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Nuclear Operators
EFT (Anand, Fitzpatrick, Haxton), to leading order in q:

CJ=0M → A∑
i=1 1(i) L5
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i=1 σ1M (i)

Tmag
J=1M → q

mN

A∑
i=1 `1M (i) LJ=0M → q

mN

A∑
i=1 ~σ (i) · ~̀(i)

LJ=2M ∼ T el
J=2M → q

mN

A∑
i=1
[
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i
~∇
)]

2M
The last of these, as well as higher-q extensions of the rest,take you out of valence shell. Q: An issue for the shell model?

Chiral EFT, presumably, can give you handle on two-bodycorrections to these operators.



Nuclear Operators
EFT (Anand, Fitzpatrick, Haxton), to leading order in q:

CJ=0M → A∑
i=1 1(i) L5

J=1M ∼ T el 5
J=1M →

A∑
i=1 σ1M (i)

Tmag
J=1M → q

mN

A∑
i=1 `1M (i) LJ=0M → q

mN

A∑
i=1 ~σ (i) · ~̀(i)

LJ=2M ∼ T el
J=2M → q

mN

A∑
i=1
[
~r(i)⊗ (~σ (i)× 1

i
~∇
)]

2M
The last of these, as well as higher-q extensions of the rest,take you out of valence shell. Q: An issue for the shell model?Chiral EFT, presumably, can give you handle on two-bodycorrections to these operators.



Heavy-Nucleus Proto-Calculation131Xe from 1991Volume 264, number 1,2 PHYSICS LETTERS B 25 July 1991 
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Fig. 2. The quantity S(q) from eq. ( I I ) versus qZ for a ~ on 
'3'Xe. The dashed line is the prediction of the single-particle 

model; the solid line is thc full result. The normalization has been 

adjusted so that the single-particle S(0) = I. 
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Fig. 3. The partial structure functions Soo ( q ) ( dotted line), S,, ( q ) 
(solid line), and Sol (q) (dashed line) versus q2 in 131Xe. When 
ao=a, the cross section is small because the protons are mostly 
in angular-momentum zero pairs. 

the full and single-particle results more faithfully re- 
flects the amount of three-quasiparticle mixing in the 
wave function, which is obviously quite small. 

For the sake of completeness, we have included in 
fig. 3 the three functions Soo(q), SL1 (q), and Sol (q) 

defined implicitly in eq. (14). These allow the deter- 
mination of the cross section for arbitrary a0 and aL. 
Though we have not shown the corresponding single- 
particle curves, the remarks made above apply here 
as well. 

Finally, we consider the consequences for a pro- 
spective experiment in L3LXe. The recoil energy of a 
xenon nucleus is given by q2/2Mxe. A xenon scintil- 
lator is not likely to be able to detect recoils below 
about 30 keV [ 13], so the shape of the factor S(q) 
determines the percentage of collisions that can be 
seen. With the full/~ structure function in fig. 2, we 
find that 21% of the events induced by a 100 GeV/c  2 
neutralino travelling at U~I0-3C will be above 
threshold. For neutralinos that are much heavier than 
xenon, the fraction is 66%. The corresponding num- 
bers for spin-independent scattering, from fig. 1, are 
13% and 18%. For a scattering process with no fall- 
off as q increases, the two fractions would be 39% and 
88%. The structure functions clearly decrease the ef- 
ficiency of the proposed detector. The spin-depen- 
dent efficiency, however, is higher than the spin-in- 
dependent efficiency, substantially so for very heavy 
neutralinos. The relatively long tail of the spin-de- 
pendent structure function is caused by nucleons near 
the Fermi surface, which do the bulk of the scatter- 
ing. The core nucleons, which dominate the spin-in- 
dependent response, contribute much less at large q. 
These are very general statements that should apply 
in other heavy nuclei as well. 

