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Superconductivity and superfluidity in Fermi systems

v Dilute atomic Fermi gases T, =~ 10°eV

v Liquid 3He T.~ 107 eV

v' Metals, composite materials T.~103-102eV
v Nuclei, neutron stars T, ~ 10°-106 eV

* QCD color superconductivity T.~10"-10%eV



Why would one want to study cold Fermi gases?
One reason:

(for the nerds, | mean the hard-core theorists,
not for the phenomenologists)

Bertsch’s Many-Body X challenge, Seattle, 1999

What are the ground state properties of the
many-body system composed of spin V-
fermions interacting via a zero-range, infinite
scattering-length contact interaction?



Besides pure theoretical curiosity, this problem
Is relevant to neutron stars!
... and a few other systems!
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What are the scattering length and the etfective range?
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If the energy is small only the s-wave is relevant.



Let me consider at first as an instructive example the hydrogen atom.
The ground state energy could only be a function of:

v Electron charge

v Electron mass

v Planck’s constant

and then trivial dimensional arguments lead to

Only the factor % requires some hard work (Quantum Mechanics).



Let me now turn to dilute fermion matter

The ground state energy is given by such a function:

Egs = f(N,V,h,m,a,r,)

Taking the scattering length to infinity and the range
of the interaction to zero, we are left with:

3
E,=F(N.V.hm)=_gNx§
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What George Bertsch essentially asked in 1999 is:

What is the value of ¢ ?! Is it positive?

But he wished to know the properties of the system as well:
The system turned out to be superfluid !

¢ =0.372(5), ¢ =0.45(5)

Now these results are a bit unexpected.

v' The energy looks almost like that of a non-interacting system!
(there are no other dimensional parameters in the problem)

v' The system has a huge pairing gap!

v" This system is a very strongly interacting one,

since the elementary cross section is huge!




The initial Bertsch’s Many Body challenge has evolved over time
and became the problem of Fermions in the Unitary Regime.
(this is part of the BCS-BEC crossover problem)

In cold old gases one can control
the strength of the interaction!

The system is very dilute, but strongly interacting!

nryd< 1 nlal®?>1

n - number density

<< nt?=A/2 < |a_k

r, - range of interaction a - scattering length



Finite Temperatures

Grand Canonical Path-Integral Monte Carlo
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No approximations so far, except for the fact that the interaction is not well defined!







Momentum space



n(k)

27/ -

L — box size

1 - lattice spacing




j HDG (Z,7) TrU({o})

One-body evolution
T H exp{—71|h {G}) u)} operator in imaginary time

All traces can be expressed through these single-particle density matrices




One can thus determine as a function of T, V and
chemical potential:

v’ Total Energy

v' Particle number

v Entropy of the system

v’ Pressure

v" Spectrum of fermionic elementary excitations
(pairing gap, pseudogap, effective mass, self-energy)

v Long range order, condensate fraction
(onset of phase transition, critical temperature)
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Bulgac, Drut, and Magierski
Phys. Rev. Lett. 96, 090404 (2006)

Normal Fermi Gas
(with vertical offset, solid line)

Bogoliubov-Anderson phonons
and quasiparticle contribution

(dot-dashed line )

Bogoliubov-Anderson phonons
contribution only

Quasi-particles contribution only
(dashed line)

1 - chemical potential (circles)



——Chang et al.

Carison and Reddy
—e-Gezerlis and Carlsor
—e—This work




Experiment (about 100,000 atoms in a trap):

Measurement of the Entropy and Critical Temperature of a Strongly Interacting
Fermi Gas,
Luo, Clancy, Joseph, Kinast, and Thomas, Phys. Rev. Lett. 98, 080402 (2007)

Full ab initio theory (no free parameters)

Bulgac, Drut, and Magierski, Phys. Rev. Lett. 99, 120401 (2007)



EQUATION OF STATE OF THE UNITARY FERMI GAS: ...
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FIG. 2. (Color online) Energy E/E; (red dots), as obtained by
Ku et al. [8]. Our AFQMC results extrapolated to infinite volume
are shown by open black circles. The results for N, = 8 (open blue
squares) were obtained with the DMC algorithm in Ref. [9]. The green
square shows the QMC result of Ref. [20] for £ at T = 0. The inset
shows the vicinity of the superfluid phase transition at 7 /e =~ 0.15.

PHYSICAL REVIEW A 85, 051601(R) (2012)
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FIG. 4. (Color online) Density n(ux,T) of the UFG (red circles)
as obtained by Ku et al. [8], normalized to the density ng(p,T) of
a noninteracting Fermi gas. The notation for the AFQMC results is
identical to Fig. 2. The diagrammatic MC results of Refs. [21,22
(solid up and down triangles) and the Bold Diagrammatic MC results
of Ref. [23] are shown as well (solid squares). The inset shows the
vicinity of the superfluid phase transition at T, /er >~ 0.15.




Long range order and condensate fraction
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Bulgac, Drut, and Magierski, Phys. Rev. A 78, 023625 (2008)
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Critical temperature for superfiuid to normal transition

_._TC — Seattle-Warsaw
e- I — Amherst-ETH
(o}
..A.. I —hard bosons
C

.. T, — Soft bosons

BCS/BEC limits

Bulgac, Drut, and Magierski, Phys. Rev. A 78, 023625 (2008)

Amherst-ETH: Burovski et al. Phys. Rev. Lett. 101, 090402 (2008)
Hard and soft bosons: Pilati et al. PRL 100, 140405 (2008)



WihatisthappenimganspmymbalancediSystCmss:

Induced P-wave superfluidity (even though fermions interact in s-wave only)
Two new superfluid phases where before they were not expected

Fully Polarized (one species)
Fermi Gas

— l (f a \3 =0 ::'

