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Abelian Chern-Simons-Maxwell Theory

(2+1)-d Abelian gauge fields
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Cross based degrees of freedom
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Cross based degrees of freedom
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Cross based degrees of freedom




Chern-Simons-Maxwell Theory on the Lattice
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The Hamiltonian of doubled Chern-Simons-Maxwell Theory
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Electric fields of Chern-Simons-Maxwell Theory
on the doubled Lattice

: k 4 = . k
Ei(X) = —ida, — —eiAi(x),  Ei(x) = —id — —eAi(x),
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The electric fields of original and dual lattices
do not commute

60, B )] = [E(). 5] = ~ieeyi(x ~ )

Like for a charged particle in a magnetic field, the commutator
of the momenta is non-zero and given by the abstract
“magnetic” field 4



"Mechanical" Analog

Noncompact case: 2-d plane R?
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"Particle” moving in the background of an "magnetic" field %



The Gauss law on the doubled lattice
[Gx. Gz] =0,
[Gx,H| =0, [Gx,H] =0

Gx|0) = 0, Gx[0) = 0.




Mutual Anyonic Statistics

G\Q.Q) = Q/Q,Q), x e\, GQ,Q) =Q|Q,Q), x €A

Wilson loop on the lattice encircles a set of dual charges

Wc|Q Q H UX,‘Q Q> —exp(/¢c)|Q Q>
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The Compactified Gauge Fields

Ay and ZX,,' turn into phases of the parallel transporters

Ux,i = eXp(ian,i) = eXpU‘Px,i) e U(1)
Uxi = exp(iaAy,) = exp(ipx,i) € U(1)
The Hamiltonian of a single cross
2
H, = a; (E? + E?)

aE = —id, + a(p,) aE = —i0 + a(p, §)

where (&, a) is an abstract vector potential
- k . - k
a = ——0, a , = —,
(0. 0) =40 alw.9)= 4 ¢

which gives rise to the abstract “magnetic” field on the group space torus

~ . .k
by, ¢) = dea(p. ) — 9za(v,9) = 5



The boudary conditions

Self-adjoint extention of the Hamiltonian
2 .2 .
H, — %(EZ + E?)
leads to the boundary conditions for the wave function
_ k= ~
V(p+2m,0) =exp (*I?p + /9) (g, $)
N k . _
V(p, ¢+ 2m) = exp (/590 + 19) V(e ¢)
where # and 6 are self-adjoint extension parameters.

Dirac quantization of the level k € Z



"Mechanical" Analog

Compactified group space: torus U(1)?2
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"Particle” moving on a torus U(1)? with "magnetic” flux 27k, where k € Z
Polyakov loops break translation invariance U(1)? to Z(k)?



Self-adjoint extention background gauge fields

Gauge transformations of the gauge fields on the lattice
eXp(/SO;(,/) = exp(i(SOX,I' + XX+%7 - Xxfgﬂ)?
eXp(iSZ;(,i) = exp(i(@x,i + %X+g7 - %(—37))

Parameters of self-adjoint extention are playing the role of
background gauge fields

exp(i@ﬁgi) = exp(i(@xv,' + kXx+§7 - kXx—§7))’
_ ~ 2 2
exp(itl,;) = exp(i(Ox.i + KX, 23 = KXx_27))

Gauge transformations which manifest U(1) gauge symmetry
reduced to Z(k)



Local Magnetic Translation Group
Z(k) shift operators T and T obey local

magnetic translation group

TT = ex p( )TT

K
Hylnl) = M (n+1>|nl> T\nl)—exp(2m/>] niy.

T|nl) = |n(/ — 1))

where M = ¢ s the ' 'photon" mass.



Z(k) Gauge Symmetry and Gauss Law

The unitary operators of local Z(k) gauge transformations

VX_H 2 T a”,xe/\

Vx—H Y X_il X EN

must obey Z(k) Gauss law

VW) = W), x € A

Vilw) = W), x €A



The effective low-energy physics
In the pure Chern-Simons limit (6> — oo) the spectrum is restricted to
the lowest Landau level, which is k times degenerate.

The effective low-energy Hamiltonian is given by

Fletr = = 2C2 52 o (‘7) VX+eXp( )

xEN

262322{69( )Vx+exp( kx>v’ﬂ

where operators of Z(k) gauge transformations are

VX_H x+2/7/Xa s X EN,

Vi = H Tx+2/,/ x—21i’ x €A



Relation to the Toric Code

The Z(2) toric code is characterized by the Hamiltonian

H=-Jd3 U -G Vi,

xen xeA

where
_ o3 a3
Vy = |’| exp (mSX+§7) exp (—msxi%ﬁ) X eN

U,=38' ,..8! S! s! xeN
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Conclusions

The Z(k) toric code emerges from the doubled Chern-Simons-
Maxwell theory in the limit of infinite “photon” mass,
ke? /21 — oc.

The toric code has a large variety of hidden self-adjoint
extension parameters ¢ and 6, which transform as lattice gauge
fields.



