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Advanced Detectors: 
Ca 2015-2025
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Detector Beam Pattern Function

Gives the sensitivity 
of a detector to 
sources at different 
parts of the sky
For a single 
detector the beam 
is a quadrupole
For a network of 5 
or more globally 
distributed 
detectors the 
pattern can 
essentially become 
isotropic
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Challenge of Gravitational Wave Searches
A network of 
gravitational wave 
detectors is always on 
and sensitive to most of 
the sky
Signals can be 
milliseconds long or 
last for years
Multiple signals could 
be in band but with 
different amplitudes
We can integrate and 
build SNR by coherently 
tracking signals in 
phase
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Advanced LIGO Sensitivity

Aasi et al 2013
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Beyond Advanced Detectors:
2G+ and Einstein Telescope
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Sky Localization Error Ellipses:
Binary Neutron Stars at 160 Mpc; Uses only Timing Information

Fairhurst 2011
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Red crosses denote 
regions where the 
network has blind spots
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Sky Localization 
Improves when all the 
information is included:

 A factor 3  better than 
was thought before

Median size of patches 
could be as small as 
about 2.5 Sq Degrees 
with LIGO-Virgo network

22

8

(a)Typical posterior density function (b) “Patchy” posterior density function

FIG. 5. 50% credible intervals for the a typical injection (panel (a), ATT/AB = 4.01, AF4/A = 0.84, AF9/AB = 2.23,
ρHanford = 7.48, ρLivingston = 14.3, ρVirgo = 17.1 and ρNetwork = 23.6 ) and for a injection where the posterior density

function found via the Bayesian analysis is patchy (panel (b), ATT/ABayes = 0.38, AF4/ABayes = 0.09, AF9/ABayes = 0.22,
ρHanford = 6.62, ρLivingston = 4.54, ρVirgo = 7.77 and ρNetwork = 11.2).

(a) 30% Credible Interval (b) 70% Credible Interval

FIG. 6. Histograms of Bayesian sky areas at the 30% and 70% credible levels to the area of a Gaussian posterior at the same

credible level, scaled to match the Bayesian posterior at the 50% credible level.

Comparison of Gravitational Wave Detector Network Sky Localization
Approximations

K. Grover,1 S. Fairhurst,2 B. F. Farr,3, 1 I. Mandel,1 C. Rodriguez,3 T. Sidery,1 and A. Vecchio1

1School of Physics and Astronomy, University of Birmingham, Edgbaston, Birmingham B15 2TT, UK
2School of Physics and Astronomy, Cardiff University, Cardiff, CF24 3AA, United Kingdom

3Northwestern University, Evanston, IL 60208, U.S.A.
(Dated: October 29, 2013)

Gravitational waves emitted during compact binary coalescences are a promising source for
gravitational-wave detector networks. The accuracy with which the location of the source on the sky
can be inferred from gravitational wave data is a limiting factor for several potential scientific goals
of gravitational-wave astronomy, including multi-messenger observations. Various methods have
been used to estimate the ability of a proposed network to localize sources. Here we compare two
techniques for predicting the uncertainty of sky localization – timing triangulation and the Fisher
information matrix approximations – with Bayesian inference on the full, coherent data set.

We find that timing triangulation alone tends to over-estimate the uncertainty in sky localization
by a median factor of 4 for a set of signals from non-spinning compact object binaries ranging up
to a total mass of 20M⊙, and the over-estimation increases with the mass of the system. We find
that average predictions can be brought to better agreement by the inclusion of phase consistency
information in timing-triangulation techniques. However, even after corrections, these techniques
can yield significantly different results to the full analysis on specific mock signals. Thus, while
the approximate techniques may be useful in providing rapid, large scale estimates of network
localization capability, the fully coherent Bayesian analysis gives more robust results for individual
signals, particularly in the presence of detector noise.

PACS numbers: 04.80.Nn, 04.25.dg, 04.30.-w

I. INTRODUCTION

Neutron star (NS) and black hole (BH) binaries will
be an important source of gravitational waves (GWs) de-
tectable by advanced ground-based laser interferometers
that are expected to come online in 2015, the two LIGO
detectors in the US and the Virgo detector in Italy [1, 2].
These instruments are sensitive to the final minutes to
seconds of a binary coalescence and the detection rate is
anticipated to be between 0.4 yr−1 and 400 yr−1 at final
design sensitivity [3]. This new class of observations is
anticipated to provide us with new insights into the for-
mation and evolution of this class of relativistic objects
and their environments [e.g. 4–6].

An important element in any astronomical observation
is the ability to locate a source in the sky. Compact bi-
naries that are detected via GWs provide a radically new
sample of compact object binaries in a highly relativistic
regime, which is otherwise difficult to identify. If some
of the binding energy is released in the electromagnetic
band as a prompt burst of radiation during the merger or
as an afterglow, as is expected in the case of NS-NS and
NS-BH coalescences, signatures in the gamma-ray, X-ray,
optical, and radio spectra may be identified by telescopes,
and will provide a multi-wavelength view of these phe-
nomena [e.g. 7]. If, on the other hand, the merger is
electro-magnetically silent, as expected for a binary black
hole merger in vacuum, constraining the source location
in the sky may provide unprecedented clues about the
environments that harbor such exotic objects.

Locating a GW source as precisely, and rapidly, as

is technically possible is therefore an important element
of GW observations. GW laser interferometers are not
pointing telescopes, but the sky location can be recon-
structed through the time of arrival of GW radiation
at the different detector sites, i.e. timing triangulation,
as well as the relative amplitude and phase of the GWs
in different detectors, that carry additional information
about the source geometry. During the final observa-
tional run (S6/VSR2-3) of the LIGO and Virgo instru-
ments, in their so-called “initial” configuration, a rapid
sky localization algorithm based in part on timing trian-
gulation was implemented and used to provide alerts on
the time-scale of minutes to telescopes for follow-ups of
detection candidates (none of which represented a confi-
dent GW detection) [8]. In parallel, a Bayesian inference
analysis designed to provide accurate estimates of all the
source parameters, including location in the sky, was de-
ployed on a range of software and hardware injections,
including the “blind injection” [9]. Now that the instru-
ments are undergoing upgrades [1, 2] a major effort is
taking place to refine these sky localization techniques in
preparation for observations at advanced sensitivity, and
to estimate the pointing performance of the GW network
in order to put in place an electro-magnetic (EM) follow-
up observational strategy.

When computing the typical size of the error-box in
the sky, one needs to draw a careful distinction between
actual parameter estimation on noisy data from a detec-
tor network, and predictions of the expected parameter-
recovery accuracy in principle. Ultimately, one would like
to know the probability that the source is enclosed within
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16 !e Gravitational Universe – Scienti"c Landscape of 2028

!e science capabilities of the eLISA mission have been de-
scribed in earlier sections. eLISA will pioneer gravitation-
al wave observations in the rich frequency band around 
1 mHz. In this section we examine this science return in 
the likely context of the L2 launch date of 2028. Given the 
predicted state of knowledge in 2028, we ask what unique 
contributions eLISA will make to our likely understanding 
of fundamental physics and astronomy at that time.
Naturally, science is not predictable, and the most interest-
ing discoveries between now and 2028 will be the ones we 
cannot predict! But planned projects already hint at where 
the frontiers of science will be when eLISA operates. For 
example, massive progress can be expected in transient 
astronomy. Telescopes like LSST and the Square Kilome-
tre Array (SKA) [153] are likely to identify new systems 
that "are up irregularly or only once, and there is a good 
chance that some of these will be associated with gravita-
tional wave signals. As another example, extremely large 
telescopes (EELT, TMT, GMT) and large space telescopes 
(JWST) will be observing (proto-)galaxies at unprecedent-
edly high redshi#s, at which eLISA will simultaneously 
observe individual merging black hole systems. As well as 
providing a wealth of information that will make it easier 
to identify the gravitational wave sources, the expected 
progress in all kinds of electromagnetic astronomy will 
sharpen the need for complementary gravitational wave 
observations of the unseen Universe.
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How long do BNS signals last in our detectors?
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NS Equation-of-State
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Maximum Mass of a Neutron Star and Mass Gap

Heaviest known neutron star has a mass of 2 solar 
masses
Although many equations of state are ruled out by this model 
many more remain

Finding heavier neutron stars is not likely to fix the 
problem
Many EoS predict heavier neutron stars with exotic cores

Measuring both NS mass and Radius is the key
If radius can be measured to within a few km then EoS will be 
very tightly constrained

Advanced detectors would go someway but ET will be 
critical to resolving the issues
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Effect of tides in BNS inspiral

2

pling contribution to the GW waveform breaks the degener-
acy present in post-Newtonian (PN) waveforms between the
mass parameters and the redshift. This will then allow the
measurement of the binary rest-frame masses, the luminos-
ity distance and redshift simultaneously for individual BNS
events. We base our work on the assumption that the de-
tections of BNS and black-hole—neutron star (BHNS) co-
alescences made using both the advanced detectors and ET
(specifically the nearby high SNR signals) would tightly con-
strain the universal NS core equation of state (EOS) [17–20].
Once the EOS is known, the tidal effects are completely deter-
mined by the component rest-frame masses of the system. Ex-
ploitation of these effects would then remove the requirement
for coincident EM observations (so-called “multi-messenger”
astronomy) to obtain redshift information. In using GRB
counterparts for example, host galaxy identification [21] can
sometimes be unreliable, and we also require that the emis-
sion cone from the GRB is coincident with our line of sight.
Current estimates of the half-opening angles of GRBs lie in
the range 8–30◦ [22, 23], which coupled with the fact that
only some short-hard GRBs have measured redshifts imply
that only a small fraction (∼10−3) of BNS events will be use-
ful as standard sirens. Removing the necessity for coincident
EM observations will allow all of the O(103–107) BNS events
seen with ET to be assigned a redshift measure independent
of sky position. Each of these detected events provides a mea-
sure of the luminosity distance–redshift relation ranging out
to redshift z ≈ 4. With so many potential sources the ob-
served distribution of effective distance (the actual luminosity
distance multiplied by a geometric factor accounting for the
orientation of the binary relative to the detector) within given
redshift intervals will allow the accurate determination of ac-
tual luminosity distance and consequently of cosmological pa-
rameters including those governing the dark energy equation
of state. Such a scenario significantly increases the potential
for 3rd generation GW detectors to perform precision cosmol-
ogy with GW observations alone.

