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Hadron Multiplicities 

Unfavored FFs NOT well known!

  

Comparison to parameterisations

● The existence of discrepancies 

   are evident (especially for K)

● Data can be used to improve 
    our knowledge on FFs (also 

    good for Δs) and also on poorly
    known PDFs (like s(x)) 

● It will contribute significantly 
    to our knowledge of the
    hadronisation process

‣Preliminary from COMPASS
12
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FIG. 9. Comparison of the vector-meson-corrected mul-
tiplicities measured on the proton for various hadrons with
LO calculations using CTEQ6L parton distributions [45] and
three compilations (see text) of fragmentation functions. Also
shown are the values obtained from the HERMES Lund
Monte Carlo. The statistical error bars on the experimen-
tal points are too small to be visible.

charge. The multiplicities in this LO approximation are
a reasonable starting point for comparing the HERMES
results with predictions based on fragmentation functions
resulting from global QCD analyses of all relevant data.

A comparison of the multiplicities measured by HER-
MES for SIDIS on the proton and deuteron with LO pre-
dictions is presented in Figs. 9 and 10. The multiplicities
are calculated from Eq. 8 (though integrated only over
the accepted range in x

B

of 0.023 to 0.600) using val-
ues for the FFs taken from three widely used analyses,
that of de Florian et al. (DSS) [22], that of Hirai et
al. (HKNS) [12], and that of Kretzer [9], together with
parton distributions taken from CTEQ6L [45]. For pos-
itively charged pions and kaons, the results for a proton
target using FFs from the analysis of DSS are in reason-
able agreement with the HERMES results. For negative
charges, the discrepancies between data and the results
based on FFs from DSS are substantial, particularly for
K

� where the curve predicted lies below the observed
multiplicity over most of the measured range of z. For
⇡

� the results from the DSS analysis agree with mea-
surement at low z. For both ⇡

� and K

�, fragmenta-
tion is less a↵ected by u-quark dominance. Uncertainties
in the less abundant production by strange and anti-u
quarks may have a larger impact on the predictions than
for the positively charged hadrons. Alternatively, next-
to-leading-order (NLO) processes may be proportionally
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FIG. 10. As in Fig. 9 but for deuterons.

more important for ⇡

� and particularly K

�, and the
discrepancies observed here may signal the importance
of calculating multiplicities at NLO. For kaons the DSS
results give a better representation of the data than the
Kretzer and HKNS curves. This is to be expected, since
the DSS analysis included a preliminary version of the
HERMES proton data in its database. The Kretzer and
HKNS results are in substantial disagreement with the
multiplicities measured forK�. The results on deuterons
are in general in somewhat better agreement with the
various predictions, in particular for pions. However, the
discrepancy between the measured K

� multiplicities and
the various predictions is also apparent here. In Figs. 9
and 10 the multiplicities obtained from the HERMES
Lund Monte Carlo, in which the fragmentation parame-
ters have been tuned for HERMES kinematic conditions
[20], are also shown. Inclusion of the data reported here
in future global analyses should result in higher precision
in the extraction of FFs, particularly those describing
less abundant fragmentation processes.

VI. SUMMARY

HERMES has measured the multiplicity of charge-
separated pions and kaons as a function of z, P

h?

, x
B

and Q

2 produced by SIDIS o↵ a hydrogen and a deu-
terium target. This high statistics data set, which re-
sult from scattering by pure gas targets of protons and
deuterons, provides unique information on the fragmen-
tation of quarks into final state hadrons and will con-
tribute valuable input for the extraction of fragmentation
functions using QCD fits. The comparison of the results

‣Also results from HERMES
Phys. Rev. D 87, 074029 (2013)Talk by C.Franco at CIPANP 2012.
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MODELS FOR FRAGMENTATION

4

•Lund String Model
• Very Successful implementation in JETSET, PYTHIA.
• Highly Tunable  - Limited Predictive Power.
• No Spin Effects - Formal developments by         

X. Artru et al but no quantitative results!

•Spectator Model
• Quark model calculations with empirical form 

factors.
• No unfavored fragmentations.
• Need to tune parameters for small z dependence.

•NJL-jet Model
• Multi-hadron emission framework with

     effective quark model input.
• Monte-Carlo framework allows flexibility in     

including the transverse momentum, 
     spin effects,  two-hadron correlations, etc. 

6 M. RADICIA. Bacchetta et al. / Physics Letters B 659 (2008) 234–243 235

Fig. 1. Tree-level diagram for quark to meson fragmentation process.

from gluons. We do not want to promote the specific elements of the model as the “truth”. In fact, it is not unreasonable to expect
that the dynamical mechanism of gluon final-state interactions can be applied also in other models, leading to results similar to
ours. In the future, calculations based on such mechanism might be made more rigorous within a QCD framework.

We also present, for the first time, the Collins function for the fragmentation of quarks into kaons. This calculation is relevant
for the interpretation of recent kaon measurements done at HERMES [16] as well as COMPASS [17] and for future measurements
at BELLE and JLab.