The precise shapes of  the form factors in other nu- 
clei must be calculated independently, however. 
Among other things, the single-particle result will not 
always be so accurate at high q. In deformed nuclei, 
for instance, a one-quasiparticle configuration is not 
a good approximation to the true wave function and 
therefore cannot be used as a starting point for per- 
turbation theory. In a number of  nearly spherical and 
potential useful nuclei, however, an approach resem- 
bling that outlined here should be quite adequate. 

The author thanks J. Rich, D. Seckel, and P. Vogel 
for useful discussions. This work was supported in 
part by NSF grant # PHY-8901558. 
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“Spin-dependent” B-ino form factor:in a few oscillator shells,with spherical oscillatorsingle-particle wave functionsand unrelated interaction,in single-quasiparticle pictureand with perturbativeadmixtures of three-quasiparticle states (to capturecore polarization).
Much better version of this general framework is in commonuse now.



Current Paradigm for Heavy Nuclei: Nuclear DFTParticularly Useful for One-Body Operators
ESkyrme[ρ] = ∑

t=0,1
∫
d3r{Cρt [ρ0]ρ2

t (~r) + C∆ρ
t ρt(~r)∆ρt(~r)

+ C τt [ρt(~r) τt(~r)−~j2t (~r)] + C st [ρ0] ~s2
t (~r)+ C∆s

t ~st(~r) · ∆~st(~r) + CTt [~s0(~r) · ~Tt(~r)− ↔
J 2t (~r)]+ C∇Jt [

ρt(~r) ~∇ · ~Jt(~r) + ~st(~r) · ~∇ ×~jt(~r)]
with ρt(~r) = ρt(~r, ~r) and

~st(~r) = ~st(~r, ~r), τt(~r) = ~∇ · ~∇′ρt(~r, ~r ′)|~r=~r ′
~Tt(~r) = ~∇ · ~∇′~st(~r, ~r ′)|~r=~r ′ ~jt(~r) = − i2 ( ~∇− ~∇′)ρt(~r, ~r ′)|~r=~r ′
Jt,ij (~r) = − i2 ( ~∇− ~∇′)i st,j (~r, ~r ′)|~r=~r ′ ↔

J 2
t (~r) = ∑

ij=xyz J
2
t,ij

~Jt(~r) = − i2 ( ~∇− ~∇′)× ~st(~r, ~r ′)|~r=~r ′



Effective Interaction from Energy Functional
V̄ effSkyrme = (a0 + b0 ~σ · ~σ ′ + c0 ~τ · ~τ ′ + d0 ~σ · ~σ ′ ~τ · ~τ ′) δ(~r − ~r′)+ (a1 + b1 ~σ · ~σ ′ + c1 ~τ · ~τ ′ + d1 ~σ · ~σ ′ ~τ · ~τ ′)

× (~k†2 δ(~r − ~r′) + δ(~r − ~r′)~k2)+ (a2 + b2 ~σ · ~σ ′ + c2 ~τ · ~τ ′ + d2 ~σ · ~σ ′ ~τ · ~τ ′) ~k† · δ(~r − ~r′) ~k+ (a3 + b3 ~σ · ~σ ′ + c3 ~τ · ~τ ′ + d3 ~σ · ~σ ′ ~τ · ~τ ′)ρα00(~r) δ(~r − ~r′)+ [e3 ρ10(~r) (τ (0) + τ ′(0)) + g3 ~s00(~r) · (~σ + ~σ ′)+m3 ~s10(~r) · (~στ (0) + ~σ ′τ ′(0))]ρα−100 (~r) δ(~r − ~r′)+ [f3 ρ210(~r) + h3 ~s200(~r) + n3 ~s210(~r)]ρα−200 (~r) δ(~r − ~r′)+ (a4 + c4 ~τ · ~τ ′) (~σ + ~σ ′) · ~k† × δ(~r − ~r′) ~kwhere
~k = − i2 ( ~∇− ~∇′) acting to right,
~k† = i2 ( ~∇− ~∇′) acting to left.



