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Outline

® Thermalisation protocol: sudden turn on of system (S) -
bath (B) coupling

® key to thermalisation in quantum systems: Canonical
Typicality and Eigenstate Thermalisation Hypothesis

® exact diagonalization: small (2+7 sites) Hubbard ring

® (A) Long time: thermalisation as function of S-B
coupling

® (B) Dynamics of thermalisation
® Random matrix dynamics - analytical theory

® Conclusions
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Thermalisation
KR

® subsystem reaches equilibrium with bath through energy/particle
exchange

® independent of the initial subsystem state

® independent of microscopic details of the bath: only macroscopic
quantities matter, eg. chemical potential

® |oss of coherence/entanglement within subsystem

® states of the subsystem are occupied with probability given by Gibbs
distribution
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Thermalisation: main results here

_

® Thermalisation in a small closed quantum system!?

yes, for surprisingly small systems, to canonical distribution

dynamics of approach to thermalisation: exponential and
Gaussian relaxation regimes

both numerics for a range of systems, and analytical result
(last part)

S. Genway, A.F. Ho and D.K.K. Lee, PRL 105, 260402 (2010)
S. Genway, A.F. Ho and D.K.K. Lee, PRA 86, 023609 (2012)
S. Genway, A.F. Ho and D.K.K. Lee, PRL 111, 130408 (201 3)
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Canonical Ensemble

® Gibbs-Boltzmann distribution

® subsystem state |s) with energy ¢, ,S+B total energy Eo

po< D Noan(Eo —e5)ls)(s]

_ d: k S-B
~ Ze Bes|s) (5] for large bath (Ey > ¢;) assun::ZUI:lsi/§2<

S

® temperature defined from:

1 o dlanath
keT dE

B

Eg

standard textbook derivation: assumed weak system-bath coupling

® Canonical ensemble in a closed quantum system? Two concepts:
Canonical Typicality & Eigenstate Thermalisation
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Canonical Typicality

Goldstein et al. PRL 96, 050403 (2006)
Popescu et al. Nature Phys. 2,754 (2006), ...

® Pick a pure state
o |U) =) CalEa)
A

E 4): eigenstate of whole system

e (U4 # 0 only in energy shell:
[E07EO—|_5:

€S

® Reduced density matrix p is
approximately thermal for almost all
choices of T
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Eigenstate Thermalisation Hypothesis

Deutsch PRA 43,206 (1991), Srednicki PRE 50, 888 (1994), Rigol et al., Nature 452, 854 (2008), ...

cf. quantum ergodicity theorem:
von Neumann (1929), Snirelman (1974), de Verdiere (1985), Zelditch (1987), ...

® Measurement of local / few-body observable for an energy eigenstate | A)
gives thermal result

® Project eigenstate |A4) to subsystem state |S) (energy €s):
Py =", |sb)(sb| for product states |sb)

Hypothesis: (A|P,|A) ~ e P

® For any state |V) =3, C4lA4), time average of the reduced
density matrix is the thermal state independent of Ca

pss = D |Cal*(A|P.|A) ~ (A[P.]A)
A
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Thermalisation
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Hamiltonian

He = — Z Jg(c]iaczg + h.c.) + U(ni4ni) + noyngy)
U_Tyi

Hp = —S: S: o ( cwczﬂg—khc +UZ7%T7%¢
1=3 o=T,{

AV = —)\ Z J {(620630 + cJ{JcLJ) + h cw

e 8 fermions: 47, 4

o J, =J(1+¢&sgno), £ =0.05
o U=J=1

e 15876 energy levels

e 16 subsystem energy levels

1
\J\/\Séstem

e A =1 — homogeneous ring
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Initial State

e Product states

U(t=0)) = 1/2 Z )

she]l bEshell
overlaps many exact eigenstates

|E4) in energy shell

M
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Initial State

e Product states

U(t =0)) = 1/2 > e)

she]l bEshell
overlaps many exact eigenstates

|[E4) in energy shell
e Switch on AV for ¢t > 0

o Evolve p(t) = Trbath(|\1’(t)><qj(t)‘)
with |W(¢)) = e "t )

5N N
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Diagonal elements of p (U/J = A= 1)
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Subsystem evolution

