
freezing out after N

coll

collisions. The thick and thin solid
curves are for partons of all p? in d+Au and Au+Au colli-
sions, respectively. The dashed curve is for partons with final
p?>3 GeV/c in Au+Au collisions. (b) Normalized probabil-
ity distributions of parton transverse radius r? in Au+Au col-
lisions. The thick curves are for N

coll

=0 and the thin curves
for N

coll

=5. The solid curves are for freezeout partons and
the dashed curves non-freezeout partons.

its initial configuration of partons [16], using

 (r)
n =

1

n
atan2(hr2 sinn�ri, hr2 cosn�ri) +

⇡

n
. (1)

Here r and �r are the polar coordinate of each initial
parton (after its formation time) in the transverse plane,

and h...i denotes the per-event average. The  (r)
n is the

azimuth of the short axis direction of the corresponding
nth harmonic component of the overlap geometry.

We follow the parton two-body elastic scattering his-
tory in AMPT. We analyze the momentum anisotropy in
the initial state, final state, and any intermediate state
in-between. The momentum anisotropy is characterized
by Fourier coe�cients [17]

vobsn = hcosn(��  (r)
n )i , (2)

where � is the azimuthal angle of the parton momentum.
Results. We trace the history of AMPT parton cas-

cading by the number of collisions (N
coll

) a parton suf-
fers with other partons. Figure 1(a) shows the prob-
ability distributions of partons freezing out after N

coll

collisions in Au+Au (b=7.3 fm) and d+Au (b=0 fm) col-
lisions. Partons with high final p? have fewer collisions
and freeze out earlier. In contrast, low p? partons freeze
out later, and they su↵er relatively more collisions. In-
tegrated over p?, partons su↵er on average hN

coll

i=4.5
and 1.1 collisions before freezeout in Au+Au and d+Au
collisions, respectively.

As shown in Fig. 1(a), some partons do not interact
at all and thus instantly freeze out at N

coll

=0. These
partons tend to reside in the outer region of the over-
lap volume, as shown in Fig. 1(b) for Au+Au where the
transverse radius (r?) distribution of freezeout partons is

shown by the thick solid curve. Those continuing to inter-
act tend to have smaller r? as shown by the thick dashed
curve. This feature is qualitatively similar for all N

coll

values (e.g. see the thin curves in Fig. 1(b) for N
coll

=5).
This is consistent with the general expectation–the en-
ergy density is smaller in the outer shell thus the proba-
bility for further interactions is smaller. It is interesting
to note that the freezeout “surface” moves inward, indi-
cating an outside-to-inside freezeout scenario.
We track the development of vn by studying parton vn

as a function of N
coll

. The v
2

results are shown in Fig. 2
for Au+Au collisions. The v

3

results are qualitatively
similar. Qualitatively similar results are also found for
d+Au collisions. In Fig. 2, the solid curve is the v

2

of all
active partons after N

coll

collisions; they are defined as
partons that have su↵ered at least N

coll

collisions, includ-
ing those that freeze out after N

coll

collisions but exclud-
ing partons that have frozen out with smallerN

coll

values.
The dashed curve is the v

2

of the partons that freeze out
after su↵ering exactly N

coll

collisions (i.e. without further
interactions). At N

coll

=0, the active parton vn is strictly
zero in the AMPT model. Some partons do not inter-
act at all and instantly freeze out with N

coll

=0. Because
there is a larger probability for the partons to escape
along the short axis of the overlap volume, those freeze-
out partons have positive vn. Similar behavior has been
seen before in another parton transport model [18]. In
the low density limit, the anisotropy may be analytically
derived [19]. In fact, this escape mechanism is rather gen-
eral as it happens throughout the entire evolution of the
collision system. After N

coll

collisions, the vn of all active
partons is still roughly zero. Some of these partons freeze
out; they have positive vn due to the preferential escape
along the short axis. The rest non-freezeout partons, hav-
ing a negative vn (shown as the dotted curve in Fig. 2),
continue to interact. With one more collision, the az-
imuthal distribution of these non-freezeout partons, ini-
tially with negative vn, becomes roughly isotropic again,
with approximately zero vn (solid curve). This process
then repeats itself.