2. Model calculation of the unpolarized fragmentation function

In the fragmentation process, the probability to produce hadron h from a transversely polarized quark q , in, e.g., the qq̄ rest
frame if the fragmentation takes place in e+e− annihilation, is given by (see, e.g., [18])

(1)Dh/q↑
(
z,K2

T

)
= D

q
1

(
z,K2

T

)
+ H

⊥q
1

(
z,K2

T

) (k̂ × KT ) · sq

zMh
,

where Mh the hadron mass, k is the momentum of the quark, sq its spin vector, z is the light-cone momentum fraction of the hadron
with respect to the fragmenting quark, and KT the component of the hadron’s momentum transverse to k. D

q
1 is the unintegrated

unpolarized fragmentation function, while H
⊥q
1 is the Collins function. Therefore, H

⊥q
1 > 0 corresponds to a preference of the

hadron to move to the left if the quark is moving away from the observer and the quark spin is pointing upwards.
In accordance with factorization, fragmentation functions can be calculated from the correlation function [19]

(2)!(z, kT ) = 1
2z

∫
dk+ !(k,Ph) = 1

2z

∑

X

∫
dξ+ d2ξT

(2π)3 eik·ξ 〈0|Un+
(+∞,ξ)ψ(ξ)|h,X〉〈h,X|ψ̄(0)Un+

(0,+∞)|0〉
∣∣
ξ−=0,

with k− = P −
h /z. A discussion on the structure of the Wilson lines, U , can be found in Ref. [19]. Here, we limit ourselves to

recalling that in Refs. [20,21] it was shown that the fragmentation correlators are the same in both semi-inclusive DIS and e+e−

annihilation, as was also observed earlier in the context of a specific model calculation [20] similar to the one under consideration
here. In the rest of the article we shall utilize the Feynman gauge, in which transverse gauge links at infinity give no contribution
and can be neglected [22–24].

The tree-level diagram describing the fragmentation of a virtual (timelike) quark into a pion/kaon is shown in Fig. 1. In the
model used here, the final state |h,X〉 is described by the detected pion/kaon and an on-shell spectator, with the quantum numbers
of a quark and with mass ms . We take a pseudoscalar pion–quark coupling of the form gqπγ5τi , where τi are the generators of
the SU(3) flavor group. Our model is similar to the ones used in, e.g., Refs. [25–28]. The most important difference from previous
calculations that included also the Collins function, i.e., those in Refs. [8–12], is that the mass of the spectator ms is not constrained
to be equal to the mass of the fragmenting quark.

The fragmentation correlator at tree level, for the case u → π+, is

(3)!(0)(k,p) = −
2g2

qπ

(2π)4

(/k + m)

k2 − m2 γ5(/k − /P h + ms)γ5
(/k + m)

k2 − m2 2πδ
(
(k − Ph)

2 − m2
s

)

and, using the δ-function to perform the k+ integration,

(4)!(0)(z, kT ) =
2g2

qπ

32π3

(/k + m)(/k − /P h − ms)(/k + m)

(1 − z)P −
h (k2 − m2)2

,

where k2 is related to k2
T through the relation

(5)k2 = zk2
T /(1 − z) + m2

s /(1 − z) + M2
h/z,

which follows from the on-mass-shell condition of the spectator quark of mass ms . We take m to be the same for u and d quarks,
but different for s quarks. Isospin and charge-conjugation relations imply

(6)Du→π+
1 = Dd̄→π+

1 = Dd→π−
1 = Dū→π−

1 ,

Fig. 3. – The spectator approximation for a parton with momentum k fragmenting into a detected
hadron with momentum Ph.

recently published [45], but it is fair to say that a full treatment of TMD evolution in
the Collins e↵ect is still missing.

3. – Models

Since the extraction of fragmentation functions from experimental data is a↵ected
by large uncertainties, as we have seen about the Collins function and, more generally,
about the KT dependence acquired by hadrons during the fragmentation, it is desirable
that this phenomenology is supported by model speculations. In the following, we sketch
three main classes of models that appeared in the recent literature.

3
.1. Spectator approximation. – The spectator approximation amounts to describe the

fragmentation as the decay of a parton with momentum k into the observed hadron h
with momentum Ph leaving a residual system in an on-shell state with momentum k�Ph

(see the diagram in Fig. 3). The latter condition grants that most of the calculations
can be performed analytically, including the expression for the o↵-shellness k2(z) of the
fragmenting parton. The drawback is that only the favoured channel can be taken into
account.

For the typical u ! ⇡+ channel, two main choices have been adopted in the literature
for the quark-pion-spectator vertex: the pseudoscalar coupling g⇡q�5 [46, 47, 48, 49, 50]
and the pseudovector coupling g⇡q�5�µPµ

h [51, 52, 48]. In all cases the coupling was
assumed to be point-like except in Refs. [50, 49], where a gaussian form factor was used
with a z-dependent cut-o↵.

Complicated objects like the Collins function appear if there are nonvanishing in-
terference diagrams involving di↵erent channels. In the spectator approximation, these
final-state interactions can be achieved by adding to the left or right side of the diagram
in Fig. 3 insertions involving pions and/or gluons. As an example, in Fig. 4 the KT - inte-

grated 1
2 -moment H

? ⇡+(1/2)
1,u (normalized to D⇡+

1,u) from Ref. [49] is plotted as a function
of z for three di↵erent hard scales and compared with the parametrization of Ref. [43],
whose statistical error is represented by the uncertainty band. The spectator results were
obtained using a pseudoscalar q⇡ coupling and gluon insertions. The model parameters
were fixed by reproducing the unpolarized D1 at the lowest available Q2 = 0.4 GeV2,
as it was extracted from e+e� data in Ref. [53]. Since the parametrization of H?

1 was
performed using SIDIS data for the Collins e↵ect at Q2 = 2.5 GeV2, the band in Fig. 4
should be compared with the dashed (green) line, showing a substantial agreement with
the spectator model.
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Figure 1. Electroweak boson ! qq̄ ! mesons.

qN ⌘ q�1 is a ”quark propagating backward in time” and kN ⌘ �k(q̄�1).

Kinematical notations :
k0 = k(q0) and k(q̄�1) are in the +ẑ and �ẑ directions respectively. For a quark, tn ⌘ knT .
For a 4-vector, a± = a0 ± az and aT = (ax, ay). We denote by a tilde the dual transverse
vector ãT ⌘ ẑ ⇥ aT = (�a

y, ax).

In Monte-Carlo simulations, the kn are generated according to the splitting distribution

dW ( qn�1 ! hn + qn) = fn(�n, t
2
n�1, t

2
n, p2

nT , ) d�n d2tn , �n ⌘ p+
n /k+

n�1 .