In our analysis we use a Fisher matrix approach applied to
a PN frequency domain waveform to estimate the accuracy
to which the redshift can be measured. We also assume non-
spinning component masses and treat the waveform as valid
up to the innermost-stable-circular orbit (ISCO) frequency,
the implications of which are discussed later in the text.

The signal model—We follow the approach of [24, 25] in
our determination of the uncertainties in our inspiral wave-
form parameters. We use as our signal model the frequency
domain stationary phase approximation [26] to the waveform
of a non-spinning BNS inspiral,

h̃( f ) =

�
5

24
π−2/3Q(ϕ)

M5/6

r
f −7/6e−iΨ( f ), (1)

where we are using the convention c = G = 1. We define
the total rest mass M = m1 + m2 and the symmetric mass ra-
tio η = m1m2/M2 where m1 and m2 are the component rest
masses. The chirp mass M is defined as M = Mη3/5, r is
the proper distance to the GW source and Ψ( f ) is the GW

phase. The quantity Q(ϕ) is a factor that is determined by
the amplitude response of the GW detector and is a function
of the nuisance parameters ϕ = (θ, φ, ι,ψ) where θ and φ are
the sky position coordinates and ι and ψ are the orbital incli-
nation and GW polarization angles respectively. The standard
post-Newtonian point-particle frequency domain phase can be
written as [25, 27]

ΨPP( f ) = 2π f tc − φc −
π
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where we use the post-Newtonian dimensionless parameter
x = (πM f )2/3 and the corresponding coefficients αk given
in [25]. Throughout this work we use N = 7 corresponding
to a 3.5 PN phase expansion (the highest known at the time
of publication). The parameters tc and φc are the time of co-
alescence and phase at coalescence and we use f to represent
the GW frequency in the rest frame of the source. Note that
if the signal is modeled using the point-particle phase such
that Ψ( f ) = ΨPP( f ) then the detected signal h̃( f ) is invari-
ant under the transformation ( f ,M, r, t) → ( f /ξ,Mξ, rξ, tξ)
where ξ is a Doppler-shift parameter. For BNS systems at
cosmological distances the frequency is redshifted such that
f → f /(1 + z) where z is the source’s cosmological red-
shift. Therefore, using the point-particle approximation to the
waveform one is only able to determine the “redshifted” chirp
mass Mz = (1 + z)M and the so-called luminosity distance
dL = (1 + z)r. This implies that it is not possible to disentan-
gle the mass parameters and the redshift from the waveform
alone if the proper distance is unknown.

The leading-order effects of the quadrupole tidal response
of a neutron star on post-Newtonian binary dynamics have
been determined [17, 28] using Newtonian and 1PN approxi-
mations to the tidal field. The additional phase contribution to
a GW signal from a BNS system is given by
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where we sum over the contributions from each NS (indexed
by a). The parameter λ = (2/3)R5

nsk2 characterizes the
strength of the induced quadrupole given an external tidal
field, and is a function of the l = 2 tidal Love number (ap-
sidal constant) k2 for each NS [19, 29]. We have also defined
χa = ma/M. Note that the tidal contributions to the GW phase
in Eq. 3 have the frequency dependences of x5 and x6, and are
5PN and 6PN since when viewed in the context of the point-
particle post-Newtonian phase expansion (Eq. 2). However,
for NSs, their coefficients are O(Rns/M)5∼105, making them
comparable in magnitude with the 3PN and 3.5PN phasing
terms.

For a chosen universal NS EOS, the perturbation of a spher-
ically symmetric NS solution for a given NS mass determines
the NS radius Rns, Love number k2 and therefore also the
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strength of the induced quadrupole given an external tidal
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For a chosen universal NS EOS, the perturbation of a spher-
ically symmetric NS solution for a given NS mass determines
the NS radius Rns, Love number k2 and therefore also the
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surements to be made independently of the cosmological dis-
tance ladder.
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pling contribution to the GW waveform breaks the degener-
acy present in post-Newtonian (PN) waveforms between the
mass parameters and the redshift. This will then allow the
measurement of the binary rest-frame masses, the luminos-
ity distance and redshift simultaneously for individual BNS
events. We base our work on the assumption that the de-
tections of BNS and black-hole—neutron star (BHNS) co-
alescences made using both the advanced detectors and ET
(specifically the nearby high SNR signals) would tightly con-
strain the universal NS core equation of state (EOS) [17–20].
Once the EOS is known, the tidal effects are completely deter-
mined by the component rest-frame masses of the system. Ex-
ploitation of these effects would then remove the requirement
for coincident EM observations (so-called “multi-messenger”
astronomy) to obtain redshift information. In using GRB
counterparts for example, host galaxy identification [21] can
sometimes be unreliable, and we also require that the emis-
sion cone from the GRB is coincident with our line of sight.
Current estimates of the half-opening angles of GRBs lie in
the range 8–30◦ [22, 23], which coupled with the fact that
only some short-hard GRBs have measured redshifts imply
that only a small fraction (∼10−3) of BNS events will be use-
ful as standard sirens. Removing the necessity for coincident
EM observations will allow all of the O(103–107) BNS events
seen with ET to be assigned a redshift measure independent
of sky position. Each of these detected events provides a mea-
sure of the luminosity distance–redshift relation ranging out
to redshift z ≈ 4. With so many potential sources the ob-
served distribution of effective distance (the actual luminosity
distance multiplied by a geometric factor accounting for the
orientation of the binary relative to the detector) within given
redshift intervals will allow the accurate determination of ac-
tual luminosity distance and consequently of cosmological pa-
rameters including those governing the dark energy equation
of state. Such a scenario significantly increases the potential
for 3rd generation GW detectors to perform precision cosmol-
ogy with GW observations alone.

In our analysis we use a Fisher matrix approach applied to
a PN frequency domain waveform to estimate the accuracy
to which the redshift can be measured. We also assume non-
spinning component masses and treat the waveform as valid
up to the innermost-stable-circular orbit (ISCO) frequency,
the implications of which are discussed later in the text.

The signal model—We follow the approach of [24, 25] in
our determination of the uncertainties in our inspiral wave-
form parameters. We use as our signal model the frequency
domain stationary phase approximation [26] to the waveform
of a non-spinning BNS inspiral,

h̃( f ) =

�
5

24
π−2/3Q(ϕ)

M5/6

r
f −7/6e−iΨ( f ), (1)

where we are using the convention c = G = 1. We define
the total rest mass M = m1 + m2 and the symmetric mass ra-
tio η = m1m2/M2 where m1 and m2 are the component rest
masses. The chirp mass M is defined as M = Mη3/5, r is
the proper distance to the GW source and Ψ( f ) is the GW

phase. The quantity Q(ϕ) is a factor that is determined by
the amplitude response of the GW detector and is a function
of the nuisance parameters ϕ = (θ, φ, ι,ψ) where θ and φ are
the sky position coordinates and ι and ψ are the orbital incli-
nation and GW polarization angles respectively. The standard
post-Newtonian point-particle frequency domain phase can be
written as [25, 27]

ΨPP( f ) = 2π f tc − φc −
π

4
+

3
128ηx5/2

N�

k=0

αk xk/2 (2)

where we use the post-Newtonian dimensionless parameter
x = (πM f )2/3 and the corresponding coefficients αk given
in [25]. Throughout this work we use N = 7 corresponding
to a 3.5 PN phase expansion (the highest known at the time
of publication). The parameters tc and φc are the time of co-
alescence and phase at coalescence and we use f to represent
the GW frequency in the rest frame of the source. Note that
if the signal is modeled using the point-particle phase such
that Ψ( f ) = ΨPP( f ) then the detected signal h̃( f ) is invari-
ant under the transformation ( f ,M, r, t) → ( f /ξ,Mξ, rξ, tξ)
where ξ is a Doppler-shift parameter. For BNS systems at
cosmological distances the frequency is redshifted such that
f → f /(1 + z) where z is the source’s cosmological red-
shift. Therefore, using the point-particle approximation to the
waveform one is only able to determine the “redshifted” chirp
mass Mz = (1 + z)M and the so-called luminosity distance
dL = (1 + z)r. This implies that it is not possible to disentan-
gle the mass parameters and the redshift from the waveform
alone if the proper distance is unknown.

The leading-order effects of the quadrupole tidal response
of a neutron star on post-Newtonian binary dynamics have
been determined [17, 28] using Newtonian and 1PN approxi-
mations to the tidal field. The additional phase contribution to
a GW signal from a BNS system is given by

Ψtidal( f ) =
�

a=1,2

3λa

128η

�
−24
χa

�
1 +

11η
χa

�
x5/2

M5 (3)

− 5
28χa

�
3179 − 919χa − 2286χ2

a + 260χ3
a

� x7/2

M5

�

where we sum over the contributions from each NS (indexed
by a). The parameter λ = (2/3)R5

nsk2 characterizes the
strength of the induced quadrupole given an external tidal
field, and is a function of the l = 2 tidal Love number (ap-
sidal constant) k2 for each NS [19, 29]. We have also defined
χa = ma/M. Note that the tidal contributions to the GW phase
in Eq. 3 have the frequency dependences of x5 and x6, and are
5PN and 6PN since when viewed in the context of the point-
particle post-Newtonian phase expansion (Eq. 2). However,
for NSs, their coefficients are O(Rns/M)5∼105, making them
comparable in magnitude with the 3PN and 3.5PN phasing
terms.

For a chosen universal NS EOS, the perturbation of a spher-
ically symmetric NS solution for a given NS mass determines
the NS radius Rns, Love number k2 and therefore also the
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3

all the EOS considered in [7]. The prior probability for
the data, p(dn|I), is obtained by demanding that the left
hand side of (6) be normalized. Finally, the likelihood is
given by [14]

p(dn|�θ,λ0,λ1, I)

= N exp

�
−2�

� fLSO

f0

df
|d̃n(f)− h̃lin(�θ,λ0,λ1; f)|2

Sn(f)

�
,(7)

whereN is a normalization factor, d̃n is the Fourier trans-
form of the data stream for the nth detection, and Sn(f)
is the one-sided noise power spectral density; f0 is a lower
cut-off frequency which for advanced detectors is usually
taken to be 20 Hz. h̃lin(�θ,λ0,λ1; f) is our frequency do-
main waveform, with the linearized expression for λ(m),
Eq. (4), substituted into the tidal contribution to the
phase, Eq. (1). To map out the likelihood function, we
used the method of Nested Sampling as implemented by
Veitch and Vecchio [14].