Off-diagonal elements of p (U/J =X =1)

Pss

0.5
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0.3

0.2

0.1

0

0.1, initial state [0,T> -
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Memory of Initial State

{Loss of memory for wide range 0.1 < A <4 }

1 .4 ] ] || || L LI I || || I rri I | |
i EO — '4 H
1.2 & Eo = -2 S
( QD Eg=_0 A
N
Ky Eq=1.77 —
0.8 | \ % & _
. - A\
) A\
q O 6 i A A\ N N _
. . X N
v
A\ \)
04 B %A\ (D N —
Wy
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O 2 B \'og'é:g N /
vi‘é\"’.ﬁ > - /ZI
S ). Lt 5] s § —— S
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0.01 0.1 1
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1/2 angular bracket: average over

all (16) initial subsystem states
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Closeness to the Thermal State

[ Subsystem thermalises for A > 0.1}

08[ I I LN I I L LB LN T T T
N EO — '4 =
07 ( N EO = '2 > |
i\ \‘ N EO — O £y
0.6 § _ - -
N E,=1.77 —
0.5 _
o 0.4 _
|
/]
0.3 |
02 nn —&
/| 'g < /
0.1 A, 2 A
0.01 1

1 :

_ _ angular bracket: average over
W

2 quss ss|] all (16) initial subsystem states
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Thermal state

35 . ——
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down to quantum degeneracy
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angular bracket: average over all
(16) initial subsystem states

-

von Neumann entropy:
plateau in thermalised regime
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Eigenstate Thermalisation
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S. Genway, A.F. Ho and D.K.K. Lee, PRA 86, 023609 (2012)
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(B) Dynamics of Thermalisation

How does the subsystem reach thermalisation?
Initial state |¢5) = | 1,7) with composite energy Fy = —2

1
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Relaxation Rates
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Random Couplings

Bose-Hubbard Model |

Gaussian
regime
universal

Ly

100

10

0.1 E

0.01

0.001

0.1}

0.01

0.001 |

Exponential

xGauss

Gaussian

0.1

10

/
/// A/_\‘.'\
e

4k Gaussian

}‘Gauss

10

Shift in crossover.
Here ¢! = full
bandwidth ~ 20

YFGR: short (lines)
Fits to Gaussian/

exponential curves
(points)

7 bosons on 942
sites, U =J =1
initial state: no
boson in subsystem
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Short Time Dynamics: perturbation theory

e Initial state |¥ (¢t =0)) = |sp) 1/2 Z €p)
Shell bcshell

o Times greater than t; = 1/4J = 1/single-particle bandwidth
e Perturbation theory for small A

A2 2 sin(Egp — Eagp, ) 4]
Pss (=75 2 ;_;l Fp— By, 0 1VF00

S # S °

d SS
Fermi Golden Rule: Pss _ —YEGR X \?

dt

e "Very short’ times: t < t4
e just one hop: |U(t)) = e *HY|W(0)) ~ (1 — iHt)|¥(0))

~1/2

IOSS( ) ~ 1 — thortt2 with I'spore = A Z |<Sb|V|\IJ(O)> .
s = S sb i
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A random matrix model

e Banded random coupling

H = Z es + €p)|sb) (sb| + Z sbY (sb|V'|s"b"){(s""|
ss’bb’

e bath levels ¢, obeys Wigner-Dyson statistics

e coupling matrix elements (sb|V'|s'b") zero for
‘Esb — Es’b" > W

e each non-zero element has variance cA

e A = level spacing

e [wo energy scales: ¢ and W

e For Hubbard ring with local quench

e strength of coupling: ¢ ~ \?J
e coupling width: W = 4., single-particle bandwidth
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coupling matrix structure

Hubbard Model coupling matrix

in |sb) basis looks like...

