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ü    Dilute atomic Fermi gases                   Tc   ≈ 10-­‐9	
  eV  
 
ü    Liquid  3He                                             Tc  ≈   10-7 eV 
 
ü    Metals, composite materials                Tc ≈ 10-3 – 10-2 eV 
 
ü    Nuclei, neutron stars                            Tc ≈ 105 – 106 eV 
 
•    QCD color superconductivity                Tc ≈ 107 – 108 eV  
 

Superconductivity and superfluidity in Fermi systems 

 units (1 eV ≈ 104 K)  



One	
  reason:	
  	
  
	
  
(for	
  the	
  nerds,	
  I	
  mean	
  the	
  hard-­‐core	
  theorists,	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  not	
  	
  for	
  the	
  phenomenologists)	
  	
  

Bertsch’s Many-Body X challenge, Seattle, 1999 

What are the ground state properties of the 
many-body system composed of spin ½ 
fermions interacting via a zero-range, infinite 
scattering-length contact interaction? 

Why	
  would	
  one	
  want	
  to	
  study	
  cold	
  Fermi	
  gases?	
  



Besides	
  pure	
  theore-cal	
  curiosity,	
  this	
  problem	
  	
  
is	
  relevant	
  to	
  neutron	
  stars!	
  	
  	
  
	
  	
  …	
  and	
  a	
  few	
  other	
  systems!	
  

Gezerlis	
  and	
  Carlson,	
  
Phys.	
  Rev.	
  C	
  77,	
  032801(R)	
  (2008)	
  



What are the scattering length and the effective range? 

   

k  cotan δ0 = − 1
a
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reff k

2 +!

σ = 4π
k 2 sin2δ0 +!= 4π a2

1+ k 2a2 + ⋅⋅⋅ =k→0
4πa2 +!

If the energy is small only the s-wave  is relevant. 



Let	
  me	
  consider	
  at	
  first	
  as	
  an	
  instrucave	
  example	
  the	
  hydrogen	
  atom.	
  
	
  
The	
  ground	
  state	
  energy	
  could	
  only	
  be	
  a	
  funcaon	
  of:	
  
	
  
ü 	
  	
  	
  Electron	
  charge	
  
ü 	
  	
  	
  Electron	
  mass	
  
ü 	
  	
  	
  Planck’s	
  constant	
  

and	
  then	
  trivial	
  dimensional	
  arguments	
  lead	
  to	
  
	
  
	
  
	
  
	
  
	
  
	
  
Only	
  the	
  factor	
  ½	
  requires	
  some	
  hard	
  work	
  (Quantum	
  Mechanics).	
  

   
Egs =

e4m
2 × 1

2



Let	
  me	
  now	
  turn	
  to	
  dilute	
  fermion	
  ma8er	
  

The	
  ground	
  state	
  energy	
  is	
  given	
  by	
  such	
  a	
  funcaon:	
  

   
Egs = f (N ,V ,,m,a,r0 )

Taking	
  the	
  sca8ering	
  length	
  to	
  infinity	
  and	
  the	
  range	
  	
  	
  
of	
  the	
  interacaon	
  to	
  zero,	
  we	
  are	
  lef	
  with:	
  

   

Egs = F(N ,V ,,m) = 3
5
ε F N ×ξ

N
V

=
kF

3

3π 2 ,           ε F =
2kF

2

2m Pure	
  number	
  



  

Egs =
3
5
ε F N ×ξ         Δ=ε F ×ς

ξ = 0.372(5),             ζ = 0.45(5)
Now these results are a bit unexpected. 
ü  The energy looks almost like that of a non-interacting system! 
(there are no other dimensional parameters in the problem) 
ü  The system has a huge pairing gap! 
ü  This system is a very strongly interacting one, 
since the elementary cross section is huge! 

What George Bertsch essentially asked in 1999 is:                                                                
 
              What is the value of ξ ?!  Is it positive? 
 