In Fig. 1, we show the evolution with an increasing
number of sources of the medians and 95% confidence
intervals in the measurement of λ0, for three different
EOS models from Hinderer et al. [7]: a hard EOS (MS1),
a moderate one (H4), and a soft one (SQM3). In each
case, after a few tens of sources, the value of λ0 is
recovered with a statistical uncertainty ∼ 10%, and it is
easily distinguishable from the ones for the other EOS.
(On the other hand, λ1 remains uncertain.) We see that
the posterior medians for λ0 are ordered correctly, which
suggests a second method to identify the EOS, namely
hypothesis ranking.

10 20 30 40 50
Events

0

1

2

3

4

5

λ
0/
� 10

−
23
s5
�

95% conf MS1

95% conf H4

95% conf SQM3

True value

FIG. 1. Median and 95% confidence interval evolution for
the λ0 parameter as an increasing number of sources is taken
into consideration, for three different equations of state in the
signals: a hard (MS1), a moderate (H4), and a soft (SQM3)
EOS. In each case, the dashed line indicates the true value.

Method 2: Hypothesis ranking. Hinderer et al. computed
the function λ(m) for a large number of (families of)
equations of state, some of them mainly involving neu-
trons, protons, electrons, and muons, others allowing for
pions and hyperons, and a few assuming strange quark

matter. Given a (arbitrarily large) discrete set {Hk} of
models, each corresponding to a different EOS, or equiv-
alently a different deformability λ(m), the relative odds

ratios for any pair of models Hi, Hj can be computed as

O
i
j =

P (Hi|d1, d2, . . . , dN , I)

P (Hj |d1, d2, . . . , dN , I)
. (8)

Again assuming independence of the detector outputs
d1, d2, . . . , dN and using Bayes’ theorem, one can write

O
i
j =

P (Hi|I)
P (Hj |I)

N�

n=1

P (dn|Hi, I)

P (dn|Hj , I)
. (9)

P (Hi|I) is the probability of the model Hi before any
measurement has taken place, and similarly for Hj ; in
the absence of more information, these can be set equal
to each other for all models Hk. The evidences for the
various models are given by

P (dn|Hk, I) =

�
d�θ p(dn|Hk,

�θ, I) p(�θ|I), (10)

with �θ the parameters of the template waveforms
(masses, sky position, etc.) and p(�θ|I) the prior prob-
abilities for these parameters, which we choose to be the
same as in [15]. The likelihood function p(dn|Hk,

�θ, I)
takes the form

p(dn|Hk,
�θ, I)

= N exp

�
−2�

� fLSO

f0

df
|d̃n − h̃k(�θ; f)|2

Sn(f)

�
. (11)

This time h̃k(�θ; f) is the waveform model correspond-
ing to the EOS Hk, meaning the abovementioned fre-
quency domain approximant with tidal contributions to
the phase as in Eq. (1), with a deformability λ(m) cor-
responding to that EOS.
The set {Hk} could comprise all the models consid-

ered in e.g. [7], and many more. In this Letter we wish
to show that it will at least be possible to distinguish be-
tween a hard, a moderate, and a soft equation of state.
Accordingly, we focus on just three EOS models, the ones
labeled MS1, H4, and SQM3 in [7]. In addition we con-
sider the point particle model (PP) in which λ(m) ≡ 0.
Fig. 2 shows the cumulative distribution of lnOk

j for dif-
ferent signal models Hk against the true EOS model Hj ,
for O(100) simulated catalogs of sources. The number
of sources per catalog was chosen such that the median
value of the log odds ratio of the true EOS against the
runner-up model was separated in a decisive way accord-
ing to the Jeffreys scale, meaning a difference ≥ 5 in
log odds (odds of 100 : 1) [16]. If the signal’s EOS is
MS1, then it will tend to have the largest log odds ratio
against PP, and typically 5 sources are needed to deci-
sively distinguish it from the next contender, which is
H4, which in turn tends to be assigned higher log odds
against PP than SQM3. In the case of signals with H4,
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Why are BNS signals standard sirens?
Luminosity distance D can be inferred if one can measure:
the flux of radiation F and
absolute luminosity L

Schutz Nature1986

Flux of gravitational waves determined by amplitude of 
gravitational waves measured by our detectors
Absolute luminosity can be inferred from the rate     at 
which the frequency of a source changes
Not unlike Cephied variables except that     is completely 
determined by general relativity

Therefore, compact binaries are self-calibrating standard 
sirens

ḟ

ḟ

31
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�
L

4πF

Tuesday, 1 July 2014



101 102 103

intrinsic total mass (solar mass)
102

103

104

ho
riz

on
 d

ist
an

ce
 (M

pc
)

q=1
q=2
q=4
q=8

1.37

0.20

0.02

re
ds

hi
ft 
z

inspiral
   only

Advanced LIGO Distance Reach to Binary 
Coalescences

q is mass ratio

32

Buonanno and Sathyaprakash 2014

Tuesday, 1 July 2014



S
h
ort

gam
m

a-ray
b
u
rsts

as
stan

d
ard

siren
s

17

0
2

0
0

4
0

0
6

0
0

0

0
.0

2

0
.0

4

0
.0

6

0
.0

8

0
.1

D
L  (M

p
c)

p(D
L
)

0
0

.5
1

0

0
.0

2

0
.0

4

0
.0

6

0
.0

8

0
.1

co
s ι

p(cos ι)

D
L  (M

p
c)

cos(ι)

0
2

0
0

4
0

0
6

0
0

8
0

0
0

0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
.7

0
.8

0
.9 1

+

F
ig

.
1
0
.—

T
h
e

1-D
an

d
2-D

m
argin

alized
P

D
F
s

for
D

L
an

d
cos

ι,
averaged

(as
d
escrib

ed
in

S
ec.

3.4)
over

n
oise

en
sem

b
les

for
th

e
“face-on

”
C

F
b
in

ary.
T

h
e

B
ayesian

m
ean

an
d

rm
s

m
easu

re-
m

en
t

accu
racies

are
(376.3

M
p
c,

0.83)
an

d
(51.3

M
p
c,

0.12)
for

(D
L
,

cos
ι),

resp
ectively.

T
h
e

top
left-h

an
d

p
an

el
sh

ow
s

th
e

1-
D

m
argin

alized
p
osterior

P
D

F
in

D
L

(th
e

tru
e

p
aram

eter
valu

e
D̂

L
=

432
M

p
c

is
m

arked
w

ith
a

solid
b
lack

lin
e);

th
e

b
ottom

left-
h
an

d
p
an

el
illu

strates
th

e
1-D

m
argin

alized
p
osterior

P
D

F
in

cos
ι

(w
h
ere

th
e

tru
e

valu
e

cos
ι̂
=

0.98
is

in
d
icated

w
ith

th
e

solid
b
lack

lin
e);

an
d

th
e

righ
t-h

an
d

p
an

el
d
em

on
strates

th
e

2-D
m

argin
alized

p
osterior

P
D

F
for

p
aram

eters
D

L
an

d
cos

ι,
w

h
ere

th
e

tru
e

valu
es

D̂
L

an
d

cos
ι̂
are

m
arked

w
ith

a
cross.

T
h
e

d
ark

an
d

ligh
t
con

tou
rs

in
d
icate

th
e

68
an

d
95%

in
terval

levels,
resp

ectively.
N

otice
th

at
th

e
tru

e
valu

es
lie

w
ith

in
th

e
p
aram

eter
in

terval
d
efi

n
ed

b
y

th
e

con
tou

rs
of

th
e

68%
region

.
d
istrib

u
tion

of
events:

p
jo

in
t (D

L
)

=
8
0

∏i=
1

p
a
v
e (D

L |s
i )

,
(63)

w
h
ere

p
a
v
e (D

L |s
i )

is
th

e
1-D

m
argin

alized
p
osterior

P
D

F
con

stru
cted

from
p
a
v
e (θ|s

i )
for

m
easu

rem
ent

i;
th

e
lat-

ter
qu

antity
h
avin

g
b
een

averaged
w

ith
resp

ect
to

n
oise

as
d
iscu

ssed
in

S
ec.

3.4.
F
igu

re
14

sh
ow

s
th

e
joint

1-D
m

argin
alized

p
osterior

P
D

F
for

D
L
.

N
otice

th
at

th
e

b
ias

is
elim

in
ated

;
in

essen
ce,

averagin
g

over
m

any
p
osition

s
an

d
orientation

s
w

ash
es

ou
t

th
e

b
ias.

T
h
ou

gh
in

stru
ctive,

th
is

lim
it

is
id

ealized
.

R
eal

events
w

ill
b
e

d
istrib

u
ted

in
d
istan

ce,
an

d
a

sam
p
le

of
eighty

events
is

n
ot

exp
ected

in
th

e
n
ear

fu
tu

re.
In

th
e

follow
in

g
section

,
w

e
su

rvey
h
ow

w
ell

d
istan

ces
can

b
e

d
eterm

in
ed

for
realistic

en
sem

b
les

of
G

W
-S

H
B

events.

5
.

R
E

S
U

L
T

S
II:

S
U

R
V

E
Y

O
F

S
T
A

N
D

A
R

D
S
IR

E
N

S

W
e

n
ow

exam
in

e
h
ow

w
ell

variou
s

d
etector

n
etw

orks
can

m
easu

re
an

en
sem

b
le

of
can

on
ical

G
W

-S
H

B
events.

W
e

con
sid

er
N

S
-N

S
system

s,
w

ith
each

n
eu

tron
star

h
av-

in
g

m
ass

m
N

S
z

=
(1

+
z)1.4

M
!
;
an

d
N

S
-B

H
system

s,w
ith

m
asses

m
N

S
z

=
(1

+
z)1.4

M
!

an
d

m
B

H
z

=
(1

+
z)10

M
!
.

