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1.	  Introduc.on	

•  Quark-‐gluon	  plasma	  signal	  in	  H.I.C.?	  
– Quarkonium	  suppression	  due	  to	  color	  screening	  
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granularity of the tracker, the muon pT measurement based
on information from the tracker alone has a resolution
between 1 and 2% for a typical muon in this analysis.

The CMS apparatus also has extensive forward
calorimetry, including two steel–quartz-fiber Čerenkov
hadron forward calorimeters (HF), which cover the range
2:9< j!j< 5:2. These detectors are used for event selec-
tion and centrality determination in PbPb collisions. The
event centrality observable corresponds to the fraction of
the total inelastic cross section, starting at 0% for the most
central collisions and evaluated as percentiles of the dis-
tribution of the energy deposited in the HF [7,8]. The
centrality classes used in this analysis are 50–100%, 40–
50%, 30–40%, 20–30%, 10–20%, 5–10%, and 0–5%,
ordered from the lowest to the highest HF energy deposit.
Using a Glauber-model calculation as described in Ref. [7],
the average number of nucleons participating in the colli-
sions (Npart) and the average nuclear overlap function (TAA)

have been estimated for each centrality class. The TAA factor
is equal to the number of elementary nucleon-nucleon (NN)
binary collisions divided by the elementary NN cross
section and can be interpreted as the NN-equivalent inte-
grated luminosity per heavy-ion collision, at a given event
centrality [9].

The ! states are identified through their dimuon decay.
The events are selected online with a hardware-based
trigger requiring two muon candidates in the muon detec-
tors. More stringent muon quality requirements are
imposed in the PbPb case relative to the pp online selec-
tion. No explicit momentum or rapidity thresholds are
applied at trigger level. For the PbPb data, events are
preselected offline if they contain a reconstructed primary
vertex comprising at least two tracks, and the presence of
energy deposits larger than 3 GeV in at least three towers in
each of the two HF calorimeters. These criteria reduce
contributions from single-beam interactions, ultraperiph-
eral electromagnetic interactions, and cosmic-ray muons.

Muons are reconstructed by matching tracks in the muon
detectors and silicon tracker. The same offline reconstruc-
tion algorithm and selection criteria are applied to the PbPb
and pp data samples. The muon candidates are required to
have a transverse (longitudinal) distance of closest
approach to the event vertex smaller than 3 (15) cm.
Muons are only kept if the part of their trajectory in the
tracker has 11 or more hits and the "2 per degree of
freedom of the combined and tracker-only fits is lower
than 20 and 4, respectively. Pairs of oppositely charged
muons are considered dimuon candidates if the "2 fit
probability of the tracks originating from a common vertex
exceeds 5%. This removes background arising primarily
from the displaced, semileptonic decays of charm and
bottom hadrons. Only muons with pT > 4 GeV=c are con-
sidered, as in Ref. [5]. The dimuon pT distribution of the
selected candidates extends down to zero and has a mean of
about 6 GeV=c, covering a dimuon rapidity range of jyj<

2:4. The resultant dimuon invariant mass spectra are shown
in Fig. 1 for the PbPb and pp data sets. The three !ðnSÞ
peaks are clearly observed in the pp case; the !ð3SÞ state
is not prominent above the dimuon continuum in PbPb
collisions.
Simulated Monte Carlo (MC) events are used to opti-

mize muon selection cuts and to evaluate efficiencies.
Signal !ðnSÞ events are generated using PYTHIA 6.424

[10], with nonrelativistic quantum chromodynamics matrix
elements tuned by comparison with CDF data [11].
Underlying heavy-ion events are produced with the
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FIG. 1 (color online). Dimuon invariant-mass distributions in
PbPb (top) and pp (bottom) data at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2:76 TeV. The
same reconstruction algorithm and analysis selection are applied
to both data sets, including a transverse momentum requirement
on single muons of pT > 4 GeV=c. The solid (signalþ
background) and dashed (background-only) curves show the
results of the simultaneous fit to the two data sets.
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For	  example,	  
CMS@LHC	

pp	 PbPb	

1S	

2S+3S	

Matsui,	  Satz	  (86)	



More	  complicated	  in	  reality	

•  More	  nuclear	  effects	  
– Nuclear	  wave	  func.on	  
– Cold	  nuclear	  maier	  effect	  
– Thermal	  QGP	  effect	  (ß	  what	  we	  study)	  
– Hadroniza.on	  
– Hadronic	  interac.on	  
– Feed-‐down	  from	  excited	  states	  
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1.	  Introduc.on	