But he wished to know the properties of the system as well:  
                                            The system turned out to be superfluid ! 



The	
  iniaal	
  Bertsch’s	
  Many	
  Body	
  challenge	
  has	
  evolved	
  over	
  ame	
  
and	
  became	
  the	
  problem	
  of	
  Fermions	
  in	
  the	
  Unitary	
  Regime.	
  
(this	
  is	
  part	
  of	
  the	
  BCS-­‐BEC	
  crossover	
  problem)	
  

The	
  system	
  is	
  very	
  dilute,	
  but	
  strongly	
  interacang!	
  

	
  	
  n	
  |a|3	
  ≫	
  1	
  	
  	
  n	
  r03	
  ≪	
  1	
  

r0	
  	
  ≪	
  	
  	
  	
  n-­‐1/3	
  	
  	
  ≈	
  	
  λF	
  /2	
  	
  	
  	
  	
  ≪	
  |a|	
  

r0	
  	
  -­‐	
  	
  range	
  of	
  interacaon	
   a	
  -­‐	
  sca8ering	
  length	
  	
  

n	
  -­‐	
  number	
  density	
  

In cold old gases one can control  
the strength of the interaction! 
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⎣
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T
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⎤
⎦
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⎦

	
  	
  Grand Canonical Path-Integral Monte Carlo  

Trotter expansion 	
  

No approximations so far, except for the fact that the interaction is not well defined! 

Finite Temperatures 



   

exp −τ Ĥ − µN̂( )⎡
⎣

⎤
⎦ ≈ exp −τ T̂ − µN̂( ) / 2⎡

⎣
⎤
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mkc

2π 22 ,       kc <
π
l
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4

π kc

Running coupling constant g defined by lattice  

Recast the propagator at each time slice and put the system on a 3D-spatial 
lattice, in a cubic box of side L=Nsl, with periodic boundary conditions 

σ-fields fluctuate both in space and imaginary time 

Discrete Hubbard-Stratonovich transformation 



ky 

kx 

π/l 

π/l 

2π/L 

Momentum space 

   

ε
F
,  Δ,  T    

2π 2

2ml 2

δε > 22π 2

mL2
  

ε
F
,  Δ    

22π 2

mL2

ξ
coh
 L = N

s
l

δp > 2π
L



2π/L 

n(k)	
  

k	
  

kmax=π/l 

l - lattice spacing 

L – box size  

How to choose the lattice spacing and the box size? 



   

Z(T) = Dσ(

x,τ )


x ,τ
∏∫  TrÛ({σ})
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V

No sign problem! 

All traces can be expressed through these single-particle density matrices 

One-body evolution 
operator in imaginary time 



One can thus determine as a function of  T,  V and 
chemical potential: 
 
ü  Total Energy   
ü  Particle number  
ü  Entropy of the system 
ü  Pressure   
ü  Spectrum of fermionic elementary excitations 
   (pairing gap, pseudogap, effective mass, self-energy) 
ü  Long range order, condensate fraction 
    (onset of phase transition, critical temperature) 



Bogoliubov-Anderson phonons  
contribution only  

Bogoliubov-Anderson  phonons 
and quasiparticle contribution 
(dot-dashed line )  
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Quasi-particles contribution only  
(dashed line) 

Normal Fermi Gas 
(with vertical offset, solid line) 

a =  ±∞ 

µ - chemical potential (circles) 

Bulgac,	
  Drut,	
  and	
  Magierski	
  
Phys.	
  Rev.	
  Le8.	
  96,	
  090404	
  (2006)	
  





Full ab initio theory  (no free parameters) 
 
Bulgac, Drut, and Magierski, Phys. Rev. Lett. 99, 120401 (2007) 

Experiment (about 100,000 atoms in  a trap): 
 