W
e

exam
in

e
m

easu
rem

ent
by

th
e

fou
r

d
etector

n
etw

orks
w

e
h
ave

d
iscu

ssed
(L

IG
O

an
d

V
irgo;

L
IG

O
,
V

irgo,
an

d
A

IG
O

;
L
IG

O
,

V
irgo,

an
d

L
C

G
T

;
an

d
L
IG

O
,

V
irgo,

A
IG

O
,
an

d
L
C

G
T

).
F
in

ally,
w

e
con

sid
er

b
oth

isotrop
ic

orientation
an

d
a

b
eam

ed
su

b
sam

p
le,

im
agin

in
g

th
at

th
e

gam
m

a-rays
from

S
H

B
s

are
b
eam

ed
alon

g
th

e
p
oles

of
th

e
b
in

ary.
F
or

th
is

stu
d
y

w
e

ran
d
om

ly
ch

oose
events

from
ou

r
sam

p
le

of
detected

N
S
-N

S
an

d
N

S
-B

H
b
in

aries
(w

h
ere

th
e

selection
is

d
etailed

in
S
ec.

3.2).
A

rou
gh

estim
ate

of
th

e
d
istan

ce
to

w
h
ich

w
e

can
d
etect

th
ese

events
can

b
e

d
erived

as
follow

s.
W

e
set

a
total

d
etector

n
etw

ork
th

resh
old

of
7.5,

im
p
lyin

g
a

th
resh

old
p
er

d
etector

of
7/ √

5
=

3.4
for

a
fi
ve

d
etector

n
etw

ork.
F
u
rth

er
averag-

in
g

E
q.

(45)
over

all
sky

p
osition

s
an

d
orientation

s
yield

s
(D

H
H

J06)
(

SN

)

a
,

sk
y
−

a
v
e

=
85

√

596

cD
L

1

π
2
/
3

(

G
M

z

c
3

)

5
/
6

×
∫

f
I
S
C

O

f
l
o
w

f
−

7
/
3

S
h (f

) df
,

(64)

w
h
ere

th
e

su
b
scrip

t
“sky-ave”

d
en

otes
th

at
is

th
e

n
oise-

averaged
S
N

R
for

d
etector

a,
averaged

over
all

sky
p
o-

sition
s

an
d

orientation
s.

F
or

a
sin

gle
d
etector

th
resh

old
of

3.4,
w

e
fi
n
d

th
at

a
fi
ve

d
etector

n
etw

ork
h
as

an
aver-

age
ran

ge
of

ab
ou

t
600

M
p
c

for
N

S
-N

S
events,

an
d

ab
ou

t
1200

M
p
c

for
N

S
-B

H
events.

If
S
H

B
s

are
associated

w
ith

face-on
b
in

ary
in

sp
iral,

th
ese

nu
m

b
ers

are
in

creased
by

a
factor

√

5/4
#

1.12
(D

H
H

J06).
If

a
con

stant
com

ovin
g

rate
of

10
S
H

B
s

G
p
c
−

3
yr

−
1

is
assu

m
ed

(N
akar

et
al.

2006),
w

e
exp

ect
ap

p
roxim

ately
6

G
W

-S
H

B
events

p
er

year
for

isotrop
ically

orientated
N

S
-N

S
b
in

ary
p
rogen

itors,
an

d
44

S
H

B
s

p
er

year
for

isotrop
ically

orientated
N

S
-B

H
b
in

ary
p
rogen

itors.
If

th
ese

events
are

face-on
,
th

e
factor

1.12
in

creases
th

e
ex-

p
ected

rate
to

8
N

S
-N

S
an

d
57

N
S
-B

H
G

W
-S

H
B

events
p
er

year.
W

e
stress

th
at

th
is

is
a

rou
gh

ap
p
roxim

ation
,

sin
ce

th
ere

are
large

u
n
certainties

in
th

e
S
H

B
event

rate
an

d
red

sh
ift

d
istrib

u
tion

.
In

all
cases

w
e

b
u
ild

ou
r

resu
lts

by
con

stru
ctin

g
th

e
p
osterior

d
istrib

u
tion

for
an

event
given

a
u
n
iqu

e
n
oise

realisation
at

each
d
etector.

W
e

keep
th

e
n
oise

realiza-
tion

,
in

a
given

d
etector

an
d

for
a

sp
ecifi

c
b
in

ary,
con

-
stant

as
w

e
ad

d
oth

er
d
etectors.

T
h
is

allow
s

u
s

to
m

ake

D
L  (M

p
c)

cos(ι)

0
1
0
0

2
0
0

3
0
0

0

0
.2

0
.4

0
.6

0
.8 1

D
L  (M

p
c)

cos(ι)

0
1
0
0

2
0
0

3
0
0

0

0
.2

0
.4

0
.6

0
.8 1

D
L  (M

p
c)

cos(ι)

0
1
0
0

2
0
0

3
0
0

0

0
.2

0
.4

0
.6

0
.8 1

0
0
.5

1
0

0
.0

2

0
.0

4

0
.0

6

0
.0

8

0
.1

co
s ι

p(cos ι)

0
0
.5

1
0

0
.0

2

0
.0

4

0
.0

6

0
.0

8

0
.1

co
s ι

p(cos ι)

0
0
.5

1
0

0
.0

5

0
.1

0
.1

5

0
.2

co
s ι

p(cos ι)

0
1
0
0

2
0
0

3
0
0

0

0
.1

0
.2

0
.3

0
.4

D
L  (M

p
c)

p(D
L
)

0
1
0
0

2
0
0

3
0
0

0

0
.0

5

0
.1

0
.1

5

0
.2

D
L  (M

p
c)

p(D
L
)

0
1
0
0

2
0
0

3
0
0

0

0
.0

2

0
.0

4

0
.0

6

0
.0

8

0
.1

D
L  (M

p
c)

p(D
L
)

+

+

+

F
ig

.
1
1
.—

T
h
e

1-D
m

argin
alized

P
D

F
s
for

D
L

an
d

cos
ι,

averaged
(as

d
escrib

ed
in

S
ec.

3.4)
over

n
oise

en
sem

b
les,

for
th

e
face-on

C
F

b
in

ary
at

d
iff

eren
t

valu
es

of
th

e
tru

e
lu

m
in

osity
d
istan

ce
D̂

L
:

[100
M

p
c,

200
M

p
c,

300
M

p
c]

(top
to

b
ottom

).
T

h
ese

valu
es

are
m

arked
w

ith
th

e
solid

b
lack

lin
e.

T
h
e

B
ayesian

m
ean

s
an

d
rm

s
m

easu
rem

en
t
errors

of
th

e
lu

m
in

osity
d
istan

ce
are

[92.4
M

p
c,

179.4
M

p
c,

264.5
M

p
c]

an
d

[6.51
M

p
c,

17.3
M

p
c,

30.4
M

p
c],

resp
ectively.

T
h
e

cou
n
terp

art
B

ayes
m

ean
an

d
rm

s
m

easu
rem

en
t

errors
for

cos
ι

are
[0.901,

0.869,
0.851]

an
d

[0.068,
0.092,

0.107].
T

h
e

d
ark

an
d

ligh
t

con
tou

rs
in

th
e

2-D
m

argin
alized

P
D

F
p
lots

in
d
icate

th
e

68
an

d
95%

in
terval

levels,
resp

ectively.

Short gamma-ray bursts as standard sirens 21

AIGO or LIGO-Virgo-LCGT network, we expect 3/4 of
this rate. If SHB collimation can be assumed, the rate
is further augmented by a factor of 1.12. At this rate,
we find that one year of observation should be enough
to measure H0 to an accuracy of ∼ 1% if SHBs are dom-
inated by beamed NS-BH binaries using the “full” net-
work of LIGO, Virgo, AIGO, and LCGT—admittedly,
our most optimistic scenario. A general trend we see is
a network of five detectors (as opposed to our baseline
LIGO-Virgo network of three detectors) increases mea-
surement accuracy in H0 by a factor of one and a half;
assuming that the SHB progenitor is a NS-BH binary
improves measurement accuracies by a factor of four or
greater. Errors in H0 are seen to improve by a factor of
at least two when we assume SHB collimation.

Aside from exploring the cosmological consequences of
these results, several other issues merit careful future
analysis. One general result we found is the importance
that prior distributions have on our final posterior PDF.
We plan to examine this in some detail, checking which
parameters particularly influence our final result, and as-
certaining what uncertainties can be ascribed to our in-
ability to set priors on these parameters. It may be pos-
sible to mitigate the influence of the DL–cos ι degeneracy
by setting a distance prior that requires our inferred dis-
tance to be consistent with the SHB’s observed redshift.

Another important issue is that of systematic errors
in binary modeling. We have used the second-post-
Newtonian description of a binary’s GWs in our analy-
sis; and, we have ignored all but the leading quadrupole
harmonic of the waves (the so-called “restricted” post-
Newtonian waveform). Our suspicion is that a more
complete post-Newtonian description of the phase would
have little impact on our results, since such effects are
not likely to have an impact on the all-important DL–
cos ι degeneracy. In principle, including additional (non-
quadrupole) harmonics could have an impact on this de-
generacy, since these other harmonics encode different
information about the inclination angle ι. In practice,
we expect that they won’t have much effect on GW-SHB
measurements, since these harmonics are measured with
very low SNR (the strongest harmonic is roughly a fac-
tor of 10 smaller in amplitude than the quadrupole). It
shouldn’t be too difficult to test this, however; given how
important this degeneracy has proven to be, it could be
a worthwhile exercise.

As discussed previously, we confine our analysis to the
inspiral part of the waveform. Inspiral waves are ter-
minated at the presumed innermost stable circular or-
bit frequency, fISCO = (63/2πMz). For NS-NS binaries,
fISCO " 1600 Hz. At this frequency, detectors have fairly
poor sensitivity, and we are thus confident that termi-
nating the waves has little impact on our results for NS-
NS systems. However, for our assumed NS-BH binaries,
fISCO " 400 Hz. Detectors have rather good sensitivity
in this band, so it may be quite important to improve
our model for the waves’ termination in this case.

Perhaps the most important follow-up would be to in-
clude the impact of spin. Although the impact of neutron
star spin is likely to be small, it may not be negligible;
and, for NS-BH systems, the impact of the black hole’s
spin could be significant. Spin induces precessions in
the binary which can make the orientation of the orbit,
L̂, dynamical. That in turn makes the observed incli-
nation dynamical, which can break the DL–cos ι degen-
eracy. Van der Sluys et al. (2008) have already shown
that spin precession physics vastly improves the ability
of ground-based detectors to determine a source’s posi-
tion on the sky; we are confident that a similar analysis
which assumes sky position will find that measurements
of source distance and inclination can likewise be im-
proved.