In particular the symmetric Lund splitting function [3],

fn � �an�1�an�1
n (1 � �an) exp

⇥�b (m2
n + p2

nT )/�n

⇤
, (3)

inspired by the string model, fulfills the requirement of forward-backward equivalence.
On can also consider [6] the upper part of Fig.1 as a multiperipheral [7] diagram

with the Feynman amplitude

Mq0+q̄�1�h1...+hN = v̄(k�1, S�1) �qN ,hN ,qN�1(kN , kN�1) �qN�1(kN�1) · · ·
· · · �q2(k2) �q2,h2,q1(k2, k1) �q1(k1) �q1,h1,q0(k1, k0) u(k0, S0) . (4)

S0 and S�1 are the polarisation vectors of the intial quark and antiquark. S2 = 1, Sz =
helicity, ST = transversity. � and � are vertex functions and propagators which depend
on the quark momenta and flavors. Note that Fig.1 is a loop diagram : k0 is an integration
variable, therefore the ”jet axis” is not really defined. Furthermore, in Z0 or �� decay,
the spins q0 and q̄�1 are entangled so that one cannot define S0 and S�1 separately.

Collins and jet-handedness e�ects. Let us first assume that the jet axis (quark
direction) is well determined :

- the Collins e�ect [1], in �q ! h+X , is an asymmetry in sin[�(S)��(h)] for a transversely
polarized quark. The fragmentation function reads

F (z, pT ; ST ) = F0(z, p
2
T ) (1 + AT ST .p̃T /|pT |) (p̃T ⌘ ẑ ⇥ pT) . (5)

2

Fig. 7. – The process e+e� ! q0q̄�1 ! h1 + h2 + . . . + hN as a recursive q ! hq0 splitting.

scattering amplitude,

�i ⇡ exp[�bh2
iT /2]

⇥
µ(h2

iT ) + i� · ẑ ⇥ hiT

⇤
,(3)

i.e. with a non-spin-flip complex function µ and a spin-flip part, b being some free
parameter. These prescriptions can be shown to respect invariance under all ”good”
transformations like rotations, boosts, and parity, all considered with respect to the jet
axis ẑ.

If Im(µ) 6= 0, this imaginary part can be shown to act as a source of transverse
polarization at step i even if the quark was unpolarized or longitudinally polarized at
step i � 1 [57]. This means also that during the cascade the helicity of a quark can be
partly converted to its transversity or viceversa. As a consequence, if Im(µ) 6= 0 one can
have for N = 1 a Collins e↵ect S1 · ẑ ⇥ h1T , and for N = 2 an iterated Collins e↵ect
with alternate sign, which could explain the experimental findings H? unf

1 ⇡ �H? fav
1

described in Sec. 2
.3 [38]. This result confirms the outcome of the Lund 3P0 string

mechanism [58]. But in addition it contains the three-particle correlation ẑ · h2T ⇥ h1T

named jet handedness [59], which is interpreted as a two-step mechanism: at i = 1, a
transverse polarization S1T k h1T is generated from the helicity S0z of previous step; at
i = 2, a Collins e↵ect takes place as ẑ·h2T ⇥S1T , which coincides with the jet handedness.

Further work is needed to promote the multiperipheral model of Ref. [57] to a real-
istic Monte Carlo event generator. For example, one should include antiquarks in the
fragmentation cascade, or explore the interference of the amplitude in Fig. 7 with dia-
grams showing di↵erently ordered N hadrons. Preliminary experimental results already
appeared for K� SIDIS production by the HERMES collaboration (an almost vanishing
Collins e↵ect [60] and a large cos 2� asymmetry in the unpolarized cross section [61])
that cannot be easily accommodated in the multiperipheral model in its present version.

4. – Di-hadron Fragmentation Functions

As already sketched in Sec. 2
.3, the extraction of the transversity parton distribution

via the Collins e↵ect su↵ers from several uncertainties and model dependencies, mostly
related to the need of dealing with TMD objects. A complementary approach is provided
by the semi-inclusive process ep" ! e0(h1h2)X where two unpolarized hadrons with

q
Q

Q’ Q’’

p



MOTIVATION
• A robust and expandable Monte Carlo framework for describing 

both Favored and Unfavored fragmentation functions in multi-
hadron emission process using microscopic quark models as 
input.

• NO model parameters fitted to fragmentation data! 

• Momentum and quark flavor conservation is imposed.

• Extensions to TMD, Polarized Quark Fragmentation, Dihadron 
Fragmentations. 
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✦Using the probabilistic interpretation of fragmentation funcs. 
to include the effect of multiple hadron emissions.

MONTE-CARLO (MC) APPROACH

6

q Q Q’ Q’’
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Integral Equations
Monte Carlo Simulations

INTEGRATED FRAGMENTATIONS FROM MC
• Input: One hadron emission probability

q Q Q’ Q’’

Dh
q (z)�z =

⌦
Nh

q (z, z +�z)
↵
⌘

P
NSims

Nh
q (z, z +�z)

NSims
7

dhq (z)

• Sample the emitted hadron type and z 
according to input splitting.

• CONSERVE: Momentum and Quark 
Flavor in each step.

• Repeat for decay chains with the same 
initial quark.

H.M., Thomas, Bentz, PRD. 83:07400; PRD.83:114010, 2011.



• Calculate quark splittings to vector mesons, Nucleon Anti-
Nucleon: 

MORE CHANNELS

dPh!h1,h2
(z1) =

(
C

h1h2
h
8� dz1 if z1z2 m2

h � z2m2
h1 � z1m2

h2 � 0; z1 + z2 = 1,

0 otherwise.