2.	  Open	  quantum	  systems	

•  System	  (HQs)	  +	  Environment	  (QGP)	  
– Total	  Hilbert	  space	  
– Reduced	  density	  matrix	  and	  master	  equa.on	  

•  Examples	  
– Quantum	  op.cs	  
– Quantum	  Brownian	  mo.on	  
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ρQ (t) ≡ TrqA ρtot (t)[ ]

H = qA ⊗ Q

ρQ (t) = L ρQ (t)!" #$ Markov	  limit	

Photon	  emission	  
&	  absorp.on	

Scaiering	  with	  
medium	  par.cles	



Lindblad	  form	

– General	  form	  of	  Markovian	  master	  equa.on	  that	  
conserves	  posi.vity	  of	  density	  matrix	  
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ρQ (t) = −i H,ρQ"# $%+ γ i LiρQLi
† −

1
2
Li

†LiρQ −
1
2
ρQLi

†Li
&

'
(

)

*
+

i
∑      γ i > 0( )

Lindblad	  (76)	

2.	  Open	  quantum	  systems	

ρQ (t) = ωn (t) ψn (t) ψn (t)
n=1

N (t )

∑

0 <ωn (t) ≤1,    ωn (t)
n=1

N (t )

∑ =1
Posi.ve	  semi-‐definite	  



Time	  scale	  hierarchies	

•  3	  .me	  scales	  
– Medium	  correla.on	  .me	  
– System	  relaxa.on	  .me	  
– System	  intrinsic	  .me	  

•  2	  typical	  regimes	  of	  open	  quantum	  systems	  
– Quantum	  op.cal	  limit	  
– Quantum	  Brownian	  mo.on	
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2.	  Open	  quantum	  systems	

τ E
τ R
τ S

τ E << τ R,    τ S << τ R
τ E << τ R,    τ E << τ S

ß	  Describe	  the	  system	  
in	  this	  .me	  scale	



Hierarchy	  makes	  things	  simpler	

•  Quantum	  op.cal	  limit	  

•  Quantum	  Brownian	  mo.on	

2014/09/29	 INT	  Workshop	 8	

Classical	  mo.on	  during	  τE	  
Trajectories	  for	  QBM	  and	  QOL	

2.	  Open	  quantum	  systems	

τ E << τ R
τ S ≡ (ΔE)

−1 << τ R

à	  Markovian	  approxima.on	

à	  Rota.ng	  wave	  approxima.on	
Phase	  gets	  randomized	  during	  τR	  :	  
Quantum	  superposi.on	  à	  Sta.s.cal	  ensemble	

τ E << τ R
τ E << τ S

à	  Markovian	  approxima.on	

When	  energy	  levels	  are	  gapped	

à	  Accelera.on	  neglected	

Wave	  func5on	  approach	



Quarkonium	  .me	  scales	

•  When	  is	  the	  QBM	  approach	  applicable?	  

– τE:	  electric	  .me	  scale	  
– τR:	  color	  diffusion,	  kine.c	  equilibra.on	  
– τS:	  orbital	  period	  in	  Coulomb	  bound	  state	  
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2.	  Open	  quantum	  systems	

τE	 τR	 τS	
1/gT	 1/g2T,	  M/g4T2	  	 1/Mg4	

1 gT << (4π )2 Mg4 → g3 100 << T M <<1



Classical	  picture	

•  Interac.ng	  Brownian	  par.cles	  

– Screened	  force 	  à	  Screening	  poten.al	  
– Random	  force 	  à	  Random	  poten.al	  
– Drag	  force	   	   	  à	  Dissipa.on	  (non-‐poten.al)	  
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2.	  Open	  quantum	  systems	

Young,	  Shuryak	  (09)	

Stochas.c	  
poten.al	

Quantum	  descrip.on	



3.	  Influence	  func.onal	  for	  the	  Lindblad	  form	

•  Path-‐integral	  formula.on	  for	  OQS	  

– Express	  Ψ(x,R)	  and	  Ψ*(y,Q)	  by	  path	  integral	  
– Path	  integrate	  for	  R	  and	  Q	  under	  each	  x	  and	  y	  
trajectory	  (=	  trace	  over	  the	  environment)	  
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S[x,R]= dτL(x,R) =
0

t

∫ SA[x]+ SI[x,R]+ SB[R]
A:	  system,	  B:	  environment	

Feynman	  and	  Vernon	  (63)	