It is a pleasure to acknowledge useful discussions with
Yoicho Aso, Duncan Brown, Curt Cutler, Jean-Michel
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!  25 events: 

!  H0= 69 ± 3 km s!1 Mpc!1 (~4% at 95% confidence) 

!  50 events: 

!  H0= 69 ± 2 km s!1 Mpc!1 (~3% at 95% confidence) 

!  WMAP7+BAO+SnIa (Komatsu et al.,2011): 

!  H0= 70.2 ± 1.4 km s!1 Mpc!1 (~2% at 68% 
confidence) 

!"#$"##% &'()*+%,%-%./0&1%2(3*+41%56)7%#89#:%;8##%% #<%

Hubble Constant from Advanced Detectors
without EM counterparts

Del Pozzo, 2011
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ET: Measuring Dark Energy and Dark Matter
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Figure 3. Scatter plot of the retrieved values for (!", w), with 1-σ , 2-σ and 3-σ contours, in the
case where weak lensing is not corrected.

In addition to H0 if !" is also known (or, equivalently, if !M + !" = 1), then one can
estimate the pair (!M, w) more accurately, with 1-σ errors in !M and w of 9.4% and 7.6%
(with weak lensing) and 8.1% and 6.6% (with lensing errors corrected). Finally, if w is the
only parameter unknown, it can be measured to an even greater accuracy with 1-σ errors of
1.4% (with weak lensing) and 1.1% (with lensing errors corrected)4.

3.3. Effect of unknown orientation and polarization

In the previous section our study neglected the effect of different inclinations of the orbit to
the line of sight. Varying the inclination has two distinct effects. On the one hand, as noted
in [7], due to the strong correlation between the luminosity distance and the inclination, the
estimation of the luminosity distance could get corrupted. On the other hand, binaries that
are not face-on are, in general, elliptically polarized and have a non-zero polarization angle.
Since the polarization angle is correlated with the luminosity distance, there could be further
degradation in the estimation of the luminosity distance.

In this section we relax the condition that the inclination of the orbit is precisely known.
However, we will restrict the inclination of the binary’s angular momentum with the line of
sight to be within 20◦. We will also assume that the radiation is described by an arbitrary
polarization angle. Since the sky position is still assumed to be known, this gives us a 7 × 7
covariance matrix with a revised estimate for the error in the luminosity distance. As before, we
construct catalogues of binary coalescence events but with the luminosity distance now drawn
from a Gaussian distribution with revised widths. We fit each catalogue to a cosmological
model and then repeat the exercise 5190 times to estimate the accuracy with which the various
cosmological parameters can be measured.

As expected, the parameter measurements get worse if we assume two or more parameters
to be unknown. For instance, errors in the estimation of !M, !" and w are, respectively,

4 At this point we note that in contemporary cosmology, w is determined mainly through SNIa observations using
CMB data as prior to ‘fix’ the other parameters. The CMB constraint on w is extremely weak. If one were to use
CMB results as a prior for GW measurements, one would obtain an independent measurement of w. We stress once
again that, unlike supernovae, GW standard sirens do not need any external calibration. A detailed discussion will be
presented in forthcoming work [23].

7

ET will observe 100’s of binary neutron stars and GRB 
associations each year
GRBs could give the host location and red-shift, GW 
observation provides DL

37

Sathyaprakash et al 2010

Tuesday, 1 July 2014



Measuring w and its variation with z

FIG. 5: In the ideal case and the uniform distribution, the 2-d uncertainties configures.
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I. INTRODUCTION

In the past decade, various observations, including SNIa, CMB, LSS as well as the BAO and WL all suggest that
the present Universe is accelerating expansion, which needs a kind of mysterious dark energy with negative equation-
of-state. Understanding the physical character of dark energy is one of the main tasks in the modern cosmology. In
order to differentiate various dark energy models, the key is that how well we can determine the EOS of dark energy
and its evolution.

In the present day, the main methods to determine the EOS of dark energy is by observing the SNIa, CMB and
BAO, and so on. The detection ability of these methods will be much improved in the near future. However, we
also notice that all these methods are all based on the observations of various electromagnetic waves. In addition to
these electromagnetic methods, the observation of gravitational waves provides a new technique to realize this aim,
where the gravitational wave sources can be considered as a standard sirens. Many authors have discussed that the
observation of supermassive binary blackhole by the LISA project provides a sensitive tool to constrain the dark energy
component. However, the disadvantage is that the number of sources is too short, so some unknown systematics may
strongly affect the finial results.

In this paper, we will consider the gamma-bursts as the gravitational wave sources, which can be well observed by
the future Einstein telescope to fairly high redshift (z ∼ 2). Observing this kind of standard sirens provides a new
tool to measure evolution of cosmic expansion in at the redshift range up to z ∼ 2, where dark energy component is
just make a role for the cosmic expansion.

..................................................

II. GRAVITATIONAL WAVE SOURCES AS A KIND OF STANDARD SIRENS

A. The expanding Universe and the dark energy

Let us consider a homogeneous and isotropic Universe, which is described by the Robertson-Walker matric:

ds2 = −dt2 + a2(t)

{

dr2

1 − kr2
+ r2dθ2 + r2 sin2 θdφ2

}

, (1)

where t is the cosmic time, (r, θ, φ) are the comoving spatial coordinates. The parameter k = 0, 1,−1 describes the
flat, close and open universe, separately. The evolution of the scale factor a(t) depends on various components in the
Universe. Within the general relativity, the expression of the equations for the expansion are

(

ȧ

a

)2

≡ H2 =
8πGρtot

3
−

k

a2
,

ä

a
= −

4πG

3
(ρtot + 3ptot), (2)

where ρtot and ptot are the total energy densities and pressures in the Universe. Since in the paper we are only interested
in the late stage of the Universe, when the radiation component is ignorable, we only consider the components including
baryon, dark matter and dark energy. The baryon and dark matter are all non-relativistic, i.e. the pressure are all
zero. The equation-of-state (EOS) of the dark energy component w dominates the evolution of recent expansion of
the Universe, which should be determined by the observations. In this paper, we shall adopt a phenomenological form
as a function of redshift z:

w(z) ≡ pde/ρde = w0 + waz/(1 + z). (3)

This form has been adopted by many authors, including the DETF (dark energy task force) group [5]. In the present
day with z = 0, we have w = w0. However in the early Universe with z $ 1, the EOS becomes w = w0 + wa. So in
this form w0 corresponds to the present EOS, and wa describes the evolution of w(z).

The evolution of dark energy is determined by the equation

ρ̇de + 3H(ρde + pde) = 0, (4)

By using the EOS of dark energy in (3), we obtain that

ρde = ρde0 × E(z), (5)

where ρde0 is the value of ρde at z = 0, and

E(z) ≡ (1 + z)3(1+w0+wa)e−3waz/(1+z). (6)

2

Baskaran, Van Den Broeck, Zhao, Li, 2011
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Cosmology using advanced gravitational-wave detectors alone
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We investigate a novel approach to measuring the Hubble constant using gravitational-wave (GW)
signals from compact binaries by exploiting the narrowness of the distribution of masses of the
underlying neutron-star population. Gravitational-wave observations with a network of detectors
will permit a direct, independent measurement of the distance to the source systems. If the redshift
of the source is known, these inspiraling double-neutron-star binary systems can be used as standard
sirens to extract cosmological information. Unfortunately, the redshift and the system chirp mass
are degenerate in GW observations. Thus, most previous work has assumed that the source redshift
is obtained from electromagnetic counterparts. However, we investigate a novel method of using
these systems as standard sirens with GW observations alone. In this paper, we explore what we
can learn about the background cosmology and the mass distribution of neutron stars from the
set of neutron-star (NS) mergers detected by such a network. We use a Bayesian formalism to
analyze catalogs of NS-NS inspiral detections. We find that it is possible to constrain the Hubble
constant, H0, and the parameters of the NS mass function using gravitational-wave data alone,
without relying on electromagnetic counterparts. Under reasonable assumptions, we will be able to
determine H0 to ±10% using ∼100 observations, provided the Gaussian half-width of the underlying
double NS mass distribution is less than 0.04M!. The expected precision depends linearly on the
intrinsic width of the NS mass function, but has only a weak dependence on H0 near the default
parameter values. Finally, we consider what happens if, for some fraction of our data catalog, we have
an electromagnetically measured redshift. The detection, and cataloging, of these compact-object
mergers will allow precision astronomy, and provide a determination of H0 which is independent of
the local distance scale.

PACS numbers: 98.80.Es, 04.30.Tv, 04.80.Nn, 95.85.Sz

I. INTRODUCTION

The previous decade has seen several ground-based
gravitational-wave (GW) interferometers built, and
brought to their design sensitivity. The construction
of Initial LIGO, the Laser Interferometer Gravitational-
wave Observatory [1, 2], was a key step in the quest for a
direct detection of gravitational waves, which are a fun-
damental prediction of Einstein’s theory of gravity [3, 4].
The three LIGO detectors are located in the USA, with
two sited in Hanford, Washington within a common vac-
uum envelope (H1, H2 of arm-lengths 4 km and 2 km re-
spectively) and one in Livingston, Louisiana (L1 of arm-
length 4 km) [1, 2]. The 600 m arm-length GEO-600 de-
tector [5] is located near Hannover, Germany. LIGO and

∗email: staylor@ast.cam.ac.uk
†email: jgair@ast.cam.ac.uk
‡email: imandel@star.sr.bham.ac.uk

GEO-600 began science runs in 2002, and LIGO reached
its initial design sensitivity in 2005. The 3 km Virgo
interferometer [6], located at Cascina, Italy, began com-
missioning runs in 2005, and has participated in joint
searches with LIGO and GEO-600 since 2007. The 300
m arm-length TAMA-300 detector [7], located in Tokyo,
Japan had undertaken nine observation runs by 2004
to develop technologies for the proposed underground,
cryogenically-cooled, 3 km arm-length LCGT project [8].