• Add the decay of the resonances:

• Decay cross-section in light-front variables:

8

dhq (z)

h = ⇢0, ⇢±,K⇤0,K
⇤0
,K⇤±,�, N, N̄

H.M., Thomas, Bentz, PRD. 83:074003, 2011



Favored Unfavored
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TRANSVERSE MOMENTUM DEPENDENCE:
ACCESSING 3 DIMENSIONAL PICTURE OF 

NUCLEON FROM SIDIS.



• TMD splittings: 

• Conserve transverse momenta at each link.

• Calculate the Number Density

INCLUDING THE TRANSVERSE MOMENTUM

k
k ’

p h

k

p

P

k’ z

xy

d(z, p2?)

Dh
q (z, P

2
?)�z ��P 2

? =

P
NSims

Nh
q (z, z +�z, P 2

?, P
2
? +�P 2

?)

NSims
.

k? = P? + k0
?

q
Q

Q’ Q’’

p

11

H.M.,Bentz, Cloet, Thomas, PRD.85:014021, 2012

P? = p? + zhk?



THE TRANSVERSE MOMENTA OF 
HADRONS IN SIDIS

• Use TMD quark distribution functions from the NJL model .

k ’ z

xy
p h

k T

P

PT

k T
k

q Nucleon

q
Q

Q’ Q’’

p

• Evaluate the cross-section using MC simulation.

• Use NJL-Jet hadronization model.
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AVERAGE  TRANSVERSE MOMENTA VS Z
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FRAGMENTATION
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A. Signori, et al: JHEP 1311, 194 (2013)



TWO HADRON CORRELATIONS:
DIHADRON FRAGMENTATION FUNCTIONS

14

q
Q

Q’ Q’’

h 2h 1



ACCESS TO TRANSVERSITY PDF FROM DFF

• In two hadron production from 
polarized target the cross section 
factorizes collinearly - no TMD!

• Allows clean access to transversity.
• Unpolarized and Interference Dihadron 

FFs are needed!

4

Ph

Ph

P2

P1
RT

S S
φ

φ
R

two−hadron plane

scattering plane

l l’

q

FIG. 1: Angles involved in the measurement of the transverse single-spin asymmetry in deep-inelastic production of two hadrons
in the current region.

When the target is transversely polarized, we can define the following cross section combinations 3

d6σUU =
d6σ↑ + d6σ↓

2
=

∑

q

α2e2
q

π y Q2

1 − y + y2/2 + y2 γ2/4

1 + γ2
f q
1 (x)Dq

1,oo(z, M2
h), (16)

d6σUT =
d6σ↑ − d6σ↓

2
= −

∑

q

α2e2
q

4 y Q2

1 − y − y2 γ2/4

1 + γ2
sin(φR + φS)hq

1(x)
|&R|
Mh

H<)q
1,ot(z, M2

h), (17)

where α is the fine structure constant, γ = 2Mx/Q, and M is the mass of the target. These expressions are valid
up to leading twist only. Subleading contributions are described in Ref. [28]. In particular, they give rise to a term
proportional to cosφR in dσUU and a term proportional to sinφS in dσUT . Corrections at order αS were partially
studied in Ref. [4], but further work is required.

We can define the asymmetry amplitude

A
sin(φR+φS)
UT (x, y, z, M2

h) ≡
1

sin(φR + φS)

d6σUT

d6σUU

= −
1−y−y2 γ2/4
x y2 (1+γ2)

1−y+y2/2+y2 γ2/4
x y2 (1+γ2)

π |&R|
4 Mh

∑

q e2
q hq

1(x) H<)q
1,ot(z, M2

h)
∑

q e2
q f q

1 (x) Dq
1,oo(z, M2

h)
. (18)

Note that we avoided simplifying the prefactors because numerator and denominator are usually integrated separately
over some of the variables.

III. FRAGMENTATION FUNCTIONS IN A SPECTATOR MODEL

We aim at describing the process q → π+π−X at invariant mass Mh ! 1.3 GeV. To have an idea of the prominent
channels contributing to this process, we examined the output of the PYTHIA event generator [53] tuned for HER-
MES [54], which well reproduces the measured events at HERMES. Further details concerning the event generator’s
output will be discussed in the next section. Fig. 2 shows the number of counted dihadron pairs in bins of Mh (200
bins from 0.3 to 1.3 GeV). The total amount of events is 2667889.

A few prominent channels contribute to this process:

1. q → π+π−X1: fragmentation into an “incoherent” π+π− pair that we will call, in the following, “background”;

2. q → ρ X2 → π+π−X2: fragmentation into a ρ resonance decaying into π+π−, responsible for a peak at Mh ∼
770 MeV (14.81%);

3. q → ω X3 → π+π−X3: fragmentation into a ω resonance decaying into π+π−, responsible for a small peak at
Mh ∼ 782 MeV (0.31%);

3 The definition of the angles in Eqs. (14,15) is consistent with the so-called Trento conventions [58] and it is the origin of the minus sign
in Eq. (17) with respect to Eq. (43) of Ref. [55] (compare φR and φS in Fig. 1 with the analogue ones in Fig. 2 of Ref. [55]).

M. Radici, et al: PRD 65, 074031 (2002).

A. Bacchetta and M. Radici, PRD 74, 114007 (2006).

• Empirical Model for       have been fitted to PYTHIA simulations.Dq
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FIG. 4: Semi-inclusive dihadron counts from the PYTHIA event generator [53] tuned for HERMES [54] and results of the fit
(a) as a function of Mh, (b) as a function of z. Solid line: p-wave contribution; dashed line: s-wave contribution; dotted line:
sum of the two. The contributions of the η and K0 have been excluded.

which the Monte Carlo generator is actually tuned. The agreement would be improved further if the contribution of
the ω were extended at higher invariant masses by leaving the narrow-width approximation for the ω resonance and
smearing the step function in Eq. (28). Note that the interference is in this case constructive because the signs of the
couplings fρ and f ′

ω have been taken equal. If the two couplings were taken opposite, then a destructive interference
would take place and the model would underestimate the p-wave data at around 0.6 GeV. The agreement with the
total spectrum would then be worsened. Also the fω coupling has been taken to have the same sign of fρ to avoid
destructive interference patterns. It is difficult with the present poor knowledge to make any conclusive statement
about ρ-ω interference in semi-inclusive dihadron production. However, we can at least conclude that in our model
the best agreement with the event generator is achieved when the three couplings fρ, fω and f ′

ω have the same sign.

