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Bose-Einstein Condensation:
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Formal definition:

Single particle density matrix p(r,r')= E)’iUJi Py, (r)

One and only one macroscopically large: /1 ~ N >> /2....

Expectation values = /l " Value in single particle state I/JI(F)



not so obvious!

Nozieres and Saint-James (1982)
Fragmentation when the above does not apply

Examples:

Mott insulating state
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Two states 1 & 2, equal energy, attractive interaction between 1&2
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Two wells with inter-tunneling t,
repulsive interaction U between particles in same well

Nt >> U, single condensate
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Bosons have hyperfine spins:

8’Rb lower hyperfine level f=1 c<0
m.=-1,0,1
upper hyperfine level f=2

23Na lower hyperfine level f=1 c>0

upper hyperfine level f =2

Spin-1:

Interaction = density-density + spin-spin
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e.g.:

ignore spatial parts, mean-field condensate states

c > 0, condensate wavefunction
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c>0

Ground state, N even
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Fragmented! Ni=Ny=N-1=N/3

Two particle ground state: -11,-1>-]1-1,1>+ 00>



single condensate restored by spin-non-conserving processes
(Ho and Yip, 2000 )

Q: Relationship between condensed and fragmented states ?

(Mueller, Baym, Ho, Ueda 2006; reviews by Ueda 2011)
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Rotation by Euler angles Q(afy)

(c.f. previous discussions on two-states)

y(Q) is a broken symmetry version of the fragmented state

Fragmented state = rotational average of mean-field state
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This is no longer the case for spin-2



2®2=0,1, 2, 3,4, Three s-wave scattering lengths a,,a,,a, > 0
Spin dependent part of H:
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gr = Amh’ap /M

@; — Zagajz — 2a1+a_f1 + (ag;)2 singlet pair



R, O O O Bk

OO O B O O

mean-field

®, F 2 c numbers

27° —(X* +y?

15

~— azaa(as)

-
o

-25

Y," <> (22° — X* = y?, X* = y*, 2%, 2y, XY)

ferro
G‘) —

Polar, Quadrupole ... () =2

i ® %0 83

""""" P(f)=0(0 0.) ®

37Rb
Cyclic, tetragonal
| 23Na O =
o = 2 2.,2
ASSRb (F.)=0 EX +8y HZ
-35 .25 15 -5 5 15
ac-a, (ap)

[Mermin 74; Ciobanu, Yip, Ho; 2000; + Ueda/Demler/Zhou ...)

o O O O BB




27° — (x> + y?)

o O — O O

C -1 6X2+6'2y2+22
PO

' P2 _.-"0
X2 — 2 ## 1

0 - F 0 2,2, o

0 ) X*— Yy +2Ixy

L 0

0




Exact many-body states: (Koashi +Ueda, Ho+ Lan Yin 2000,

Uchino et al 2008 )
B:FeF + 7/@);@2
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Energy: BE(F +1) — y7(7 + 3)
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Operators:
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Creation operator for two/three particle singlets

a; A, = Z<22 |22,m,2—-m)a; a, “others”

m="2-m .
o (and rotations)

two quantum numbers Fand t
T = N-=2xpairs
N=2xpairs +1 = 3 xtrios + “others’

U

Energy: BF(F -+ 1) — ;"T(T + 3)

A=0l6; A=NWN+3)—r(r+3)=N —7)(N +3+7)



(F’T) (C) N=3
* (0,2) P
Y (0,3)
21 N1 A
) &0
y  ale! o)‘J 10)
- Y

BF(F 4+ 1) — y7(1 + 3)

& (1) [o)
?( ) \\ ;/ airs small g trios
i (61) oy N *

— | —

- 7
- ~
- (a.)) |U> small 1 ! large 1

(14,7) large F

“others”



(a) MF phase (e) N=5
s | 43,67 - ]|0)
PO C N 00] |0>\
55:::’L0 |- i1 (61) IO
R e e e (@) Io)
(f) N=6 (i) N=9

[((3):';‘)"—%0 (&) }|0)

-ﬂ

large F “others”



®Z®2 [(®::)] | O> =0
+ +3\2 1 +33
®2®2[(®3) _E(®2) ]|O>:O

+ + 1 + +
®2®2[(®3)3 - E®3 (®2)3] | O> =0

=3



mean-field
angular averages:
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N=3

N=4

Angular averages:

Ferro always averages to zero

[@@yl)

| @ @)’°10)

>

[ a(@)*10)

[@@)1)

Q

®; | 0)

®; | 0)

(©,)°10)



[ (@i @)°10) —

[[47 — 2 cos 66) (ég)g + (12 + 36 cos 60) (é;)zl 0)

in general not even solution of H
+ 1 +
(®Z)3 |O> [(®3)2 _E((@z)s] |O>
[@@)yl)  ——

Q
- 4 . - 2
[ (71 — 8 cos 66) (@g) + 16(3 + 9 cos 60)O] (eg) } 0)

(©3)"10) 011(0:)° - (0;)'110)

No correspondence between angular averaged
mean-field state and many-body state



Actual picture:

Spin-1;

Singlet state is unique if N even
Yield singlet state if angular average is finite

(ferro averages to zero, so must start with polar)
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Large N: two particle correlations j (a,(W)" | O>
(ﬂ:rm ﬂ‘j?ll Ams Gy )

(1), (1) G (02) o (22) [5,, 5 (@) (@2)]

: N’(ﬁ. _ 1) rﬂl {2 ml

fo. 0. D2 ﬁ;?_(ﬂl)ﬁ';m(ﬂiﬂw

V,,(W) =D(W) x

OO PFrr OO
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Start from Cyclic:
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Correspondence between angular average mean-field

and exact many-body states are due to mathematical identities
but not physics

Relation between fragmented states and mean-field states
for spin-2 different from those In
double wells and spin-1



