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• ~1053 ergs, 1058 
neutrinos in ~10 
seconds

• All neutrino species, 
10~30 MeV

• Dominate energetics  

• Influence 
nucleosynthesis

• Probe into SNe

νe + n → p + e-   

WFO
T≈0.9MeV

T≈0.75MeV

T≈0.25MeV
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nucleosynthesis

2n + 2p → α   

4He(αn,γ)9Be   
4He(αα,γ)12C   

…

seeds (A = 50 ~100)

n’s + seed → heavy (A=100 ~ 200)
r-process

neutron
star

heating
region

νe + p ⇌ n + e+   
_νe + n ⇌ p + e-   

cooling
region

Neutrinos in Supernovae
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Oscillations in Dense 
Medium

H =
M2

2E
+

p
2GF diag[ne, 0, 0] + H��

mass matrix

neutrino energy

electron density

ν-ν forward scattering 
(self-coupling)

active neutrinos, coherent forward scattering only 

⇢(t,x,p) =

Z
d3x0 e�ip·x0
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(@t + v̂ ·r)⇢ = �i[H, ⇢]
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Neutrino Self-Coupling

H =
M2

2E
+

p
2GF diag[ne, 0, 0] + H��

mass matrix

neutrino energy

electron density

ν-ν forward scattering 
(self-coupling)

H⌫⌫ =
p
2GF

Z
d3p0(1� v̂ · v̂0)(⇢p0 � ⇢̄p0)
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Oscillations in SN 

H =
M2

2E
+

p
2GF diag[ne, 0, 0] + H��

neutrino sphere 

νk

νq
νp
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(1+3+3)D

Coherent forward 
scattering outside neutrino 
sphere

⇢(t; r,⇥,�;E,#,')
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(0+3+3)D

Stationary emission

⇢(r,⇥,�;E,#,')
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(0+2+3)D

Axial symmetry around the 
Z axis

⇢(r,⇥;E,#,')
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(0+1+3)D

Spherical symmetry about 
the center (inconsistent?)

⇢(r;E,#,')
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(0+1+2)D 
Multi-Angle/Bulb Model

Azimuthal symmetry around 
any radial direction

⇢(r;E,#)
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(0+1+1)D 
Single-Angle Model

Trajectory independent 
neutrino flavor evolution

Equivalent to an 
homogeneous and isotropic 
neutrino gas evolving with 
time.

⇢(r;E)
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d

dt
~&!E" # ~&!E!" $ ~Heff (53a)

# ~&!E!" $ %!"V!E!" &!"HV '"!!!t"ŵ(; (53b)

where a vector with a tilde symbol is the same as that
without but viewed in the corotating frame. As !!t" de-
creases, ~Heff rotates from the direction of "!ŵ to that of
!"V!E!" &!"HV. If this process is slow enough, ~&!E!"
stays aligned or antialigned with ~Heff , depending on the
initial conditions, and will be either aligned or antialigned
with HV when ! approaches zero. We define

 $!E!" ) "!%"V!E!" &!(%&!E!" *!(t#0: (54)

One can check that ~&!E!", and therefore &!E!", will be
aligned with HV as t!1 if $> 0, and will be antia-
ligned with HV if$< 0. There can be a sharp transition in
the orientation of & at energy E! # EC, where "V!EC" #
!. The general features of this toy problem are shown in
Fig. 10.

This analysis applies to collective neutrino flavor trans-
formation in the hot bubble if (1) neutrinos and antineu-
trinos are in the collective mode even in the region where

A+ ", and (2) the frequency of rotating NFIS’s varies
significantly more slowly than the neutrino density n!. In
this case, !!t" corresponds to the rotating total NFIS,
which decays as the neutrino density goes down with
increasing radius. Because !e dominates in number over
other neutrinos and antineutrinos, the factor %&!E!" *!(t#0
in Eq. (54) is essentially the scalar product of the NFIS of
the neutrino in question and that of the total &!e , which is
positive for !e and negative for #!e. For the normal mass
hierarchy (#m2 > 0), one has !> 0 [note this behavior in
Fig. 8(a) and 8(b)]. Noticing that "! < 0 [Eq. (32)], one
finds that $ is always negative for & #!e!E #!e", which will be
antialigned with HV ’ êf

z in the end, as we have seen in
Fig. 9(b). One has$< 0 for &!e!E!e" if E!e < EC and$>
0 if E!e > EC, where

 EC #
!!!!!!!!
#m2

2!