V. PREDICTIONS FOR POLARIZED FRAGMENTATION FUNCTIONS AND TRANSVERSE-SPIN
ASYMMETRY

Using the parameters obtained from the fit we can plot the results for the fragmentation functions D1,ll, H<)
1,ot, and

D1,ol. The function D1,ll is a pure p-wave function. It depends on |F p|2, the modulus square of Eq. (28), and has
a behavior very similar to Dp

1,oo, the p-wave part of D1,oo. In Fig. 5 (a) we plot the ratio between D1,ll and D1,oo,
integrated separately over 0.2 < z < 0.8. In Fig. 5 (b) we plot the same ratio but with the two functions multiplied
by 2Mh and integrated over 0.3 GeV < Mh < 1.3 GeV. In the same figures, the dotted lines represent the positivity
bound [55]

−
3

2
Dp

1,oo ≤ D1,ll ≤ 3Dp
1,oo. (36)

The functions D1,ol and H<)
1,ot arise from the interference of s and p waves, i.e. from the interferences of channels 1-2,

1-3, and 1-4, proportional to the product (fs fρ), (fs fω), (fs f ′
ω), respectively. Since the relative sign of fs and the

p-wave couplings is not fixed by the fit, we can only predict these functions modulo a sign. For the plots, we assume
that the p-wave couplings have a sign opposite to fs (as suggested by the sign of preliminary HERMES data [48]).

In Fig. 6 (a) we plot the ratio between −|#R|/Mh H<)
1,ot and D1,oo, integrated separately over 0.2 < z < 0.8. In Fig. 6

(b) we plot the same ratio but with the two functions multiplied by 2Mh and integrated over 0.3 GeV < Mh < 1.3 GeV.
In the same figures, the dotted lines represent the positivity bound [55]

|#R|
Mh

H<)
1,ot ≤

√

3

8
Ds

1,oo

(

Dp
1,oo −

1

3
D1,ll

)

. (37)

As is evident, there are two main contributions:

• the interference between channel 1 (s-wave background) and the imaginary part of 2 (ρ resonance), with a shape
peaked at the ρ mass, i.e. roughly proportional to the imaginary part of the ρ resonance in Eq. (28);
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Experiments:
BELLE,
HERMES,
COMPASS.
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UNPOLARIZED DIHADRON FRAGMENTATIONS

• The probability density for observing two hadrons:

16

P1 = (z1k
�, P+

1 ,P 1,?), P 2
1 = M2

h1

P2 = (z2k
�, P+

2 ,P 2,?), P 2
2 = M2

h2

z = z1 + z2 M2
h = (P1 + P2)

2

Dh1h2
q (z,M2

h) �z �M2
h =

⌦
Nh1h2

q (z, z +�z;M2
h ,M

2
h +�M2

h)
↵

• The corresponding number density:

• In MC simulations record all the pairs in every decay chain. 

z1z2M
2
h � (z1 + z2)(z2M

2
h1 + z1M

2
h2) � 0

• Kinematic Constraint.

H.M. Thomas, Bentz, PRD.88:094022, 2013.
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2- AND 3-BODY DECAYS
The      spectrum of pseudoscalars is strongly affected by VM decays.M2

h

• We include only the 2-body decays         . 

• Both 2- and 3-body decays of         . 

⇢,K⇤

!,�

q

p 1

p 2

p 3

k
q

p 1

p 2

“Isobar” Model

17



2- AND 3-BODY DECAYS
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�V (s) =
m2

V

s
�V

✓
q(s)

q(m2
V )

◆3

DV (s) = m2
V � s� i

p
s�V (s)

Relative Momentum of 
daughters in their CM frame.

Achasov et al. (SND), PRD 68, 052006, (2003).

• Resonance propagator:

• 3-body decay amplitude (ignore small width):

• Simulate 2- and 3-body phase space in LC.

The      spectrum of pseudoscalars is strongly affected by VM decays.M2
h

• 2-body decay amplitude: M(p1, p2) =
gh1h2
V ✏µ(p2µ � p1µ)

DV (q2)

M(p1, p2, p3) = "µ↵��✏
µp↵1 p

�
2p

�
3

X

i=0,±

gV ⇢i⇡ g⇢i⇡⇡

D⇢i(v
2
i )

• We include only the 2-body decays         . 

• Both 2- and 3-body decays of         . 

⇢,K⇤

!,�



THE TREATMENT OF VM DECAYS: COMPARISON TO PYTHIA.

19

�V (s) =
m2

V

s
�V

✓
q(s)

q(m2
V )

◆3

• Constant decay width of  VM.

• 3-body decay amplitude:

• 2-body decay amplitude: non-
relativistic Breit-Wigner:

‣ Point-like coupling (PYTHIA).

‣ “Isobar” model (HERWIG, NJL-jet).