ONP,L,OOOOMNA~,OONKLDO

00000000000
OCOOOO—_—— = 22N

-8-6-4-202 46 810
Esb

Monday, 13 April 2015



Origin of dynamics: overlaps

e Dynamics given by overlap of exact eigenstates |A) with
product states (A|sb)

e initial state |spbp)
e reduced density matrix

pss (1) = Y (Blsobo)(sobo| A)(Alsb)(s'b| B) e F4>!
ABb

e diagonal elements for subsystem state s = s

pss(t) = Y (Blsbo)(sbo| A)(A|sb)(sb| B) e~ F4>!
ABb

NB: this is like Fourier transform in t if the overlap combo depends only on Eap .

e Need to understand statistics of overlaps...
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Origin of dynamics: overlaps

e Variance 0% = |(A]|sb)|?
e a function only of AE4 = E4 — E;, after averaging over small
windows of |E4) and |sb) (ETH I see |ater)

e Reduced density matrix has Fourier components:
pss(w) ~ Y 0*(AE4 — hw)o?*(AEA)
A

pss(t) ~ |5°(H)[

dropping terms of random signs

o Relaxation of pgs(%)

e exponential decay <+ Lorentzian profile for o%(AFE)
e Gaussian decay <+ Gaussian profile for 0(AE)
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Method: Dyson Brownian motion model

Build up S-B coupling V' as a sequence in Dyson, 1962, 1972
fictitious time 7 of random kicks:

H(t)= Hgs+ Hp —I—/ dTlf(T/)
\“/—/ O
H

<A(T) ’§5T‘B(T)> = fAB Gaussian random variables

ot
Ean(T)epalT) = cap 8(r — 7 \
perturbation theory at each fictitious time ¢ \
step 07 :
EABOT 1 cAB OT
A) _Z
o14) =) Ea— EB 2 Ls (B4 — Eg)? ] A
B#£A B#£A 9
. ~ J/ . ~ / )\ = T
diffusion drift

Wilkison & Walker, . Phys A 26,6143 (1995) -
Chalker, Lerner & Smith, PRL (1996) H(z)
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_ . S. Genway, A.F. Ho and D.K.K.
Mean-square overlaps: results 20w TG oors)

e Brownian motion (imaginary time 7 = \?)
e Equation of motion for 0% , (AE = E4 — Fy,) = (Alsb)?:

80'124 C(EA — EB) 9 9
“TA | J4E _
a7 / B (Ea-Bp)? A~ 7B
couplingmatrix: o( |y = J/4 (|E|<4J), (zero otherwise)
o Fourier transform of 0% (AE): %(t) = e~ ™)
4J _ _
B 1 —cos E't lt| J <t A
Alt) = Q/A g B { 4.Jt2 t< J!
e \ < 1: 6%(t) exponential decay = o4 Lorentzian
e A\ > 1: 6%(t) Gaussian (small exponential tail) = o< Gaussian
4 2 )
/088()‘27 t) = pss(7,00) + [1 — pss(7,00)] e~ 2N MY
,033()\27 OO) — Nbath (EO — gs)A ~ 6_588

- J
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Mean-square overlaps and ETH

® analytical demonstration of ETH via result

for 5%, in Dyson Brownian motion model

(A|P,|A) = Z\A\sb HZ\A\S[) ~ uy(Ea — €5)A

S. Genway, A.F. Ho and D.K.K.Lee, PRL | |1, 130408 (201 3)
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Reduced density matrix

o Diagonal element p,,(t) with s = sg (initial prepared state sg)

o two-level system at high effective temperature

0.7

0.6

0.5

Wit

strong coupling A ~ 1:
Gaussian with exponential tail

1 | | | | | | |
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— N —
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~
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~
S

05 e oot
] ] ] ] ] ] ]
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Wit

weak coupling A ~ 0.1:
exponential decay

red line: random matrix numerics
blue dashed line: approximate theory

Monday, 13 April 2015



® Understanding t
mechanical pers

® Surprisingly sma

Conclusions

nermalisation of systems from a purely quantum-
pective is possible

| Hubbard-model systems in pure states

demonstrate subsystem thermalisation for a range of coupling

strengths: short

inelastic length

® Dynamics is strongly dependent on coupling strength, with Gaussian
behaviour seen at moderate/strong coupling strength

® (Gaussian behaviour is generic and holds in the limit of large bath in

ring geometry

® Random matrix theory gives full time dependence: Gaussian decay
with exponential tail

® Cold atom experiment: single-site addressability, local
measurements and initial state preparation
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