Basic Features of Framework
All nucleons active, complete single-particle space used.Effective interaction (density dependent) and one-bodymean field completely self consistent.Lots of work on determining good functionals, withimprovements under active development.Phenomenology — masses, one-body observables such asdensity distributions — reproduced well.Some weaknesses that I won’t mention.



Densities
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Zr-102: normal density and pairing density  

HFB, 2-D lattice, SLy4 + volume pairing 
Ref: Artur Blazkiewicz, Vanderbilt, Ph.D. thesis (2005) 

G=HI!β"
JKLM&N76! +OKI!β"
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Applied Everywhere
Nuclear ground state deformations (2-D HFB) 

 Ref: Dobaczewski, Stoitsov & Nazarewicz (2004)    arXiv:nucl-th/0404077 

"#"$#%&! %V!'()*+,!-.+,/0*+,1!'/23+,.4)5!



Related Theories
Improved Skyrme DFT, derived in part from ab initiointeractionsDensity-matrix expansion leads to logarithmic dependenceof energy on densities.Gogny DFT, based on finite-range density-dependentpotentialDensity-independent effective interactions with three (andmore) body terms (Bennaceur, Dobaczewski et al., Bender,Duguet et al.)

Can expect improvement in quality.



Odd NucleiMuch of elastic response vanishes in even nuclei.Core polarization in odd system:
× ≈ × +

×

= RPA polarization propagator
Can doself-consistent odd-A calculationexplicit RPA core polarizationTwo are nearly equivalent and include most of the importantcorrections to single-particle picture.



Deformation and Angular-Momentum RestorationIf deformed state |ΨK 〉 has good intr. Jz = K , angle average gives:
|J,M〉 = 2J + 18π2

∫
DJ∗MK (Ω)R(Ω) |ΨK 〉 dΩ

Matrix elements:
〈J,M| Ôm |J ′,M ′〉 ∝

∫ ∫ ∑
j
dΩdΩ′ × (some D-functions)

× 〈ΨK | R−1(Ω′) Ôn R(Ω) |ΨK 〉

rigid defm.−−−−−−→Ω≈Ω′ (Geometric factor)× 〈ΨK |Ô0|ΨK 〉︸ ︷︷ ︸
〈Ô〉intr.For expectation value of, e.g., vector operator in J = 12 state:

〈Ô〉 = 〈Ôz〉J= 12 ,M= 12 =⇒ {
〈Ô〉intr. spherical nucleus13 〈Ô〉intr. rigidly deformed nucleusExact answer somewhere in between.



DM-Detector Nuclei Often Have Complex StructureKOSUKE NOMURA, NORITAKA SHIMIZU, AND TAKAHARU OTSUKA PHYSICAL REVIEW C 81, 044307 (2010)

FIG. 11. (Color online) Same as
Fig. 2 but for Xe isotopes.

show similar tendencies. While χν increases with N , the
quantity χπ + χν is negative all the way and becomes almost
zero for N � 76, where the γ softness appears in the PES.
χπ is kept constant as χπ = −0.500 and −0.600 for Ba and
Xe isotopes, respectively. ε, κ , and Cβ are maximal around
the middle of the major shell at which the PES shows the
largest deformation. ε and κ for Xe isotopes are generally
larger than those for Ba isotopes. The overall behaviors of
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FIG. 12. (Color online) Evolution of the derived IBM parameters
for Ba and Xe isotopes with N . χπ is kept constant as χπ = −0.500
and −0.600 for Ba and Xe isotopes, respectively.

the derived parameters in Fig. 12 are consistent with existing
phenomenological studies [18], while the magnitude of κ in
the present case is much larger.