It appears, therefore, that vn comes mostly from an
iterative escape mechanism. The traditional wisdom of
low p? particles accumulating vn after multiple collisions
plays only a minor role. In fact, partons at all stages of
the system evolution are approximately isotropic (see the
solid curves in Fig. 2 where only very small vn is accu-
mulated); whether they freeze out or not is determined
by the anisotropic escape probability at that point of
evolution. This includes initial partons before any scat-
terings, where some of them freeze out with a positive vn
due to the anisotropic escape probability. The high-p?
anisotropy is generally believed to result mostly from the
escape mechanism [20, 21], which we have also verified
with our results. Our finding here is that both high-p?
and low-p? anisotropies result mostly from the escape
mechanism, and there does not seem to be a qualitative

Results: freezeout vs collision # of a parton

<Ncoll>=4.6 for Au+Au 
   =1.2 for d+Au. Freezeout in the outer region 

(~surface emission, but not from a sharp surface); 
 
freezeout region moves in with Ncoll. 

Ncoll=0, freezeout 
Ncoll=0, active 
Ncoll=5, freezeout 
Ncoll=5, active 
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In simplified picture of elliptic flow 

At  Ncoll=0: 
Escaped: v2 ≈ 4.5%, 

 purely due to 
anisotropic escape probability 
(response to geometrical shape only,  
no effect from collective flow) 

At  Ncoll>=1: 
Escaped: v2>0 

 due to 
the above anisotropic escape probability 
modified by collective flow of all active partons 

Results: anisotropic particle escape 
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Final v2 is generated by interactions,  
which generate anisotropic collective flow 
and freezeout/escape from an anisotropic shape: 

Results: anisotropic particle escape 

They are coupled in the actual evolution, 
so we design a Random Test to estimate 1):  
ϕ is randomized (after each scattering) to destroy collective flow 

Let’s view v2 as coming from 2 separate but compounding sources: 
 
1)   anisotropic escape probability 

 we define this term as: 
 effect due to spatial anisotropy only 
 if there were 0 collective flow 

 
2) collective flow of all active partons  

effect from anisotropic collective flow only 
if there were no spatial anisotropy 

f(x,p,t) 

f(x,iso p,t) 

f(iso x,p,t) 
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FIG. 3: Parton �? ⌘ hr̂? · p̂?i as a function of N
coll

in
Au+Au collisions. Both normal (thick curves) and azimuth-
randomized (thin curves) AMPT results are shown. The solid
curves are those for all partons after su↵ering N

coll

collisions,
and the dashed curves are for freezeout partons.

via interactions. On the other hand, there are space-
momentum correlations for all partons (thick solid curve)
at any given N

coll

> 0 and the correlation increases with
N

coll

; these correlations are good indicators of collective
flow. Some of these partons freeze out at a given N

coll

;
the additional �? for these freezeout partons is the e↵ect
of the anisotropic escape mechanism.

One question is whether the hydrodynamic-type col-
lective flow of the partons is important for the final v

2

.
Thus we did test calculations with no collective flow by
randomizing the outgoing parton azimuthal directions af-
ter each parton-parton scattering. The system continues
to evolve in AMPT, but the evolution is di↵erent from
the original one. The �? from this modified evolution is
shown in Fig. 3. The all-parton �? is now zero because of
the randomization, and the freezeout parton �? is non-
zero purely due to the anisotropic escape mechanism.