R’	

Q’	

R	

t	

Under	  each	  x	  and	  y	



Influence	  func.onal	  F[x,y]	

•  Density	  matrix	  

•  Propagator	  

•  Influence	  func.onal	
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ρred (t, x, y) = dx 'dy 'J(t, x, y;0, x ', y ')ρsys (0, x ', y ')∫
System	  ini.al	  condi.on	

J(t, x, y;0, x ', y ') = DxDyexp i

SA[ x]− SA[ y]( )

"

#$
%

&'
F[ x, y]

x ',y '

x,y

∫

F[x, y]= dR 'dQ 'dR∫ ρB(0,R ',Q ')

               × D[ R, Q]exp i

SB[x]+ SI[x, R]− SB[y]− SI[y, Q]( )$

%&
'

()R ',Q '

R,R

∫

Environment	  ini.al	  condi.on	

3.	  Influence	  func.onal	  for	  the	  Lindblad	  form	



Caldeira-‐Leggei	  model	

•  Lagrangian	  
– Linear	  coupling	  

•  Influence	  func.onal	  
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Caldeira	  and	  Leggei	  (83)	

F[x, y]= exp
−
i


dτ ds x(τ )− y(τ )[ ]αI (τ − s) x(s)+ y(s)[ ]
0

τ

∫
0

t

∫

−
1


dτ ds x(τ )− y(τ )[ ]αR (τ − s) x(s)− y(s)[ ]
0

τ

∫
0

t

∫

#

$

%
%
%
%

&

'

(
(
(
(

          ≅ exp −
iη
2

dτ (xx − yy+ xy− yx)
0

t

∫ −
ηkBT
2 dτ (x − y)2

0

t

∫
#

$
%

&

'
(

Coarse	  
graining	

α：two-‐point	  func.ons	  of	  environment	  d.o.f	

3.	  Influence	  func.onal	  for	  the	  Lindblad	  form	

SA[x]= Mx
2

2
− v(x),   SB[


R]= m

R2

2
−

mωk
2Rk

2

2k=1

N

∑ ,   SI[x,

R]= −x CkRk

k=1

N

∑

NOT	  Lindblad	  form!	



Diosi’s	  prescrip.on	

•  Up	  to	  2nd	  order	  deriva.ve	  in	  .me	  
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Diosi	  (93)	

3.	  Influence	  func.onal	  for	  the	  Lindblad	  form	

!ρred =
i
!
[HR,ρred ]−

ηkBT
!2

[x,[x,ρred ]]−
iη
2M!

[x,{p,ρred}]−
η

12M 2kBT
[p,[p,ρred ]]

Fluctua.on	 Dissipa.on	

F[x, y]= exp
−
i
!

dτ ds x(τ )− y(τ )[ ]αI (τ − s) x(s)+ y(s)[ ]
0

τ

∫
0

t

∫

−
1
!

dτ ds x(τ )− y(τ )[ ]αR (τ − s) x(s)− y(s)[ ]
0

τ

∫
0

t

∫

#

$

%
%
%
%

&

'

(
(
(
(

          ≅ exp −
iη
2!

dτ (x!x − y!y+ x!y− y!x)
0

t

∫ −
ηkBT
!2 dτ (x − y)2

0

t

∫ +
!2 ( "x − "y)2

12(kBT )2

#

$
%

&

'
(

Lindblad!	



Heavy	  quarks	  in	  QGP	

•  Approxima.ons	  
–  1/c	  expansion	  for	  HQ	  ac.on	  

–  Perturba.ve	  expansion	  for	  influence	  func.onal	  

–  Coarse	  graining	  up	  to	  2nd	  order	  deriva.ve	  in	  .me	
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3.	  Influence	  func.onal	  for	  the	  Lindblad	  form	

Sint = g d 4x∫ ρa (x)Aa
0 (x)

F[ρ1,ρ2 ]≡ exp iSIF[ρ1,ρ2 ][ ]
= exp −g2 2 ρ1G

Fρ1 + ρ2G
!Fρ2 − ρ1G

>ρ2 − ρ2G
<ρ1∫∫ +!$

%
&
'

G:	  Gluon	  2-‐point	  func.ons	

−g2G00,ab
R (ω = 0, !r ) ≡V (!r )δab,   − g2G00,ab

> (ω = 0, !r ) ≡ D(!r )δabReal	  func.ons	



Influence	  func.onal	  for	  HQs	

•  x	  in	  CL	  model	  ⇔	  Color	  density	  ρa	
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S IF[ρ1,ρ2 ]≅ − 1
2

ρ a
1,ρ

a
2( )(t, !x )

V + iD −iD
−iD −V + iD

#

$
%

&

'
(

( !x−!y )

ρ a
1

ρ a
2

)

*
++

,

-
..