Gravitational waves from the coalescences of compact-
object binaries [9] consisting of neutron stars (NSs) and
black holes (BHs) are among the most promising sources
for LIGO [10]. The first joint search for compact binary
coalescence signals using the LIGO S5 science run and
the Virgo VSR1 data has not resulted in direct detec-
tions, and the upper limits placed on the local NS-NS
merger rate are higher than existing astrophysical upper
limits [2]. However, construction has already begun on
the Advanced LIGO detectors [11], which are expected
to increase the horizon distance for NS-NS inspirals from
∼33 to ∼445 Mpc. This thousandfold increase in de-
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Cosmology with the lights off: Standard sirens in the Einstein Telescope era

Stephen R. Taylor∗ and Jonathan R. Gair†
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We explore the prospects for constraining cosmology using gravitational-wave (GW) observations
of neutron star binaries by the proposed Einstein Telescope (ET), exploiting the narrowness of the
neutron star mass function. This builds on our previous work in the context of advanced-era GW
detectors. Double neutron-star (DNS) binaries are expected to be one of the first sources detected
after “first-light” of Advanced LIGO. DNS systems are expected to be detected at a rate of a few
tens per year in the advanced era but the proposed Einstein Telescope (ET) could catalog tens, if
not hundreds, of thousands per year. Combining the measured source redshift distributions with
GW-network distance determinations will permit not only the precision measurement of background
cosmological parameters, but will provide an insight into the astrophysical properties of these DNS
systems. Of particular interest will be to probe the distribution of delay times between DNS-
binary creation and subsequent merger, as well as the evolution of the star-formation rate density
within ET’s detection horizon. Keeping H0, Ωm,0 and ΩΛ,0 fixed and investigating the precision
with which the dark-energy equation-of-state parameters could be recovered, we found that with
105 detected DNS binaries we could constrain these parameters to an accuracy similar to forecasted
constraints from future CMB+BAO+SNIa measurements. Furthermore, modeling the merger delay-
time distribution as a power-law (∝ tα) and the star-formation rate (SFR) density as a parametrized
version of the Porciani and Madau SF2 model, we find that the associated astrophysical parameters
are constrained to within ∼ 10%. All parameter precisions scaled as 1/

√
N , where N is the number

of cataloged detections. We also investigated how parameter precisions varied with the intrinsic
underlying properties of the Universe and with the distance reach of the network (which is affected,
for instance, by the low-frequency cutoff of the detector). We also consider various sources of distance
measurement errors in the third-generation era, and how these can be folded into the analysis.

PACS numbers: 98.80.Es, 04.30.Tv, 04.80.Nn, 95.85.Sz

I. INTRODUCTION

The era of advanced gravitational-wave (GW) detec-
tors is approaching quickly. The previous decade has
seen significant improvements in the sensitivity of GW
interferometers, leading to the construction and opera-
tion of two Laser Interferometer Gravitational-wave Ob-
servatory (LIGO) [1] detectors in the USA, GEO-600 in
Germany [2], Virgo in Italy [3] and TAMA-300 in Japan
[4]. The latter detector was designed as a testbed to
develop new technologies for the proposed underground,
cryogenically cooled KAGRA (formerly LCGT [5]) detec-
tor [6]. The LIGO, Virgo and GEO-600 detectors have
conducted joint searches since 2007.

The most promising source for the first detection
of gravitational waves is the inspiral and merger of a
compact-object binary consisting of neutron stars (NSs)
and/or black holes [7]. The first joint search for compact
binary coalescence signals during the LIGO S5 science
run and the Virgo VSR1 data did not result in direct de-
tections [8], nor did the “enhanced” detector search dur-
ing the LIGO S6 science run and the Virgo VSR2+3 data
[9]. Furthermore, the upper limits placed on compact-
binary coalescence rates from the latter search remain

∗email: staylor@ast.cam.ac.uk
†email: jgair@ast.cam.ac.uk

two to 3 orders of magnitude above existing astrophysi-
cally predicted rates. However, the LIGO detectors are
currently being upgraded to their “advanced” configu-
ration [10], due for completion in ∼ 2015, for which
the horizon distance for NS-NS inspiral detection will
be boosted to ∼ 450 Mpc, giving an almost thousandfold
gain in volume sensitivity of the detectors. The advanced
detectors are expected to detect double NS inspirals at
a rate of ∼ 40 yr−1, although this may vary by approxi-
mately 2 orders of magnitude in either direction [11].

Complementing AdLIGO will be a global network of
advanced detectors, including AdVirgo [12], KAGRA [6]
and possibly a third LIGO detector in India, LIGO-
India [13]. There are currently no prospects for a South-
ern Hemisphere GW interferometer operating in the ad-
vanced era. A global network comprising these detectors
will help turn the field from the search for the first de-
tection, into a precise astronomical tool.

The GWs emitted by a compact binary system directly
encode the redshifted masses and luminosity distance of
the system. Double NS (DNS) binary systems are com-
monly referred to as self-calibrating standard sirens be-
cause their distance is directly encoded in the waveform,
and a means of determining their redshift would mean
we could probe the cosmic distance ladder and extract
cosmological parameters [14–17]. While the phase evo-
lution of the strain signal in a single interferometer can
give precise constraints on the redshifted mass of the sys-
tem, we require a global network of detectors to constrain
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5

TABLE II: A reproduction of the GW-interferometer geographical-locations, and arm-bisector orientations from Schutz [43]. We
include updated IndIGO information [44].

Detector Label Longitude Latitude Orientation

LIGO Livingston, LA, USA L 90◦46′27.3′′ W 30◦33′46.4′′ N 208.0◦(WSW)

LIGO Hanford, WA, USA H 119◦24′27.6′′ W 46◦27′18.5′′ N 279.0◦(NW)

Virgo, Italy V 10◦30′16′′ E 43◦37′53′′ N 333.5◦(NNW)

KAGRA (formerly LCGT), Japan J 137◦10′48′′ E 36◦15′00′′ N 20.0◦(WNW)

LIGO-India, India I 76◦26′ E 14◦14′ N 45.0◦(NE)

where,

a =
1

16
sin (2χ)[3− cos (2β)][3− cos (2θ)] cos [2(φ+ λ)]

+
1

4
cos (2χ) sinβ[3 − cos (2θ)] sin [2(φ+ λ)]

+
1

4
sin (2χ) sin (2β) sin (2θ) cos (φ + λ)

+
1

2
cos (2χ) cosβ sin (2θ) sin (φ + λ)

+
3

4
sin (2χ) cos2 β sin2 θ,

b =cos (2χ) sinβ cos θ cos [2(φ+ λ)]

−1

4
sin (2χ)[3− cos (2β)] cos θ sin [2(φ+ λ)]

+ cos (2χ) cosβ sin θ cos (φ + λ)

−1

2
sin (2χ) sin (2β) sin θ sin (φ+ λ). (10)

As a reference, we use a network comprising three 60◦

ET-D sensitivity interferometers at the Virgo location (a
single ET), plus right-angled interferometers at the
LIGO-Livingston and LIGO-India locations. The charac-
teristic distance reach of all of the interferometers in the
network is taken as 1591 Mpc, corresponding to ET-D
sensitivity [29]. This is the sensitivity of a 10 km right-
angle interferometer. We account for the different detec-
tor arm-opening angles in the antenna pattern functions.
The network SNR given by Eq. (8) also depends on

ζ(fmax), which describes the overlap of the signal power
with the detector bandwidth [25]. The frequency at the
end of the inspiral (taken to correspond to the ISCO)
is at

fmax =
785 Hz

1 + z

(

2.8M"

M

)

, (11)

where M is the total mass of the binary system [37].
The maximum binary system mass could conceivably
be ∼ 4.2M".2 The ET horizon distance for a system

2 Both neutron stars in the binary system would need to have
masses 2σ above the distribution mean at the maximum consid-
ered µ and σ, where µNS ∈ [1.0, 1.5]M#, σNS ∈ [0, 0.3]M#.

with a total mass of ∼ 4M" is ∼ 25 Gpc [16]. In the
ΛCDM cosmology this corresponds to a redshift of ∼ 2.9,
and from Eq. (11) this gives fmax ∼ 134 Hz. Given
the ET-D noise curve [29],

√

ζ(fmax = 134Hz) ! 0.98.
Extending the redshift reach out to z ∼ 5 still gives
√

ζ(fmax= 87Hz) ! 0.96. Thus, we feel justified in
adopting ζ(fmax) # 1 for all interferometers in the en-
suing analysis.
Using these expressions we were able to numerically

estimate the probability distribution for the effective Θ,

Θeff =

√

∑

k

Θ2
k, (12)

where the sum is over all detectors in the network. We
use this Θeff distrbution to choose SNRs for each source
in the catalogue via Eq. (5) and then impose a detection
criterion. As a reference, we adopt the detection criterion
that the network SNR must be greater than 8.

III. DNS SYSTEMS

A. Neutron-star mass distribution

For a full discussion of our assumptions and model-
ing details of the NS mass distribution in DNS systems,
see our previous work [22, and references therein]. We
provide here a brief summary of the main assumptions
pertinent to the present study.
To lowest order, the GW signal depends on the two

neutron star masses through the chirp mass, M. We
assume that the distribution of individual neutron star
masses is normal, as suggested by analysis of Galactic
DNS systems [45, 46], and population synthesis studies
(see, e.g., [38, 47, 48]). For σNS $ µNS, this should
also lead to an approximately normal distribution for the
chirp mass.
We use a simple ansatz for the relationship between

the chirp mass distribution parameters and the under-
lying neutron star mass distribution. The chirp mass
distribution is modeled as normal,

M ∼ N(µc,σ
2
c ),

with mean and standard deviation

µc ≈ 2(0.25)3/5µNS, σc ≈
√
2(0.25)3/5σNS, (13)

5
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with a total mass of ∼ 4M" is ∼ 25 Gpc [16]. In the
ΛCDM cosmology this corresponds to a redshift of ∼ 2.9,
and from Eq. (11) this gives fmax ∼ 134 Hz. Given
the ET-D noise curve [29],

√

ζ(fmax = 134Hz) ! 0.98.
Extending the redshift reach out to z ∼ 5 still gives
√

ζ(fmax= 87Hz) ! 0.96. Thus, we feel justified in
adopting ζ(fmax) # 1 for all interferometers in the en-
suing analysis.
Using these expressions we were able to numerically

estimate the probability distribution for the effective Θ,

Θeff =

√

∑

k

Θ2
k, (12)

where the sum is over all detectors in the network. We
use this Θeff distrbution to choose SNRs for each source
in the catalogue via Eq. (5) and then impose a detection
criterion. As a reference, we adopt the detection criterion
that the network SNR must be greater than 8.