We show in Fig. 4 the v
2

of all partons and freeze-
out partons from this azimuth-randomized AMPT by the
thin solid and dashed curves for Au+Au and d+Au col-
lisions. In the randomized case, the parton azimuthal
angles are randomized and hence their v

2

is zero; thus
the final-state freezeout anisotropy is entirely due to the
anisotropic escape mechanism. For comparison, the v

2

results from the normal AMPT (already shown in Fig. 2
for Au+Au) are superimposed in Fig. 4 as the thick solid
and dashed curves, where the all-parton v

2

is slightly
positive and the freezeout parton v

2

is much higher. The
gain in v

2

by the freezeout partons is due to the escape
mechanism. The gain in the normal AMPT results is
slightly di↵erent from that in the azimuth-randomized
results. This is not surprising because the anisotropies
in the escape probability di↵er in these two cases: in the
former case the parton p̂?’s are correlated with their r̂?’s
while in the latter case the parton p̂?’s are random.

Table I lists the hN
coll

i and hv
2

i of all final partons from
normal and azimuth-randomized results by both AMPT
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FIG. 4: Parton v
2

as a function of N
coll

in (a) Au+Au and
(b) d+Au collisions. Both normal (thick curves) and azimuth-
randomized (thin curves) AMPT results are shown. The solid
curves are for all partons after su↵ering N

coll

collisions, and
the dashed curves are for freezeout partons.

(varying µD with ↵s kept fixed) and MPC (isotropic
�). The hv

2

i with Debye � of 3 mb and 5.5 mb from
AMPT and MPC, respectively–so that they have simi-
lar opacity–are consistent with each other as mentioned
previously. It is known that v

2

is larger for an isotropic
d�/dt than for a Debye screened one (at the same �) be-
cause the latter is more forward-backward peaked, but
the hv

2

i
Rndm

/hv
2

i ratios as well as the opacities are al-
most the same. It should be noted that there may be
issues with causality in AMPT for large �. Also note
that hN

coll

i is larger in the randomized case because the
randomization tends to destroy the preferred outward di-
rection of partons.

We have shown mostly results for 200 GeV Au+Au
collisions at medium impact parameters. There seems
to be no qualitative di↵erence between the behaviors
in Au+Au and d+Au collisions (c.f. Fig. 4). Although
we discussed only v

2

, the same conclusions hold for v
3

as well, suggesting that the development mechanism of
anisotropies in transport models is universal. We note
that a fixed N

coll

value does not correspond to partons
at identical time but rather a convolution over time. We
have also studied results as a function of time instead of
N

coll

, and our qualitative conclusions remain unchanged.

Discussions. The unique finding of our study is that
partons in transport models escape (freeze out) from the
collision zone with positive v

2

, even those partons that
do not interact at all, mainly due to the anisotropic es-
cape probability. This escape mechanism contributes to
the majority of the final v

2

at small to modest opacity.
The traditional picture of low p? particles accumulat-
ing v

2

after multiple collisions plays only a minor role.
High-p? anisotropy is generally believed to result mostly
from the escape mechanism [22, 23], which we have also
verified within our work. Our study indicates that the
escape mechanism is at work at both high and low p?;

Strong r-p correlation 

Results: space-momentum correlation vs collective flow

β⊥ =
!r⊥ ⋅
!p

r⊥  p
reflects space-momentum correlation,  

 ~ transverse flow velocity 

~ Collective flow  
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FIG. 3: Parton �? ⌘ hr̂? · p̂?i as a function of N
coll

in
Au+Au collisions. Both normal (thick curves) and azimuth-
randomized (thin curves) AMPT results are shown. The solid
curves are those for all partons after su↵ering N

coll

collisions,
and the dashed curves are for freezeout partons.

via interactions. On the other hand, there are space-
momentum correlations for all partons (thick solid curve)
at any given N

coll

> 0 and the correlation increases with
N

coll

; these correlations are good indicators of collective
flow. Some of these partons freeze out at a given N

coll

;
the additional �? for these freezeout partons is the e↵ect
of the anisotropic escape mechanism.

One question is whether the hydrodynamic-type col-
lective flow of the partons is important for the final v

2

.
Thus we did test calculations with no collective flow by
randomizing the outgoing parton azimuthal directions af-
ter each parton-parton scattering. The system continues
to evolve in AMPT, but the evolution is di↵erent from
the original one. The �? from this modified evolution is
shown in Fig. 3. The all-parton �? is now zero because of
the randomization, and the freezeout parton �? is non-
zero purely due to the anisotropic escape mechanism.