3. Spectra

We show in the left panel of Fig. 13 the low-lying spectra
for Ba isotopes as functions of N . The calculated yrast levels
are particularly in good agreement with the experimental ones.
From N = 54 to 58, the present calculation suggests that the
side-band levels, 0+

2 and 2+
2 , deviate from 4+

1 level, exhibiting
the transition from the nearly spherical to deformed shapes.
When approaching the middle of the major shell, the calculated
yrast levels decrease with N consistently with the experimental
data, while the present 0+

2 level shows an opposite dependence
on N to the experiments. In the open-shell region, the
calculated levels resembles rotational spectra. Indeed the R4/2

values of N = 62, 64, and 66 in the present calculation are
3.23, 3.23, and 3.14, respectively, being close to the SU(3)
limit (R4/2 = 3.33), while those of the experiments are 2.86,
2.92, and 2.90, respectively. There are some deviations of the
side-band levels for lighter Ba isotopes. In the present study,
however, one cannot always obtain much information about
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Similar softness, plus triaxial deformationand shape coexistence, in Ge isotopes.



DM-Detector Nuclei Often Have Complex StructureKOSUKE NOMURA, NORITAKA SHIMIZU, AND TAKAHARU OTSUKA PHYSICAL REVIEW C 81, 044307 (2010)

FIG. 11. (Color online) Same as
Fig. 2 but for Xe isotopes.

show similar tendencies. While χν increases with N , the
quantity χπ + χν is negative all the way and becomes almost
zero for N � 76, where the γ softness appears in the PES.
χπ is kept constant as χπ = −0.500 and −0.600 for Ba and
Xe isotopes, respectively. ε, κ , and Cβ are maximal around
the middle of the major shell at which the PES shows the
largest deformation. ε and κ for Xe isotopes are generally
larger than those for Ba isotopes. The overall behaviors of

−0.4

−0.2
0

0.5
1

1.5

−1
0
1

50 60 70 80
0

5

50 60 70 80

Ba (SkM*)

ε[
M

eV
]

κ[
M

eV
]

χ ν
C

β

Neutron Number

ε

κ

χ  = −0.500π

Cβ

χν

Xe (SkM*)

Neutron Number

ε

κ

χ  = −0.600π

Cβ

χν

FIG. 12. (Color online) Evolution of the derived IBM parameters
for Ba and Xe isotopes with N . χπ is kept constant as χπ = −0.500
and −0.600 for Ba and Xe isotopes, respectively.

the derived parameters in Fig. 12 are consistent with existing
phenomenological studies [18], while the magnitude of κ in
the present case is much larger.

3. Spectra

We show in the left panel of Fig. 13 the low-lying spectra
for Ba isotopes as functions of N . The calculated yrast levels
are particularly in good agreement with the experimental ones.
From N = 54 to 58, the present calculation suggests that the
side-band levels, 0+

2 and 2+
2 , deviate from 4+

1 level, exhibiting
the transition from the nearly spherical to deformed shapes.
When approaching the middle of the major shell, the calculated
yrast levels decrease with N consistently with the experimental
data, while the present 0+

2 level shows an opposite dependence
on N to the experiments. In the open-shell region, the
calculated levels resembles rotational spectra. Indeed the R4/2

values of N = 62, 64, and 66 in the present calculation are
3.23, 3.23, and 3.14, respectively, being close to the SU(3)
limit (R4/2 = 3.33), while those of the experiments are 2.86,
2.92, and 2.90, respectively. There are some deviations of the
side-band levels for lighter Ba isotopes. In the present study,
however, one cannot always obtain much information about

044307-12

KOSUKE NOMURA, NORITAKA SHIMIZU, AND TAKAHARU OTSUKA PHYSICAL REVIEW C 81, 044307 (2010)

FIG. 11. (Color online) Same as
Fig. 2 but for Xe isotopes.

show similar tendencies. While χν increases with N , the
quantity χπ + χν is negative all the way and becomes almost
zero for N � 76, where the γ softness appears in the PES.
χπ is kept constant as χπ = −0.500 and −0.600 for Ba and
Xe isotopes, respectively. ε, κ , and Cβ are maximal around
the middle of the major shell at which the PES shows the
largest deformation. ε and κ for Xe isotopes are generally
larger than those for Ba isotopes. The overall behaviors of