III. DNS SYSTEMS

A. Neutron-star mass distribution

For a full discussion of our assumptions and model-
ing details of the NS mass distribution in DNS systems,
see our previous work [22, and references therein]. We
provide here a brief summary of the main assumptions
pertinent to the present study.
To lowest order, the GW signal depends on the two

neutron star masses through the chirp mass, M. We
assume that the distribution of individual neutron star
masses is normal, as suggested by analysis of Galactic
DNS systems [45, 46], and population synthesis studies
(see, e.g., [38, 47, 48]). For σNS $ µNS, this should
also lead to an approximately normal distribution for the
chirp mass.
We use a simple ansatz for the relationship between

the chirp mass distribution parameters and the under-
lying neutron star mass distribution. The chirp mass
distribution is modeled as normal,

M ∼ N(µc,σ
2
c ),

with mean and standard deviation

µc ≈ 2(0.25)3/5µNS, σc ≈
√
2(0.25)3/5σNS, (13)

8

for local studies due to the divergence at high redshift.
The Shafieloo-Sahni-Starobinsky ansatz [69] models the
EOS evolution as a “tanh” form that ensures w = −1
at early times and w → 0 at low z. This ansatz pre-
vents the crossing of the “phantom divide” at w = −1,
desirable since phantom fluids can not be explained by a
minimally coupled scalar field [68]. The ansatz we adopt
in this work is the CPL ansatz [68, 70]

w(a) = w0 + wa(1 − a),

w(z) = w0 + wa

(

z

1 + z

)

. (22)

This ansatz was adopted by the Dark Energy Task Force
[71], and has several desirable features. It depends on
only two free parameters, it reduces to the linear model
at low z, and it is well behaved at high redshift, tending
to w0 + wa. Using this EOS

ΩΛ(z) = ΩΛ,0 × (1 + z)3(1+w0+wa) × e−3wa( z
1+z ). (23)

For different global geometries of the Universe the lu-
minosity distance, DL, is given by,

DL(z|C) = (1 + z)× F(z|C),

where,

F(z|C) =



















DH√
Ωk,0

sinh
(

√

Ωk,0
Dc(z|C)

DH

)

, Ωk,0 > 0,

Dc(z|C), Ωk,0 = 0,
DH√
|Ωk,0|

sin
(

√

|Ωk,0|Dc(z|C)
DH

)

, Ωk,0 < 0,

(24)
in which DH is the Hubble scale (c/H0) and
C={H0,Ωm,0,ΩΛ,0,Ωk,0, w0, wa} is the set of cosmologi-
cal parameters describing the large scale characteristics
of the universe.
The comoving radial distance, Dc(z), is given by,

Dc(z) = DH

∫ z

0

dz′

E(z′)
, (25)

where E(z) is given by Eq. (17). The redshift derivative
of the comoving volume is given generally by

dVc

dz
= 4πDH

DL(z)2

(1 + z)2E(z)
. (26)

V. MAKING & ANALYSING DNS
CATALOGUES

We refer the reader to our previous study [22] for full
details of our calculation, but we summarise the main
details here.

A. Distribution of detectable DNS systems

The two system properties we will use in our analysis
are the redshifted chirp mass, Mz, and the luminosity
distance, DL. We assume that only systems with an SNR
greater than a given threshold will be detected. We can
write down the distribution of the number of events per
unit time in the observer’s frame with M, z and effective
Θ [25, 38],

d4N

dtdΘdzdM =
dVc

dz

ṅ(z)

(1 + z)
P(M)PΘ(Θ). (27)

The 1/(1 + z) factor accounts for the redshifting of the
merger rate [38].
Converting this to a distribution inMz, DL and ρ, and

integrating over ρ to find the distribution of detectable
systems (i.e., systems above SNR threshold) gives

d3N

dtdDLdMz

∣

∣

∣

∣

ρ>ρ0

=
dz

dDL

dVc

dz

ṅ(z)

(1 + z)2
× P

(

Mz

1 + z

∣

∣

∣

∣

DL

)

× CΘ

[

ρ0
8

DL

r0

(

1.2M#

Mz

)5/6
]

,

(28)

where the form of (dz/dDL) will depend on the curvature
of the Universe (see Eq. (24)).
To calculate the number of detected systems (given

a set of model parameters, −→µ ) we integrate over this
distribution, which is equivalent to integrating the dis-
tribution over redshift and chirp mass, i.e. Nµ = T ×
∫∞
0

∫∞
0

(

d3N
dtdzdM

)

dzdM, where T is the duration of the

observation run.4

B. Creating mock catalogues of DNS binary
inspiraling systems

The model parameter space we investigate is the 7D
space of [w0, wa, µNS,σNS,α,β1,β2]. To generate a cata-
logue of events, we choose a set of reference parameters,
motivated by previous analysis in the literature. For our
reference cosmology, we adopt H0 = 70.4 kms−1Mpc−1,
Ωm,0 = 0.2726, ΩΛ,0 = 0.728, w0 = −1.0 and wa = 0.0
[72]. The reference parameters of the neutron star mass
distribution are µNS = 1.35M# and σNS = 0.06M# [45].
We have previously discussed the delay-time distribution
and SFR density in Sec. III B. We adopt a power-law
merger-delay distribution with reference power-law index

4 We found that, for the purposes of the calculation, assuming the
NS mass distribution was a δ-function, centred at the mean given
by the trial parameters, allowed at least a ten-fold speed-up in
the calculation. See Appendix B for further details.

40

Taylor, Gair 2012

Cosmology without EM Counterparts

Tuesday, 1 July 2014



Measuring dark energy EoS and its 
variation with redshift

12

µNS 

w
0 

1.33 1.34 1.35 1.36 1.37
−1.4

−1.2

−1

−0.8

−0.6

(a)

µNS 

w
a 

1.33 1.34 1.35 1.36 1.37
−1.5

−1

−0.5

0

0.5

1

(b)

w0 

w
a 

−1.4 −1.2 −1 −0.8 −0.6
−1.5

−1

−0.5

0

0.5

1

(c)

!1 

! 2 

2.5 3 3.5 4 4.5

2.5

3

3.5

4

4.5

(d)

" 

! 1 

−1.6 −1.4 −1.2 −1 −0.8

2.5

3

3.5

4

4.5

(e)

−1.2 −1 −0.8 −0.6
−1.5

−1

−0.5

0

0.5

w0 

w
a 

 

 

µ
N

S 

1.34

1.35

1.36

(f)

FIG. 3: Marginalised 2D posterior distributions for the reference catalogue of 4500 detections. Only those 2D distributions showing
correlations between parameters are shown. The reference parameters are µNS = 1.35M!, σNS = 0.06M!, w0 = −1, wa = 0, α = −1
and β1 = β2 = 3.4.
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FIG. 4: Marginalised 1D posterior distributions for the reference catalogue of 4500 detections. Dotted lines indicate the boundaries of
the 95% and 68% confidence intervals. The reference parameters are µNS = 1.35M!, σNS = 0.06M!, w0 = −1, wa = 0, α = −1 and
β1 = 3.4.

D. Including and accounting for errors

Distance measurements from a third-generation GW-
interferometer network will not be error-free. Whilst a
network consisting of a single ET plus one other right-
angle interferometer can place constraints on a source’s
sky-location and luminosity distance, the precisions of
these properties are improved to almost the 3-ET net-
work level by the inclusion of a second additional right-
angle interferometer [36]. The redshifted chirp mass is
expected to be very well constrained (! 0.5% error [40]),

and so we ignore measurement errors in this parameter.
We assume the error in the luminosity distance arising
from instrumental noise scales as ∼ 1/ρ, and include the
effects of weak-lensing as a further source of error. The
weak-lensing error on luminosity distance measurements
at z ∼ 1 is approximately 5%, and we linearly extrapo-
late this to all other redshifts [16, 17, 79, 80]. Whilst sev-
eral techniques have been proposed to reduce this weak-
lensing error [e.g. 81, 82, and references therein], we
assume no correction has been done, corresponding to a
worst-case.
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Messenger-Read method to measure redshift
makes use of the post-Newtonian tidal term

2

pling contribution to the GW waveform breaks the degener-
acy present in post-Newtonian (PN) waveforms between the
mass parameters and the redshift. This will then allow the
measurement of the binary rest-frame masses, the luminos-
ity distance and redshift simultaneously for individual BNS
events. We base our work on the assumption that the de-
tections of BNS and black-hole—neutron star (BHNS) co-
alescences made using both the advanced detectors and ET
(specifically the nearby high SNR signals) would tightly con-
strain the universal NS core equation of state (EOS) [17–20].
Once the EOS is known, the tidal effects are completely deter-
mined by the component rest-frame masses of the system. Ex-
ploitation of these effects would then remove the requirement
for coincident EM observations (so-called “multi-messenger”
astronomy) to obtain redshift information. In using GRB
counterparts for example, host galaxy identification [21] can
sometimes be unreliable, and we also require that the emis-
sion cone from the GRB is coincident with our line of sight.
Current estimates of the half-opening angles of GRBs lie in
the range 8–30◦ [22, 23], which coupled with the fact that
only some short-hard GRBs have measured redshifts imply
that only a small fraction (∼10−3) of BNS events will be use-
ful as standard sirens. Removing the necessity for coincident
EM observations will allow all of the O(103–107) BNS events
seen with ET to be assigned a redshift measure independent
of sky position. Each of these detected events provides a mea-
sure of the luminosity distance–redshift relation ranging out
to redshift z ≈ 4. With so many potential sources the ob-
served distribution of effective distance (the actual luminosity
distance multiplied by a geometric factor accounting for the
orientation of the binary relative to the detector) within given
redshift intervals will allow the accurate determination of ac-
tual luminosity distance and consequently of cosmological pa-
rameters including those governing the dark energy equation
of state. Such a scenario significantly increases the potential
for 3rd generation GW detectors to perform precision cosmol-
ogy with GW observations alone.

In our analysis we use a Fisher matrix approach applied to
a PN frequency domain waveform to estimate the accuracy
to which the redshift can be measured. We also assume non-
spinning component masses and treat the waveform as valid
up to the innermost-stable-circular orbit (ISCO) frequency,
the implications of which are discussed later in the text.