One Bose superfluid coexisting with one P-wave Fermi superfluid

Two coexisting P-wave Fermi superfluids

U

bulgac; Forbes,; andiSchywenks Ehys. Revaliett: 975020402420006)




Going beyond the naive BCS approximation

Eliashberg approx. (red)

BCS approx. (black)

Full momentum and frequency dependence of the self-

consistent equations (red)




Dimensional arguments and Legendre transform for unitary Fermi gas
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Fully polarized
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T = ny/ng

From energy of one
particle in a see of spin-ups F’[G.'E. {;C_qur Oﬂ”ll?) Example of a fpnction h(y) and the cor- Unpol arized SE
responding function g(x) shown as thick lines. Maxwell’s construc-
tion for phase coexistence leads to a linear g(x) for x (0.5,1.0),
interpolating between the two pure phases shown with lighter lines.
This corresponds to the kink and/or first-order phase transition at
y=y, in h(y). Various other sample functions are lightly sketched

within the allowed (dotted) triangular region.




Asymmetric Superfluid Local Density Approximation
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Nommal State Superfiud State
(Na,Ns) EFxpme - Easipg (emor)  (Na,Np) Epnpamc E 4514 (error)
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Bulgac, Forbes, and Magierski, Lecture Notes in Physics (2012)



Red line: Larkin-Ovchinnikov phase (unitary Fermi supersolid

Black line: normal part of the energy density
Blue points: DMC calculations for normal state, Lobo et al, PRL 97, 200403 (2006)
Gray crosses: experimental EOS due to Shin, Phys. Rev. A 77, 041603(R) (2008)

Bulgac and Forbes,
Phys. Rey. Lett. 101, 215301 (2008)




A Unitary Fermi Supersolid: the Larkin-Ovchinnikov phase

First order
phase transition

Second order
phase transition
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Phys. Rev. Lett. 101, 215301 (2008)

NB This is a gas system at the same time!




Observations: Inconclusive

*Need detailed structure or novel signature

MiT Experimental data from Shin et. al (2008)

Courtesy of M.M. Forbes



The temperature dependence of the spectral weight function

Spectral function — BCS case
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Beyond BCS
approximation the
delta-functions acquire

nonzero widths

(due to the finite lifetimes

of quasiparticle states generated
by collisional effects)

From a talk given by Wlazlowski at INT, Seattle, Spring 2011
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Matsubara propagator, spectral function and linear response
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Response of the two-component Fermi gas in the unitary regime

Bulgac, Drut, and Magierski, arXiv:0801:1504v3, PRL ,in press (2009
o O
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One-body temperature (Matsubara) Green’s function

X(p)=-T

g=0
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G. Wlazlowski, et al., Phys. Rev. Lett. 110, 090401 (2013)

Chen et al, Low Temp. Phys. 32, 406 (2006)
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Using photoemission spectroscopy to probe a strongly interacting Fermi gas
Stewart, Gaebler, and Jin, Nature, 454, 744 (2008)




Normal Fermi gas

Onset of
the pseudogap
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N,= 8,n=0.08 —e— |
N,=10, n=0.04 —=— ;
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KSS CO njeCtu re [Kovtun, Son, Starinets, PRL (2005)]
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Slide from a talk given by G. Wlazlowski



Shear viscosity of a unitary Fermi gas
the only complete ab initio calculation in a Fermi system)

PIMC,N,=8 — =~ kinetic theory
PIMC, N,=10 —e— phonons

e ™ HEE R e | Lower limit for “perfect liquid”

1'%

0.6
FIG. 3: (Color online) The ratio of the shear viscosity to the T/Tr
entropy density n/s as a function of dimensionless temper- sl e
ature for 8%-lattice (red) squares and 10°-lattice (blue) cir- datapoints were obained using cqu. @1) o analyze th daa published by Kinast  al. 91, The
cles. The error bars only presents the stability of the com- ﬁzi“ﬁliiﬁilféaﬁ‘i":;éilg.i fnuzpﬁtﬂail\Y;;Tzia]ggu?;’ﬁizlu:\}i::l:ﬁjétdrf;ﬁ;x; i
bined (SVD and MEM) analytic Continuation procedure Wlth effects. The blue dashed curve is a phenomenological two-component model explained in the text.
respect to the change of algorithm parameters, and do not . .
inc{)ude systematic (i'rors ofg the entxz)py detern’lination. By Schaefer and Chafin, Chapter in BCS-BEC
(red) dotted line conservative estimation for the upper bound crossover and Unitary Fermi Gas, Lect.
is deplcteq. Result of the T—Ir.latrlx theory are plotted by open Notes in Phys. ed. Zwerger, Springer (2012)
(purple) circles [15]. In the high and low temperatures regime
known asymptotics are depicted: for 7' > 0.3¢r by (green)
line prediction of the kinetic theory and for ' < 0.2er by
(brown) line contribution from phonon excitations [13]. By
dashed (black) line the KSS bound is plotted.

WIlazlowski, Magierski, and Drut, Phys. Rev. Lett. 109, 020406 (2012)
Enss, Haussmann, and Zwerger, Ann. Phys. 326, 770 (2011)
Kovtun, Son, and Starinets (KSS), Phys. Rev. Lett. 94, 111601 (2005)




Elliott, Joseph, and Thomas
Phys. Rev. Lett. 113, 020406 (2014)

Joseph, Elliott, and Thomas,
arXix:1410.4835




High temperature kinetic theory

Bluhm and Schafer, Phys. Rev. A 90, 063615 (2014)
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* Cooper pairing above the critical temperature in a unitary Fermi gas,
G. Wlazlowski, P. Magierski, J.E. Drut, A. Bulgac, and K.J. Roche, Phys. Rev. Lett. 110, 090401 (2013)
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