Measurement of the Entropy and Critical Temperature of a Strongly Interacting 
Fermi Gas,  
Luo, Clancy, Joseph, Kinast, and Thomas, Phys. Rev. Lett.  98, 080402 (2007) 





   

g2(!r ) = 2
N

⎛
⎝⎜

⎞
⎠⎟

2

d 3∫ !r1 d 3∫ !r2 ψ↑
† (!r1 +

!r )ψ↓
† (!r2 +

!r )ψ↓(!r2 )ψ↑(!r2 )

α = limr→∞

N
2

g2(!r )− n(!r )2 ,      n(!r ) = 2
N

d 3∫ !r1 ψ↑
† (!r1 +

!r )ψ↑(!r1)

Bulgac,	
  Drut,	
  and	
  Magierski,	
  Phys.	
  Rev.	
  A	
  78,	
  023625	
  (2008)	
  	
  

Long	
  range	
  order	
  and	
  condensate	
  fracaon	
  



Criacal	
  temperature	
  for	
  superfluid	
  to	
  normal	
  transiaon	
  

Bulgac,	
  Drut,	
  and	
  Magierski,	
  Phys.	
  Rev.	
  A	
  78,	
  023625	
  (2008)	
  	
  

Amherst-­‐ETH:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Burovski	
  et	
  al.	
  Phys.	
  Rev.	
  Le8.	
  101,	
  090402	
  (2008)	
  
Hard	
  and	
  sof	
  bosons:	
  Pilaa	
  et	
  al.	
  PRL	
  100,	
  140405	
  (2008)	
  



Bulgac, Forbes, and Schwenk, Phys. Rev. Lett. 97, 020402 (2006) 

	
  
Induced P-wave superfluidity (even though fermions interact in s-wave only) 
Two new superfluid phases where before they were not expected 

One Bose superfluid coexisting with one P-wave Fermi superfluid 
Two coexisting P-wave Fermi superfluids 

What is happening in spin imbalanced systems? 



Bulgac	
  and	
  Yoon,	
  Phys.	
  Rev.	
  A	
  79,	
  053625	
  (2009)	
  

Going	
  beyond	
  the	
  naïve	
  BCS	
  approximaaon	
  

BCS	
  approx.	
  (black)	
  

Eliashberg	
  approx.	
  	
  (red)	
  

Full	
  momentum	
  and	
  frequency	
  dependence	
  of	
  the	
  self-­‐
consistent	
  equaaons	
  (red)	
  



 

P(µ↑,µ↓ ) = µ↑n↑ + µ↓n↓ − ε n↑,n↓( ) = 2
3
ε n↑,n↓( )

P(µ↑,µ↓ ) = 2
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,      α =
6π 2( )2/3

2

2m

  h(y) =
1,             y ≤ y0 < 0
1+ y
2ξ( )3/5 ,     y1 ≤ y ≤1

⎧

⎨
⎪

⎩
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h ''(y) ≥ 0

g(0) = 1,   g(1)= 2ξ( )3/5

g ''(x) ≥ 0

g '(0) ≤Y0,    g'(x)∈g(1) Y1
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⎣
⎢

⎤

⎦
⎥

Dimensional	
  arguments	
  and	
  Legendre	
  transform	
  for	
  unitary	
  Fermi	
  gas	
  	
  	
  	
  	
  



Fully	
  polarized	
  

Unpolarized	
  SF	
  

µ↑ − µ↓

2
= Δ

PSF =
4β
5ξ 3/2

µ↑ + µ↓

2
⎛
⎝⎜

⎞
⎠⎟
5/2

From energy of one spin-down  
particle in a see of spin-ups 



 

Ω = − d 3∫ r ε(r )− µ↑n↑(r )− µ↓n↓(r )−Vext (
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Asymmetric Superfluid Local Density Approximation 



Bulgac,	
  Forbes,	
  and	
  Magierski,	
  Lecture	
  Notes	
  in	
  Physics	
  (2012)	
  