      � ! 3⇡      ! ! 3⇡

M = "µ↵��✏
µp↵1 p

�
2p

�
3

X

i=0,±

gV ⇢i⇡ g⇢i⇡⇡

D⇢i(v
2
i )

P(m)dm / 1

(m�m0)2 + �2/4
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RESULTS FOR DFFS
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RESULTS FOR DFFS
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PYTHIA SIMULATIONS
• Only Hadronize. Allow the same resonance decays as NJL.
• Setup hard process with back to back        along z axis.q q̄

• Assign hadrons with positive       to     fragmentation.pz q
Eq = 10 GeV
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EVOLUTION OF DFF
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FIG. 1: The spin asymmetry for the semi-inclusive production of a pion pair in deep-inelastic scattering on a transversely
polarized proton, as a function of the invariant mass Mh of the pion pair, of the light-cone momentum fraction x of the initial
parton, of the energy fraction z carried by the pion pair with respect to the fragmenting parton. Data from Ref. [40]. The
uncertainty band is a fit to the data based on the DiFF spectator model of Ref. [38] and on the h1 parametrization of Ref. [48].

which is connected to the pair invariant mass by [9]

R2
T =

(P1T − P2T )2

4
=

z1z2

z1 + z2

[

M2
h

z1 + z2
−

M2
1

z1
−

M2
2

z2

]

. (5)

The further dependence on the scale Q2 of the process is described by usual DGLAP evolution equations; at LL, they
read [9]

d

dlogQ2
Dq(z1, z2, R

2
T , Q2) =

αs(Q2)

2π

∫ 1

z1+z2

du

u2
Dq′

(z1

u
,
z2

u
, R2

T , Q2
)

Pq′q(u) , (6)

where P (u) are the usual leading-order splitting functions [49]. A similar equation holds for H!

q involving the splitting
functions δP (u) for transversely polarized partons [50, 51] (see also the Appendix of Ref. [9], for convenience).

The same strategy can be applied to study evolution of single components of extended DiFF in the expansion in
relative partial waves of the pion pair. In fact, Eq. (6) can be rewritten as

d

dlogQ2
Dq(z, ζ, M2

h , Q2) =
αs(Q2)

2π

∫ 1

z

du

u
Dq′

( z

u
, ζ, M2

h , Q2
)

Pq′q(u) . (7)

Note that the evolution kernel affects only the dependence on z, leaving untouched the dependence on ζ. That is, it
affects the dependence on the fractional momentum of the pion pair with respect to the hard fragmenting parton, but
not the dependence on the nonperturbative processes that make the fractional momentum split inside the pair itself.
The net effect is that extended DiFF display evolution equations very similar to the single-hadron fragmentation case.
Using the above identity ζ = 2 cos θ|R|/Mh, we can again expand both sides of Eq. (7) in terms of Legendre functions
of cos θ and apply the evolution kernel to each member of the expansion. By integrating in d cos θ both sides we come
to the final result

d

dlogQ2
D1,q(z, M2

h , Q2) =
αs(Q2)

2π

∫ 1

z

du

u
D1,q′

( z

u
, M2

h , Q2
)

Pq′q(u) , (8)

that involves the DGLAP evolution of the single diagonal component D1,q = Ds
1,q + Dp

1,q related to the pure s and

p relative partial waves of the pion pair. Analogously, we can get an evolution equation similar to Eq. (8) for H!sp
1,q

provided that P (u) is replaced by δP (u).
Equation (8) shows that also the dependence on the pair invariant mass Mh is not affected by the evolution kernel,

as is reasonable, since Mh is a scale much lower than Q2. However, in order to get the Mh dependence at a different
scale Q′ 2 "= Q2 it is important to completely integrate away the z dependence. Usually, experimental phase spaces are
limited by the geometry of the apparatus and, in this case, the integration in dz is performed in the interval [zmin, 1]
with zmin "= 0. In Fig. 2, we show D1,u(Mh) for the up quark at the HERMES scale Q2 = 2.5 GeV2 (dot-dashed
line) and at the BELLE scale of Q2 = 100 GeV2 (solid line). In the left panel, results are obtained using zmin = 0.02,

At leading order: 
Bacchetta et. al., Phys.Rev. D79, 034029 (2009).
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TRANSVERSELY POLARIZED QUARK FRAGMENTATION:
COLLINS EFFECT AND TWO-HADRON CORRELATIONS

23



COLLINS FRAGMENTATION FUNCTION

• Chiral-ODD: Needs to be coupled with another 
chiral-odd quantity to be observed.

• Collins Effect: 

Azimuthal Modulation of 
Transversely Polarized 
Quark’ Fragmentation 
Function.

24
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COLLINS FRAGMENTATION FUNCTION FROM NJL-JET

• Model Calculated Elementary Collins Function as Input

• Extend the NJL-jet Model to Include the Quark’s Spins.

25

H.M.,Bentz, Thomas, PRD.86:034025, 2012.
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• Spin flip probability: PSF

A. Bacchetta et. al., PLB659, 234 (2008).



INTEGRATED POLARIZED FRAGMENTATIONS

• Integrate Polarized Fragmentations over 
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COLLINS EFFECT - MK2

27

MK2 Model Assumptions: H.M., Kotzinian, Thomas, arXiv:1312.4556 (2013).

1. Allow for Collins Effect only in a SINGLE emission vertex -           scaling 
of the resulting Collins function. 

2.  Use constant values for         .PSF
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TWO-HADRON FRAGMENTATION

• IFFS are Chiral-ODD: Need to be coupled with another 
chiral-odd quantity to be observed (e.g. transversity).