We show in Fig. 4 the v
2

of all partons and freeze-
out partons from this azimuth-randomized AMPT by the
thin solid and dashed curves for Au+Au and d+Au col-
lisions. In the randomized case, the parton azimuthal
angles are randomized and hence their v

2

is zero; thus
the final-state freezeout anisotropy is entirely due to the
anisotropic escape mechanism. For comparison, the v

2

results from the normal AMPT (already shown in Fig. 2
for Au+Au) are superimposed in Fig. 4 as the thick solid
and dashed curves, where the all-parton v

2

is slightly
positive and the freezeout parton v

2

is much higher. The
gain in v

2

by the freezeout partons is due to the escape
mechanism. The gain in the normal AMPT results is
slightly di↵erent from that in the azimuth-randomized
results. This is not surprising because the anisotropies
in the escape probability di↵er in these two cases: in the
former case the parton p̂?’s are correlated with their r̂?’s
while in the latter case the parton p̂?’s are random.

Table I lists the hN
coll

i and hv
2

i of all final partons from
normal and azimuth-randomized results by both AMPT
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FIG. 4: Parton v
2

as a function of N
coll

in (a) Au+Au and
(b) d+Au collisions. Both normal (thick curves) and azimuth-
randomized (thin curves) AMPT results are shown. The solid
curves are for all partons after su↵ering N

coll

collisions, and
the dashed curves are for freezeout partons.

(varying µD with ↵s kept fixed) and MPC (isotropic
�). The hv

2

i with Debye � of 3 mb and 5.5 mb from
AMPT and MPC, respectively–so that they have simi-
lar opacity–are consistent with each other as mentioned
previously. It is known that v

2

is larger for an isotropic
d�/dt than for a Debye screened one (at the same �) be-
cause the latter is more forward-backward peaked, but
the hv

2

i
Rndm

/hv
2

i ratios as well as the opacities are al-
most the same. It should be noted that there may be
issues with causality in AMPT for large �. Also note
that hN

coll

i is larger in the randomized case because the
randomization tends to destroy the preferred outward di-
rection of partons.

We have shown mostly results for 200 GeV Au+Au
collisions at medium impact parameters. There seems
to be no qualitative di↵erence between the behaviors
in Au+Au and d+Au collisions (c.f. Fig. 4). Although
we discussed only v

2

, the same conclusions hold for v
3

as well, suggesting that the development mechanism of
anisotropies in transport models is universal. We note
that a fixed N

coll

value does not correspond to partons
at identical time but rather a convolution over time. We
have also studied results as a function of time instead of
N

coll

, and our qualitative conclusions remain unchanged.

Discussions. The unique finding of our study is that
partons in transport models escape (freeze out) from the
collision zone with positive v

2

, even those partons that
do not interact at all, mainly due to the anisotropic es-
cape probability. This escape mechanism contributes to
the majority of the final v

2

at small to modest opacity.
The traditional picture of low p? particles accumulat-
ing v

2

after multiple collisions plays only a minor role.
High-p? anisotropy is generally believed to result mostly
from the escape mechanism [22, 23], which we have also
verified within our work. Our study indicates that the
escape mechanism is at work at both high and low p?;

Strong r-p correlation 

r-p correlation 
purely from  
escape mechanism, 
not from collective flow 

Addition increase 
from escape mechanism 

Random Test: 
collective flow is destroyed 

Results: space-momentum correlation vs collective flow

β⊥ =
!r⊥ ⋅
!p

r⊥  p
reflects space-momentum correlation,  

 ~ transverse flow velocity 

Collective flow  

Finite r-p correlation 
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FIG. 3: Parton �? ⌘ hr̂? · p̂?i as a function of N
coll

in
Au+Au collisions. Both normal (thick curves) and azimuth-
randomized (thin curves) AMPT results are shown. The solid
curves are those for all partons after su↵ering N

coll

collisions,
and the dashed curves are for freezeout partons.

via interactions. On the other hand, there are space-
momentum correlations for all partons (thick solid curve)
at any given N

coll

> 0 and the correlation increases with
N

coll

; these correlations are good indicators of collective
flow. Some of these partons freeze out at a given N

coll

;
the additional �? for these freezeout partons is the e↵ect
of the anisotropic escape mechanism.