!!!!!!!!: (55)

We see that &!ez is either approximately &1=2 or '1=2,
depending on whether E!e is less than or greater than EC.
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FIG. 9 (color online). Plots of &!ez!E!e " (left panels) and & #!ez!E #!e " (right panels) for both the normal (upper panels) and inverted
(lower panels) mass hierarchies at r # 400 km. The dashed and solid lines are for L! # 1051 and 5$ 1051 erg=s, respectively. These
are single-angle calculation results.

DUAN, FULLER, CARLSON, AND QIAN PHYSICAL REVIEW D 74, 105014 (2006)

105014-16
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HD, Fuller, Qian & Carlson (2006)
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Nucleosynthesis

Duan, Friedland,
McLaughlin & Surman
(2011)

solar

no osc.

multiangle
single-angle
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Conclusions

• Dimensionality of the supernova model matters in 
collective neutrino oscillations.
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Line Model

x

zv

Neutrinos emitted in single energy and two beams. 
Two active flavors, “no matter & small mixing angle” 
time independent, x translation symmetry, left-right symmetry

iv̂ ·r⇢ = [�(!/2)⌘�3 + H⌫⌫ , ⇢]

iv̂ ·r⇢̄ = [�(�!/2)⌘�3 + H⌫⌫ , ⇢̄]

! =
|�m2|
2E

⌘ =

⇢
+1 NH
�1 IH
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Line Model
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⇢̄(z) = ei(�!/2)(z/vz)�3 ⇢̄(0)e�i(�!/2)(z/vz)�3
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Line Model
Electron flavor neutrinos and antineutrinos
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Ω can be complex in IH and 

Linear (flavor) stability analysis (Banerjee et al, 2011)

µ / GFn⌫

↵ = n⌫̄/n⌫
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Line Model
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zRL
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Ω+/− can be complex in IH/NH

time independent, x translation symmetry, left-right symmetry

✏± =
✏L ± ✏R
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(0+1+2)D 
Multi-Angle/Bulb Model

Azimuthal symmetry around 
any radial direction

⇢(r;E,#)
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(0+1+3)D

Spherical symmetry about 
the center

⇢(r;E,#,')

Raffelt et al (2013) 
Mirizzi (2013)

z L, R

Neutrino Astrophysics and Fundamental Properties, INT, Seattle, June 2015
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Homogeneous Gas

• Multipole modes are decoupled in the linear regime

• l=0: μeff= μ, unstable in IH

• l=1: μeff= -μ/3 unstable in NH (breaking isotropy)

(HD, 2013)

(1� v̂ · v̂0)µ = 4⇡µ

"
Y0,0(p)Y

⇤
0,0(p

0)� 1

3

X

m=0,±1

Y1,m(p)Y ⇤
1,m(p0)

#
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Inverted Hierarchy

0 1 2 3 4
τ

10-7

10-6

10-5

10-4

10-3

10-2

|~ q
|

|~q00|
|~q10|
|~q1c|
|~q1s|

(HD, 2013)



Neutrino Astrophysics and Fundamental Properties, INT, Seattle, June 2015Duan (UNM)

Normal Hierarchy
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Conclusions

• Dimensionality of the supernova model matters in 
collective neutrino oscillations.  

• Spontaneous breaking of directional symmetry in 
momentum space ⟹ Collective neutrino 
oscillations in both mass hierarchies



Neutrino Astrophysics and Fundamental Properties, INT, Seattle, June 2015Duan (UNM)

Line Model
time independent, x translation symmetry, left-right symmetry
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A Toy Model

HD & Shalgar
1412.7097

µ / GFn⌫

↵ = n⌫̄/n⌫
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HD & Shalgar
1412.7097

µ / GFn⌫

↵ = n⌫̄/n⌫
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(0+2+2)D

Axial symmetry around the 
Z axis

⇢(r,⇥;E,#,')

z x L, R
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Conclusions
• Dimensionality of the supernova model matters in 

collective neutrino oscillations.  

• Spontaneous breaking of directional symmetry in 
momentum space ⟹ Collective neutrino oscillations in 
both mass hierarchies 

• Spontaneous breaking of spatial symmetry in position 
space ⟹ Collective neutrino oscillations at larger 
density 

• Stay tuned