‣Kinematic Variables:

28

A. Bianconi, et al: PRD 62, 034008 (2000). M. Radici, et al: PRD 65, 074031 (2002).

Unpolarized
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M1 +M2
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2
T ,kT ·RT ) +

✏ijT kTj

M1 +M2
H?
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2
T , R

2
T ,kT ·RT )

InterferenceInterference

‣The relevant terms of the quark correlator at leading order for a 
Transversely Polarized Quark:

k! and the integration over k" implied by the definition of !
in Eq. "3#, we deduce that the actual number of independent
components of the three 4-vectors k ,P1 ,P2 is five "cf. $12%#.
They can conveniently be chosen as the fraction of quark
momentum carried by the hadron pair, z, the subfraction in
which this momentum is further shared inside the pair, & , and
the ‘‘geometry’’ of the pair in the momentum space, namely,
the ‘‘opening’’ of the pair momenta, R! T

2 , the relative position
of the jet axis and the hadron pair axis, k!T

2 , and the relative
position of hadron pair plane and the plane formed by the jet
axis and the hadron pair axis, k!T•R! T "see Fig. 2#.
Both DF and FF can be deduced from suitable projections

of the corresponding quark-quark correlators. In particular,
by defining

! [']"z ,& ,k!T
2 ,R! T

2 ,k!T•R! T#

(
1
4z! d k"Tr$'!"k ,P1 ,P2#%"k!#Ph

!/z , "7#

we can deduce, at leading twist,

! [)!]#D1"zh ,& ,k!T
2 ,R! T

2 ,k!T•R! T# "8a#

! [)!)5]#
*T
i jRTikT j
M 1M 2

G1
!"zh ,& ,k!T

2 ,R! T
2 ,k!T•R! T# "8b#

! [i+ i!)5]#
*T
i jRT j

M 1"M 2
H1
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2 ,k!T•R! T#

"
*T
i jkT j

M 1"M 2
H1

!"zh ,& ,k!T
2 ,R! T

2 ,k!T•R! T#. "8c#

The leading-twist projections give a nice probabilistic inter-
pretation of FF related to the matrix ' used. Hence, D1 is the
probability for a unpolarized quark to fragment into the un-
polarized hadron pair, G1

! is the probability difference for a
longitudinally polarized quark with opposite chiralities to

fragment into the pair, both H1
! and H1

" give the same prob-
ability difference but for a transversely polarized fragment-
ing quark. A different interpretation for H1

! and H1
" comes

only from the possible origin for a non-vanishing probability
difference, which is induced by the direction of kT and RT ,
respectively. G1

! ,H1
! ,H1

" are all naive T-odd and H1
! ,H1

"

are further chiral odd. H1
! represents a sort of generalization

of the Collins effect, while H1
" originates from a genuine

new effect, because it relates the transverse polarization of
the fragmenting quark to the orbital angular motion of the
transverse component of the pair relative momentum R! T via
the new angle , , defined by

sin,#
S! T!•P! 2$P! 1

"S! T! ""P! 2$P! 1"
#

S! T!•P! h$R!

"S! T! ""P! h$R! "

(
S! T!•P! h$R! T

"S! T! ""P! h$R! T"

#cos# ,ST!
!

-

2 !,RT$#sin",ST",RT#, "9#

where we have used the condition P! hT#0 and ,ST (,ST!
),

,RT are the azimuthal angles of the initial "final# quark trans-
verse polarization and of R! T with respect to the scattering
plane, respectively "see also Fig. 2#.

B. Isolating transversity from the SSA

Usually, the analysis of experimental observables is better
accomplished in the frame where the target momentum P
and the momentum transfer q are collinear and with no trans-
verse components. Using a different notation, we have P!!

#q!!#0 and P! h!.0. An appropriate transverse Lorentz
boost transforms this frame to the previous one where P! T
#P! hT#0 and q! T#!P! h! /z $12%. However, the difference
between the components of vectors in each frame is sup-
pressed like O(1/Q). Since we are here considering expres-
sions for the observables at leading twist only, this difference
can be safely neglected.
By using Eq. "5#, the complete cross section at leading

twist for the two-hadron inclusive DIS of an unpolarized
beam on a transversely polarized target, where two unpolar-
ized hadrons are detected in the same quark current jet, is
given by
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FIG. 2. The kinematics for the final state where a quark frag-
ments into two leading hadrons inside the same current jet.
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task suggests that a more convenient way to model occur-
rence and properties of ‘‘T odd’’ FF is to look at residual
interactions between two hadrons in the same jet, consider-
ing the remnant of the jet as a spectator and summing over
all its possible configurations. Therefore, in the following the
formalism for two-hadron semi-inclusive production and FF
will be addressed.

III. QUARK-QUARK CORRELATION FUNCTION FOR
TWO-HADRON PRODUCTION

In the field-theoretical description of hard processes the
soft parts connecting quark and gluon lines to hadrons are
defined as certain matrix elements of non-local operators in-
volving the quark and gluon fields themselves !17–19". In
analogy with semi-inclusive hard processes involving one
detected hadron in the final state !2", the simplest matrix
element for the hadronization into two hadrons is the quark-
quark correlation function describing the decay of a quark
with momentum k into two hadrons P1 ,P2 #see Fig. 3$:
namely,

% i j#k;P1 ,P2$!X
X

! d4&

#2'$4

"eik•&(0") i#&$a2
†#P2$a1

†#P1$"X*

"(X"a1#P1$a2#P2$) j#0 $"0*, #9$

where the sum runs over all the possible intermediate states
involving the two final hadrons P1 ,P2. For the Fourier trans-
form only the two space-time points 0 and & matter, i.e., the
positions of quark creation and annihilation, respectively.
Their relative distance & is the conjugate variable to the
quark momentum k.
We choose for convenience the frame where the total pair

momentum Ph!P1#P2 has no transverse component. The
constraint to reproduce on-shell hadrons with fixed mass
(P1

2!M 1
2 ,P2

2!M 2
2) reduces to seven the number of indepen-

dent degrees of freedom. As shown in Appendix A #where
also the light-cone components of a 4-vector are defined$,
they can conveniently be reexpressed in terms of the light-
cone component of the hadron pair momentum, Ph

$ , of the
light-cone fraction of the quark momentum carried by the
hadron pair, zh!Ph

$/k$!z1#z2, of the fraction of hadron

pair momentum carried by each individual hadron, +
!z1 /zh!1$z2 /zh , and of the four independent invariants
that can be formed by means of the momenta k ,P1 ,P2 at
fixed masses M 1 ,M 2, i.e.,