One question is whether the hydrodynamic-type col-
lective flow of the partons is important for the final v

2

.
Thus we did test calculations with no collective flow by
randomizing the outgoing parton azimuthal directions af-
ter each parton-parton scattering. The system continues
to evolve in AMPT, but the evolution is di↵erent from
the original one. The �? from this modified evolution is
shown in Fig. 3. The all-parton �? is now zero because of
the randomization, and the freezeout parton �? is non-
zero purely due to the anisotropic escape mechanism.

We show in Fig. 4 the v
2

of all partons and freeze-
out partons from this azimuth-randomized AMPT by the
thin solid and dashed curves for Au+Au and d+Au col-
lisions. In the randomized case, the parton azimuthal
angles are randomized and hence their v

2

is zero; thus
the final-state freezeout anisotropy is entirely due to the
anisotropic escape mechanism. For comparison, the v

2

results from the normal AMPT (already shown in Fig. 2
for Au+Au) are superimposed in Fig. 4 as the thick solid
and dashed curves, where the all-parton v

2

is slightly
positive and the freezeout parton v

2

is much higher. The
gain in v

2

by the freezeout partons is due to the escape
mechanism. The gain in the normal AMPT results is
slightly di↵erent from that in the azimuth-randomized
results. This is not surprising because the anisotropies
in the escape probability di↵er in these two cases: in the
former case the parton p̂?’s are correlated with their r̂?’s
while in the latter case the parton p̂?’s are random.

Table I lists the hN
coll

i and hv
2

i of all final partons from
normal and azimuth-randomized results by both AMPT
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FIG. 4: Parton v
2

as a function of N
coll

in (a) Au+Au and
(b) d+Au collisions. Both normal (thick curves) and azimuth-
randomized (thin curves) AMPT results are shown. The solid
curves are for all partons after su↵ering N

coll

collisions, and
the dashed curves are for freezeout partons.

(varying µD with ↵s kept fixed) and MPC (isotropic
�). The hv

2

i with Debye � of 3 mb and 5.5 mb from
AMPT and MPC, respectively–so that they have simi-
lar opacity–are consistent with each other as mentioned
previously. It is known that v

2

is larger for an isotropic
d�/dt than for a Debye screened one (at the same �) be-
cause the latter is more forward-backward peaked, but
the hv

2

i
Rndm

/hv
2

i ratios as well as the opacities are al-
most the same. It should be noted that there may be
issues with causality in AMPT for large �. Also note
that hN

coll

i is larger in the randomized case because the
randomization tends to destroy the preferred outward di-
rection of partons.

We have shown mostly results for 200 GeV Au+Au
collisions at medium impact parameters. There seems
to be no qualitative di↵erence between the behaviors
in Au+Au and d+Au collisions (c.f. Fig. 4). Although
we discussed only v

2

, the same conclusions hold for v
3

as well, suggesting that the development mechanism of
anisotropies in transport models is universal. We note
that a fixed N

coll

value does not correspond to partons
at identical time but rather a convolution over time. We
have also studied results as a function of time instead of
N

coll

, and our qualitative conclusions remain unchanged.