−0.4

−0.2
0

0.5
1

1.5

−1
0
1

50 60 70 80
0

5

50 60 70 80

Ba (SkM*)

ε[
M

eV
]

κ[
M

eV
]

χ ν
C

β

Neutron Number

ε

κ

χ  = −0.500π

Cβ

χν

Xe (SkM*)

Neutron Number

ε

κ

χ  = −0.600π

Cβ

χν

FIG. 12. (Color online) Evolution of the derived IBM parameters
for Ba and Xe isotopes with N . χπ is kept constant as χπ = −0.500
and −0.600 for Ba and Xe isotopes, respectively.

the derived parameters in Fig. 12 are consistent with existing
phenomenological studies [18], while the magnitude of κ in
the present case is much larger.

3. Spectra

We show in the left panel of Fig. 13 the low-lying spectra
for Ba isotopes as functions of N . The calculated yrast levels
are particularly in good agreement with the experimental ones.
From N = 54 to 58, the present calculation suggests that the
side-band levels, 0+

2 and 2+
2 , deviate from 4+

1 level, exhibiting
the transition from the nearly spherical to deformed shapes.
When approaching the middle of the major shell, the calculated
yrast levels decrease with N consistently with the experimental
data, while the present 0+

2 level shows an opposite dependence
on N to the experiments. In the open-shell region, the
calculated levels resembles rotational spectra. Indeed the R4/2

values of N = 62, 64, and 66 in the present calculation are
3.23, 3.23, and 3.14, respectively, being close to the SU(3)
limit (R4/2 = 3.33), while those of the experiments are 2.86,
2.92, and 2.90, respectively. There are some deviations of the
side-band levels for lighter Ba isotopes. In the present study,
however, one cannot always obtain much information about

044307-12

⇐= Potential-energy surface in β-γ planeNomura, Shimizu, Otsuka, PRC 81, 044307 (2010).

Similar softness, plus triaxial deformationand shape coexistence, in Ge isotopes.



DFT Extension: Generator Coordinate Method
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(Similar feature as in 32Mg, see R. Rodriguez-Guzmán et al., Nucl. Phys. A 709, 201 (2002))

Example: Multiple shape coexistence in 80Zr

T. Rodriguez, NuclearStructure ’14 80Zr

Basic idea: Construct set of mean fields by constraining coordi-nate, e.g. 〈Qm〉 ≡ 〈∑i r2i Y 2,m
i 〉. Minimize

〈H ′〉 = 〈H〉 − λ0 〈Q0〉 − λ2 (〈Q2〉)for a whole range of 〈Q0〉 ∝ β cos γ and 〈Q2〉 ∝ β sin γ. Thendiagonalize H in space of A- and J-projected quasiparticle vacuawith different β, γ.

Density dependence spoils GCM in Skyrme DFT; needalternative effective interactions or regularization procedures.
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Similar (but Harder): Schiff Moment of 225RaNo GCM, Just Single Odd-A Mean Field
S ∝

∑
i eir2i zi + . . .

VPT = perturbative T -violating
π-exchange potential

Calculated 225Ra densityGround state |0〉 has nearly-degenerate partner |0̄〉 withopposite parity and same intrinsic structure, so:
〈S〉 ≈ 〈0| S |0̄〉 〈0̄| VPT |0〉E0 − E0̄ + c.c. rigid limit−−−−−→ 13 〈S〉intr. 〈VPT 〉intr.

E0 − E0̄Results vary with Skyrme functonal, but variation can bereduced by tying 〈S〉intr. to data.

Can tie dark-matter expectation values to other data, e.g.magnetic moments. spin-orbit splittings (Q: What else?)
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Finally. . .
Q: How accurate need these matrix elements be?

The EndThe EndThe EndThe EndThe EndThe End

Thanks for your kind attention.
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