,h!k2, -h!2k•#P1#P2$.2k•Ph ,

-d!2k•#P1$P2$.4k•R , M h
2!#P1#P2$2.Ph

2 ,
#10$

where we define the vector R!(P1$P2)/2 for later use.
By generalizing the Collins-Soper light-cone formalism

!18" for fragmentation into multiple hadrons !12,11", the
cross section for two-hadron semi-inclusive emission can be
expressed in terms of specific Dirac projections of
%(zh ,+ ,Ph

$ ,,h ,-h ,M h
2 ,-d) after integrating over the #hard-

scale suppressed$ light-cone component k# and, conse-
quently, taking & as light-like !2", i.e.,

% [/]!
1
4zh

! dk#Tr!%/""&$!0

!
1
4zh

! dk#! dk$0# k$$
Ph

$

zh
$Tr!%/" . #11$

The function % [/] now depends on five variables, apart from
the Lorentz structure of the Dirac matrix / . In order to make
this more explicit and to reexpress the set of variables in a
more convenient way, let us rewrite the integrations in Eq.
#11$ in a covariant way using

2Ph
$!

d-h

dk#
, 2k#!

d,h

dk$
, #12$

and the relation

1
2k#

0# k$$
Ph

$

zh
$ !0# 2k#k$$
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$
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$

!0# ,h#k! T
2$

-h

zh
#

M h
2

zh
2 $ #13$

which leads to the result
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-h
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#

M h
2
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2 $

"
Tr!%#zh ,+ ,Ph

$ ,,h ,-h ,M h
2 ,-d$/"

8zhPh
$

, #14$

where the dependence on the transverse quark momentum k! T
2

through -h is made explicit by means of Eqs. #A6a$ and
#A7$.
Using Eq. #A6$ makes it possible to reexpress % [/] as a

function of zh ,+ ,k! T
2 and R! T

2 ,k! T•R! T , where R! T is #half of$ the
transverse momentum between the two hadrons in the con-

FIG. 3. Quark-quark correlation function for the fragmentation
of a quark into a pair of hadrons.
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where M is the target mass. The kinematics, also depicted in
Fig. 1, represents a nucleon with momentum P(P2!M 2)
and a virtual hard photon with momentum q that hits a quark
carrying a fraction p#!xP# of the parent hadron momen-
tum. We describe a 4-vector a as &a",a#,a! T* , in terms of its

light-cone components a%!(a0%a3)/!2 and a transverse
bidimensional vector a! T , such that for two 4-vectors a ,b we
have a•b!a#b"#a"b#"a! T•b! T . Because of momentum
conservation in the hard vertex, the scattered quark has mo-
mentum k!p#q , and it fragments into two unpolarized
hadrons, which carry a fraction (P1#P2)"+Ph

"!zk" of
the ‘‘parent quark’’ momentum, and the rest of the jet.
The quark-quark correlator ' describes the nonperturba-

tive processes that make the parton p emerge from the spin-
1/2 target, and it is symbolized by the lower shaded blob in
Fig. 1. Using Lorentz invariance, Hermiticity and parity in-
variance, the partly integrated ' can be parametrized at lead-
ing twist in terms of DF as
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x ,p! T and the polarization state of the target is fully specified
by the light-cone helicity /!MS#/P# and the transverse
component S! T of the target spin. Similarly, the correlator ) ,
symbolized by the upper shaded blob in Fig. 1, represents the
fragmentation of the quark into the two detected hadrons and
the rest of the current jet and can be parametrized as &12*
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where R+(P1"P2)/2 is the relative momentum of the had-
ron pair.
For convenience, we will choose a frame where, besides

P! T!0, we have also P! hT!0. By defining the light-cone mo-
mentum fraction 0!P1

"/Ph
" , we can parametrize the final-

state momenta as

k!'Ph
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z ,z
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From the definition of the invariant mass of the hadron pair,
i.e. Mh

2+Ph
2!2Ph

#Ph
" , and the on-shell condition for the

two hadrons themselves, P1
2!M 1

2 ,P2
2!M 2

2, we deduce the
relation

R! T
2!0$1"0%Mh
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which in turn puts a constraint on the invariant mass from the
positivity requirement R! T
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After having given all the details of the kinematics, we
can specify the actual dependence of the quark-quark cor-
relator ) and of the FF. From the frame choice P! hT!0, the
on-shell condition for both hadrons, Eq. $5%, the constraint on
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TWO-HADRON FRAGMENTATION
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POLARIZED QUARK DIFF IN QUARK-JET.

• Use the NJL-jet Model including Collins effect (Mk 2) to study DiFFs.

31

H.M., Kotzinian, Thomas, arXiv:1312.4556 (2013).
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• Choose a constant Spin flip probability:PSF

• Simple model to start with:
  Only pions and extreme ansatz for the
  Collins term in elementary function.

dh/q"(z,p?) = dh/q1 (z, p2?)(1� 0.9 sin')
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ANALYZING POWERS
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INTEGRATED ANALYZING POWERS
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✦Use the spectator model for Collins 
function:

No singularities at vanishing transverse 
momentum.

✦Include both pion and kaon channels.

IMPROVED MODEL
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IMPROVED MODEL RESULTS
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CONCLUSIONS
• Multi-hadron emissions are essential to complete description of 

both Favored and Unfavored fragmentation functions!

• The NJL-Jet model provides a robust and extendable framework for 
microscopic description of various fragmentation phenomena using 
MC simulations: TMD, Collins, DiHadron.

• NJL-Jet MC helps us to test and understand important aspects of 
various processes using a specific underlying quark model:  
‣ z dependence of         .
‣ Effect of  VM decays on Dihadron FFs. 
‣ The role of the Collins mechanism in IFFs.

• Further developments of the model are underway:
‣ Including vector mesons in polarized fragmentations.
‣ Exploring the target fragmentation.
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