Discussions. The unique finding of our study is that
partons in transport models escape (freeze out) from the
collision zone with positive v

2

, even those partons that
do not interact at all, mainly due to the anisotropic es-
cape probability. This escape mechanism contributes to
the majority of the final v

2

at small to modest opacity.
The traditional picture of low p? particles accumulat-
ing v

2

after multiple collisions plays only a minor role.
High-p? anisotropy is generally believed to result mostly
from the escape mechanism [22, 23], which we have also
verified within our work. Our study indicates that the
escape mechanism is at work at both high and low p?;

Random ϕ 
Normal AMPT 

Normal AMPT 
Random ϕ 

Results: contribution of escape mechanism to final v2

v2 from Random Test: 
purely from escape mechanism, at 0 collective flow 

AMPT results on integrated v2: 
   Normal  Random ϕ   Ratio: 
             ~contribution from  pure escape 

  Au+Au   3.9%   2.7%    69% 
  d+Au   2.7%   2.5%    93% 
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Results: this is a general feature of transport models

-0.04

-0.02

 0

 0.02

 0.04

 0.06

 0.08

 0  5  10  15  20

v 2

Ncoll

MPC,  <Ncoll> = 4.68

frozen
all
active
no η cut

 0

 0.02

 0.04

 0  5  10  15  20

v 2

Ncoll

AMPT
<Ncoll> = 4.5

frozen
all
active

MPC gives essentially the same results as AMPT at similar <Ncoll>  
 despite differences in 
 parton initial condition (number, density profile, PT spectrum),  
 dσ/dt, formation time, parton-subdivision. 
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Results: this is a general feature of transport models

-0.05

 0

 0.05

 0.1

 0.15

 0.2

 0  2  4  6  8  10

v 2

τ = sqrt(t*t-z*z) [fm]

MPC, all, Ncoll=4.7
MPC, frozen, Ncoll=4.7
MPC, active, Ncoll=4.7
AMPT, Ncoll=4.5

MPC gives essentially the same results as AMPT at similar <Ncoll> 

Time-dependence of 3 parton populations:  
 frozen partons, active partons, & all partons  

v2 of all partons 
gradually builds up 
within ~4 fm/c 

v2 of active partons 
is small or negative 
during most of v2 build-up 
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Results: Anisotropic Particle Escape versus Hydrodynamic Flow
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When will hydrodynamic flow dominate?
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σ =3mb σ =20mb 

σ =40mb 

At very high <Ncoll> or σ : 
 v2 of active partons 

follows the total v2 closely 
during the early v2 build-up 
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Results: Anisotropic Particle Escape versus Hydrodynamic Flow

Escape mechanism is dominant 
 for small system v2 

& maybe even for semi-central AuAu at RHIC 
 
Hydrodynamic collective flow  
will dominate at very high σ or <Ncoll> 
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Potential Consequences

•  Explains similar anisotropic flows  
 observed in small systems and in large systems: 

since both are dominated by the escape mechanism 
  (ϕ-dependent interactions & escape probability) 
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FIG. 3: Parton �? ⌘ hr̂? · p̂?i as a function of N
coll

in
Au+Au collisions. Both normal (thick curves) and azimuth-
randomized (thin curves) AMPT results are shown. The solid
curves are those for all partons after su↵ering N

coll

collisions,
and the dashed curves are for freezeout partons.

via interactions. On the other hand, there are space-
momentum correlations for all partons (thick solid curve)
at any given N

coll

> 0 and the correlation increases with
N

coll

; these correlations are good indicators of collective
flow. Some of these partons freeze out at a given N

coll

;
the additional �? for these freezeout partons is the e↵ect
of the anisotropic escape mechanism.

One question is whether the hydrodynamic-type col-
lective flow of the partons is important for the final v

2

.
Thus we did test calculations with no collective flow by
randomizing the outgoing parton azimuthal directions af-
ter each parton-parton scattering. The system continues
to evolve in AMPT, but the evolution is di↵erent from
the original one. The �? from this modified evolution is
shown in Fig. 3. The all-parton �? is now zero because of
the randomization, and the freezeout parton �? is non-
zero purely due to the anisotropic escape mechanism.