(t, !y )
t, !x, !y∫

                  − 1
4T

ρ a
1,ρ

a
2( )(t, !x )

−D −D
D D

#

$
%

&

'
(

( !x−!y )

"ρ a
1

!ρ a
2

)

*
++

,

-
..

(t, !y )
t, !x, !y∫

                  + i
24T 2

"ρ a
1, !ρ

a
2( )(t, !x )

−D D
D −D

#

$
%

&

'
(

( !x−!y )

"ρ a
1

!ρ a
2

)

*
++

,

-
..

(t, !y )
t, !x, !y∫

Complex	  poten.al	  
=	  Screened	  poten.al	  +	  fluctua.on	  (à	  Stochas.c	  poten.al)	  

Momentum	  dissipa.on	

Momentum	  dissipa.on	

Lindblad	  form	

Lindblad	  form	

3.	  Influence	  func.onal	  for	  the	  Lindblad	  form	

*For	  resultant	  master	  equa.ons,	  see	  my	  paper	  in	  the	  reference	  (2014)	



Physical	  process	

•  Color	  density	  interac.on	
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3.	  Influence	  func.onal	  for	  the	  Lindblad	  form	

Interac.on	  +	  self	  energy	  
•  Screening	  
•  Fluctua.on	  
•  Dissipa.on	  

Q	 Q	
.	  .	  .	  	

Independent	  scaierings	
.	  .	  .	  	

.	  .	  .	  	
.	  .	  .	  	



4.	  Stochas.c	  poten.al	  with	  color	

•  Screened	  poten.al	  and	  fluctua.on	  

2014/09/29	 INT	  Workshop	 18	

S IF[ρ1,ρ2 ]≅ −
1
2

ρ a
1,ρ

a
2( )(t, !x )

V + iD −iD
−iD −V + iD

#

$
%

&

'
(
( !x−!y )

ρ a
1

ρ a
2

)

*
++

,

-
..
(t, !y )

t, !x, !y∫

Rewrite	  using	  Gaussian	  noise	  with	  nonlocal	  correla.on	

eiSIF = exp −
i
2

V (!x − !y)ρ1
a (t, !x)ρ2

a (t, !y)
t, !x, !y∫

#

$%
&

'(

           × exp −i ξ a (t, !x) ρ a
1(t,
!x)− ρ a

2 (t, !x)( )t, !x∫
#
$

&
' ξ

ξ a (t, !x)ξ b(s, !y) = −D(!x − !y)δ abδ(t − s)

Stochas.c	  poten.al	

(D:	  Nega.ve	  definite)	



QM	  in	  stochas.c	  poten.al	

•  Stochas.c	  Schrödinger	  equa.on	  

•  Color	  rota.on	  by	  fluctua.on：singlet	  ⇄	  octet	  
•  Typical	  correla.on	  length	  of	  fluctua.on：lfluct~1/gT	  
•  Bound	  state	  size：lcoh	  (coherence	  length)	  
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i ∂
∂t
Ψ(t, !r ) =

−
∇r

2

M
+ iCFD(0)+ V (r)+ iD(r) 2( ) ta⊗ (−t *a )&' ()

+ξ a (t, !r 2) ta⊗1&' ()+ξ
a (t,− !r 2) 1⊗ (−t *a )&' ()

&

'

*
*
*

(

)

+
+
+
Ψ(t, !r )

(Ψ : 3⊗ 3*,   !r = !x − !y)

4.	  Stochas.c	  poten.al	  with	  color	



Decoherence	  .me	  scales	

•  Color	  projected	  density	  matrix	  

– Decoherence	  takes	  place	  
•  tdec	  ~	  1/g2T	  (lcoh	  >>	  lfluct)	  
•  tdec	  ~	  1/g4T3lcoh2	  (lcoh	  <<	  lfluct)	  
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4.	  Stochas.c	  poten.al	  with	  color	

ρ1,8(t,
!r, !s ) ≡ Trcolor Psinglet,

octet
Ψ(t, !r )Ψ*(t, !s )

ξ

#

$
%

&

'
(

∂
∂t

ρ1
ρ8

*

+

,
,

-

.