EOS for spin polarized systems 

E(na ,nb ) =
3
5

(6π 2 )2/32

2m
nag
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⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
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⎢

⎤

⎦
⎥
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5/3

  

Black line:       normal part of the energy density   
Blue points:    DMC calculations for normal state, Lobo et al, PRL  97, 200403 (2006) 
Gray crosses:  experimental EOS due to Shin, Phys. Rev. A 77, 041603(R) (2008) 

Bulgac and Forbes,  
Phys. Rev. Lett.  101, 215301 (2008) 

Red line: Larkin-Ovchinnikov phase (unitary Fermi supersolid) 



A Unitary Fermi Supersolid: the Larkin-Ovchinnikov phase     

   
P[µa ,µb]= 2

30π 2

2m
2

⎛
⎝⎜

⎞
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3/2

µah
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⎡

⎣
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⎤

⎦
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5/2

Bulgac	
  and	
  Forbes	
  	
  
Phys.	
  Rev.	
  Le8.	
  101,	
  215301	
  (2008)	
  

NB  This is a gas system at the same time! 

Second order 
phase transition 

First order 
phase transition 
 



Courtesy	
  of	
  M.M.	
  Forbes	
  



From	
  a	
  talk	
  given	
  by	
  Wlazlowski	
  at	
  INT,	
  Sea8le,	
  Spring	
  2011	
  

The	
  temperature	
  dependence	
  of	
  the	
  spectral	
  weight	
  funcaon	
  





   

G( !p,τ ) = 1
Z

Tr exp − β −τ( ) H − µN( )⎡⎣ ⎤⎦ψ
†( !p)exp −τ H − µN( )⎡⎣ ⎤⎦ψ ( !p){ }

                          = − 1
2π

dω A
−∞

∞

∫ (ω , !p)
exp(−ωτ )

1+ exp(−ωβ )

1
2π

dω A
−∞

∞

∫ (ω , !p) = 1,     

1
2π

dω A
−∞

∞

∫ (ω , !p)
1

1+ exp(ωβ )
= n( !p),   

A(ω , !p) ≥ 0

Matsubara propagator, spectral function and linear response 



Response	
  of	
  the	
  two-­‐component	
  Fermi	
  gas	
  in	
  the	
  unitary	
  regime	
  	
  
Bulgac,	
  Drut,	
  and	
  Magierski,	
  arXiv:0801:1504v3,	
  PRL	
  ,in	
  press	
  (2009)	
  

   
χ( !p) = −T d

dg
Tr{exp[-β(H-µN+gψ (!p))]ψ †(!p)}

Tr{exp[-β(H-µN+gψ (!p))]}
g=0

= − dτG( !p,τ )
0

β

∫
One-­‐body	
  temperature	
  (Matsubara)	
  Green’s	
  funcaon	
  



Singular value decomposition (SVD)  
and maximum entropy method (MEM) 
reconstruction of the spectral function   



Chen et al, Low Temp. Phys. 32, 406 (2006) 

G. Wlazlowski, et al., Phys. Rev. Lett. 110, 090401 (2013) 



  

G(p,τ ) = 
1
Z

Tr exp − β −τ( ) H − µN( )⎡⎣ ⎤⎦ψ
†( p){ exp −τ H − µN( )⎡⎣ ⎤⎦ψ ( p)}

                 = − 1
2π

dω
−∞

∞

∫ A( p,ω )
exp(−ωτ )

1+ exp(−ωβ )



Using	
  photoemission	
  spectroscopy	
  to	
  probe	
  	
  a	
  strongly	
  interac/ng	
  Fermi	
  gas	
  
Stewart,	
  Gaebler,	
  and	
  Jin,	
  Nature,	
  454,	
  	
  744	
  (2008)	
  

   
E(N )+ hν = E(N −1)+ Ek +

2k 2

2m
+φ





 

GΠ (!q,τ ) = 1
V
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  (Einstein relation)
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