We show in Fig. 4 the v
2

of all partons and freeze-
out partons from this azimuth-randomized AMPT by the
thin solid and dashed curves for Au+Au and d+Au col-
lisions. In the randomized case, the parton azimuthal
angles are randomized and hence their v

2

is zero; thus
the final-state freezeout anisotropy is entirely due to the
anisotropic escape mechanism. For comparison, the v

2

results from the normal AMPT (already shown in Fig. 2
for Au+Au) are superimposed in Fig. 4 as the thick solid
and dashed curves, where the all-parton v

2

is slightly
positive and the freezeout parton v

2

is much higher. The
gain in v

2

by the freezeout partons is due to the escape
mechanism. The gain in the normal AMPT results is
slightly di↵erent from that in the azimuth-randomized
results. This is not surprising because the anisotropies
in the escape probability di↵er in these two cases: in the
former case the parton p̂?’s are correlated with their r̂?’s
while in the latter case the parton p̂?’s are random.

Table I lists the hN
coll

i and hv
2

i of all final partons from
normal and azimuth-randomized results by both AMPT
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FIG. 4: Parton v
2

as a function of N
coll

in (a) Au+Au and
(b) d+Au collisions. Both normal (thick curves) and azimuth-
randomized (thin curves) AMPT results are shown. The solid
curves are for all partons after su↵ering N

coll

collisions, and
the dashed curves are for freezeout partons.

(varying µD with ↵s kept fixed) and MPC (isotropic
�). The hv

2

i with Debye � of 3 mb and 5.5 mb from
AMPT and MPC, respectively–so that they have simi-
lar opacity–are consistent with each other as mentioned
previously. It is known that v

2

is larger for an isotropic
d�/dt than for a Debye screened one (at the same �) be-
cause the latter is more forward-backward peaked, but
the hv

2

i
Rndm

/hv
2

i ratios as well as the opacities are al-
most the same. It should be noted that there may be
issues with causality in AMPT for large �. Also note
that hN

coll

i is larger in the randomized case because the
randomization tends to destroy the preferred outward di-
rection of partons.

We have shown mostly results for 200 GeV Au+Au
collisions at medium impact parameters. There seems
to be no qualitative di↵erence between the behaviors
in Au+Au and d+Au collisions (c.f. Fig. 4). Although
we discussed only v

2

, the same conclusions hold for v
3

as well, suggesting that the development mechanism of
anisotropies in transport models is universal. We note
that a fixed N

coll

value does not correspond to partons
at identical time but rather a convolution over time. We
have also studied results as a function of time instead of
N

coll

, and our qualitative conclusions remain unchanged.

Discussions. The unique finding of our study is that
partons in transport models escape (freeze out) from the
collision zone with positive v

2

, even those partons that
do not interact at all, mainly due to the anisotropic es-
cape probability. This escape mechanism contributes to
the majority of the final v

2

at small to modest opacity.
The traditional picture of low p? particles accumulat-
ing v

2

after multiple collisions plays only a minor role.
High-p? anisotropy is generally believed to result mostly
from the escape mechanism [22, 23], which we have also
verified within our work. Our study indicates that the
escape mechanism is at work at both high and low p?;
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ϕ-dependent particle interactions 

•  Main reason for vn at low PT and high PT are qualitatively the same 
since both are dominated by the escape mechanism 

  (ϕ-dependent particle interactions including energy-loss) 

Potential Consequences
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Hydrodynamics  
needs to include the escape mechanism 
(negative part of Cooper-Frye? 
continuous emission?) 
 
will affect sQGP properties extracted  
by comparing vn with hydrodynamics 
 
Hydrodynamics can dominate vn 
at very high interaction strength 
or collision number <Ncoll>: 
  is it the case for heavy ion collisions? 

Potential Consequences
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Anisotropic Particle Escape versus Hydrodynamic Flow

Hydrodynamics describe vn data well.  
AMPT/transport describes vn data well.  
 
 
Are they essentially the same? 
 
How can we differentiate them with experimental observables? 
 
Can they be improved to converge toward each other? 
 