/
/
(t,!r ,!s )

="+D (!r, !s )
ρ1
ρ8

*

+

,
,

-

.

/
/
(t,!r ,!s )

Decoherence	  .me	  scale	  can	  be	  
es.mated	  using	  D(r,s)	

ß	  Takes	  longer	  .me	

ß	  Sox	  scaiering	  .me	  interval	



4.	  Summary	  &	  outlook	

•  Quarkonium	  in	  QGP	  as	  open	  quantum	  systems:	  
Influence	  func.onal	  and	  Lindblad	  form	  

•  Finite-‐temperature	  poten.al	  model	  consists	  not	  only	  
of	  screened	  poten.al	  but	  also	  of	  fluctua.on	  
(stochas.c	  poten.al)	  

•  Decoherence	  .me	  scale	  depends	  on	  bound	  state	  size	  
•  Phenomenology:	  Stochas.c	  Schrödinger	  equa.on	  on	  
hydro	  background	
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Backup	  slides	



Subtle	  issues	  (personal	  views)	

•  Time	  ordering	  in	  coarse	  graining	  

•  Time	  differen.a.on	  in	  coarse	  graining	  
– Should	  not	  be	  treated	  as	  one	  of	  the	  kine.c	  terms	  
–  If	  treated	  so,	  master	  equa.on	  does	  not	  change	  in	  CL	  
model	  while	  it	  becomes	  different	  with	  Diosi’s	  term.	  
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−
i


dτ ds x(τ )− y(τ )[ ]αI (τ − s) x(s)+ y(s)[ ]
0

τ

∫
0

t

∫ ≅ −
iη
2

dτ (xx − yy+ xy− yx)
0

t

∫

−
1


dτ ds x(τ )− y(τ )[ ]αR (τ − s) x(s)− y(s)[ ]
0

τ

∫
0

t

∫ ≅ −
ηkBT
2

dτ (x − y)2 + 
2 ( x − y)2

12(kBT )
2

$

%
&

'

(
)

0

t

∫
Later	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Earlier	

Later	  	  Earlier	

CL	  model	  	  	  	  Diosi’s	  term	



Subtle	  issues	  (personal	  views)	

•  Integra.on	  by	  parts?	  

–  Influence	  func.onal	  should	  be	  determined	  
without	  ambiguity	  with	  total	  deriva.ve	  terms.	
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F[x, y]= exp −
iη
2

dτ (xx − yy+ xy− yx)
0

t

∫ −
ηkBT
2 dτ (x − y)2

0

t

∫
#

$
%

&

'
(

or  F[x, y]= exp −
iη
2

dτ (− xx + yy− xy+ yx)
0

t

∫ −
ηkBT
2 dτ (x − y)2

0

t

∫
#

$
%

&

'
(

⇒ ρred = exp iηx̂2 2#$ &'ρred exp −iηx̂2 2#$ &'



(par.al)	  gauge	  invariance	

•  Gauge	  transforma.on	  (local	  only	  in	  .me)	  

– Density	  matrix	  

– Physical	  observable	  (singlet)	  
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∵Sint = g d 4x∫ ρa (x)Aa
0 (x)

ρQ (t,
!x, !y)→ !ρQ (t,

!x, !y) =U(t)ρQ (t,
!x, !y)U −1(t)

!ρQ = L ρQ#$ %&→ !"ρQ =UL ρQ#$ %&U −1 + !UU −1(t) !ρQ + !ρQU !U
−1( )

Osinglet ρ
(t) = d3xd3y∫ Trcolor ρQ (t, !x, !y) !yOsinglet

!x"# $%

d
dt

Osinglet ρ
(t)− Osinglet !ρ

(t)"
#

$
%= 0  ∵ "U(t)U −1(t)+U(t) !U −1(t) = 0

U	  and	  singlet	  observable	  O	  commute	



Color	  singlet	  and	  octets	

•  Projected	  density	  matrix	
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ρ1(t,
!r, !s ) = Trcolor P1ρQQc (t,

!r, !s )!" #$,    ρ8(t, !r, !s ) = Trcolor P8ρQQc (t,
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&

'
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D(!r, !s ) = 2CFD(
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$
/
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             − 2D(!r − !s )
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.
.
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/
+ 2D(!r + !s )

0 1 2Nc
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"
.
.

#

$
/
/

Kine.c	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Poten.al	 Decoherence	

Color	  singlet	  and	  octets	  are	  
mixed	  by	  decoherence.	  