The signal model—We follow the approach of [24, 25] in
our determination of the uncertainties in our inspiral wave-
form parameters. We use as our signal model the frequency
domain stationary phase approximation [26] to the waveform
of a non-spinning BNS inspiral,

h̃( f ) =

�
5

24
π−2/3Q(ϕ)

M5/6

r
f −7/6e−iΨ( f ), (1)

where we are using the convention c = G = 1. We define
the total rest mass M = m1 + m2 and the symmetric mass ra-
tio η = m1m2/M2 where m1 and m2 are the component rest
masses. The chirp mass M is defined as M = Mη3/5, r is
the proper distance to the GW source and Ψ( f ) is the GW

phase. The quantity Q(ϕ) is a factor that is determined by
the amplitude response of the GW detector and is a function
of the nuisance parameters ϕ = (θ, φ, ι,ψ) where θ and φ are
the sky position coordinates and ι and ψ are the orbital incli-
nation and GW polarization angles respectively. The standard
post-Newtonian point-particle frequency domain phase can be
written as [25, 27]

ΨPP( f ) = 2π f tc − φc −
π

4
+

3
128ηx5/2

N�

k=0

αk xk/2 (2)

where we use the post-Newtonian dimensionless parameter
x = (πM f )2/3 and the corresponding coefficients αk given
in [25]. Throughout this work we use N = 7 corresponding
to a 3.5 PN phase expansion (the highest known at the time
of publication). The parameters tc and φc are the time of co-
alescence and phase at coalescence and we use f to represent
the GW frequency in the rest frame of the source. Note that
if the signal is modeled using the point-particle phase such
that Ψ( f ) = ΨPP( f ) then the detected signal h̃( f ) is invari-
ant under the transformation ( f ,M, r, t) → ( f /ξ,Mξ, rξ, tξ)
where ξ is a Doppler-shift parameter. For BNS systems at
cosmological distances the frequency is redshifted such that
f → f /(1 + z) where z is the source’s cosmological red-
shift. Therefore, using the point-particle approximation to the
waveform one is only able to determine the “redshifted” chirp
mass Mz = (1 + z)M and the so-called luminosity distance
dL = (1 + z)r. This implies that it is not possible to disentan-
gle the mass parameters and the redshift from the waveform
alone if the proper distance is unknown.

The leading-order effects of the quadrupole tidal response
of a neutron star on post-Newtonian binary dynamics have
been determined [17, 28] using Newtonian and 1PN approxi-
mations to the tidal field. The additional phase contribution to
a GW signal from a BNS system is given by

Ψtidal( f ) =
�

a=1,2

3λa

128η

�
−24
χa

�
1 +

11η
χa

�
x5/2

M5 (3)

− 5
28χa

�
3179 − 919χa − 2286χ2

a + 260χ3
a

� x7/2

M5

�

where we sum over the contributions from each NS (indexed
by a). The parameter λ = (2/3)R5

nsk2 characterizes the
strength of the induced quadrupole given an external tidal
field, and is a function of the l = 2 tidal Love number (ap-
sidal constant) k2 for each NS [19, 29]. We have also defined
χa = ma/M. Note that the tidal contributions to the GW phase
in Eq. 3 have the frequency dependences of x5 and x6, and are
5PN and 6PN since when viewed in the context of the point-
particle post-Newtonian phase expansion (Eq. 2). However,
for NSs, their coefficients are O(Rns/M)5∼105, making them
comparable in magnitude with the 3PN and 3.5PN phasing
terms.

For a chosen universal NS EOS, the perturbation of a spher-
ically symmetric NS solution for a given NS mass determines
the NS radius Rns, Love number k2 and therefore also the
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pling contribution to the GW waveform breaks the degener-
acy present in post-Newtonian (PN) waveforms between the
mass parameters and the redshift. This will then allow the
measurement of the binary rest-frame masses, the luminos-
ity distance and redshift simultaneously for individual BNS
events. We base our work on the assumption that the de-
tections of BNS and black-hole—neutron star (BHNS) co-
alescences made using both the advanced detectors and ET
(specifically the nearby high SNR signals) would tightly con-
strain the universal NS core equation of state (EOS) [17–20].
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mined by the component rest-frame masses of the system. Ex-
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been determined [17, 28] using Newtonian and 1PN approxi-
mations to the tidal field. The additional phase contribution to
a GW signal from a BNS system is given by

Ψtidal( f ) =
�

a=1,2

3λa

128η

�
−24
χa

�
1 +

11η
χa

�
x5/2

M5 (3)

− 5
28χa

�
3179 − 919χa − 2286χ2

a + 260χ3
a

� x7/2

M5

�

where we sum over the contributions from each NS (indexed
by a). The parameter λ = (2/3)R5

nsk2 characterizes the
strength of the induced quadrupole given an external tidal
field, and is a function of the l = 2 tidal Love number (ap-
sidal constant) k2 for each NS [19, 29]. We have also defined
χa = ma/M. Note that the tidal contributions to the GW phase
in Eq. 3 have the frequency dependences of x5 and x6, and are
5PN and 6PN since when viewed in the context of the point-
particle post-Newtonian phase expansion (Eq. 2). However,
for NSs, their coefficients are O(Rns/M)5∼105, making them
comparable in magnitude with the 3PN and 3.5PN phasing
terms.

For a chosen universal NS EOS, the perturbation of a spher-
ically symmetric NS solution for a given NS mass determines
the NS radius Rns, Love number k2 and therefore also the

5

surements to be made independently of the cosmological dis-
tance ladder.

Acknowledgements—The authors are grateful to J. Veitch,
J. Clark, R. Prix, C. Van Den Broeck, B. S. Sathyaprakash,
P. Sutton, S. Fairhurst, M. Pitkin, T. Dent, X. Siemens, S. Vi-
tale, L. Grishchuk and especially J. Creighton for useful dis-
cussions and comments. J. S. Read is supported by NSF grant
PHY-0900735.

∗ chris.messenger@astro.cf.ac.uk
[1] B. F. Schutz, Nature (London), 323, 310 (1986).
[2] D. Eichler, M. Livio, T. Piran, and D. N. Schramm, Nature

(London), 340, 126 (1989).
[3] S. Nissanke, D. E. Holz, S. A. Hughes, N. Dalal, and J. L. Siev-

ers, Astrophys. J., 725, 496 (2010), arXiv:0904.1017 [astro-
ph.CO].

[4] B. S. Sathyaprakash, B. F. Schutz, and C. Van Den
Broeck, Classical and Quantum Gravity, 27, 215006 (2010),
arXiv:0906.4151 [astro-ph.CO].

[5] W. Zhao, C. Van Den Broeck, D. Baskaran, and T. G. F.
Li, Phys. Rev. D, 83, 023005 (2011), arXiv:1009.0206 [astro-
ph.CO].

[6] A. Nishizawa, A. Taruya, and S. Saito, Phys. Rev. D, 83,
084045 (2011), arXiv:1011.5000 [astro-ph.CO].

[7] C. L. MacLeod and C. J. Hogan, Phys. Rev. D, 77, 043512
(2008), arXiv:0712.0618.

[8] A. Petiteau, S. Babak, and A. Sesana, Astrophys. J., 732, 82
(2011), arXiv:1102.0769 [astro-ph.CO].

[9] S. R. Taylor, J. R. Gair, and I. Mandel, ArXiv e-prints (2011),
arXiv:1108.5161 [gr-qc].

[10] J. Abadie et al., Nuclear Instruments and Methods in Physics
Research A, 624, 223 (2010), arXiv:1007.3973 [gr-qc].

[11] H. Grote and the LIGO Scientific Collaboration, Classical and
Quantum Gravity, 25, 114043 (2008).

[12] F. Acernese et al., Classical and Quantum Gravity, 25, 184001
(2008).

[13] G. M. Harry and the LIGO Scientific Collaboration, Classical
and Quantum Gravity, 27, 084006 (2010).

[14] A. D. A. M. Spallicci, S. Aoudia, J. de Freitas Pacheco,
T. Regimbau, and G. Frossati, Classical and Quantum Grav-
ity, 22, 461 (2005), arXiv:gr-qc/0406076.

[15] J. Abadie et al., Classical and Quantum Gravity, 27, 173001
(2010), arXiv:1003.2480 [astro-ph.HE].

[16] M. Abernathy et al., “Einstein gravitational wave telescope con-
ceptual design study,” http://www.et-gw.eu/ (2011).

[17] T. Hinderer, B. D. Lackey, R. N. Lang, and J. S. Read, Phys.
Rev. D, 81, 123016 (2010), arXiv:0911.3535 [astro-ph.HE].

[18] F. Pannarale, L. Rezzolla, F. Ohme, and J. S. Read, ArXiv e-
prints (2011), arXiv:1103.3526 [astro-ph.HE].

[19] E. E. Flanagan and T. Hinderer, Phys. Rev. D, 77, 021502
(2008).

[20] J. S. Read, C. Markakis, M. Shibata, K. Uryū, J. D. E.
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pling contribution to the GW waveform breaks the degener-
acy present in post-Newtonian (PN) waveforms between the
mass parameters and the redshift. This will then allow the
measurement of the binary rest-frame masses, the luminos-
ity distance and redshift simultaneously for individual BNS
events. We base our work on the assumption that the de-
tections of BNS and black-hole—neutron star (BHNS) co-
alescences made using both the advanced detectors and ET
(specifically the nearby high SNR signals) would tightly con-
strain the universal NS core equation of state (EOS) [17–20].
Once the EOS is known, the tidal effects are completely deter-
mined by the component rest-frame masses of the system. Ex-
ploitation of these effects would then remove the requirement
for coincident EM observations (so-called “multi-messenger”
astronomy) to obtain redshift information. In using GRB
counterparts for example, host galaxy identification [21] can
sometimes be unreliable, and we also require that the emis-
sion cone from the GRB is coincident with our line of sight.
Current estimates of the half-opening angles of GRBs lie in
the range 8–30◦ [22, 23], which coupled with the fact that
only some short-hard GRBs have measured redshifts imply
that only a small fraction (∼10−3) of BNS events will be use-
ful as standard sirens. Removing the necessity for coincident
EM observations will allow all of the O(103–107) BNS events
seen with ET to be assigned a redshift measure independent
of sky position. Each of these detected events provides a mea-
sure of the luminosity distance–redshift relation ranging out
to redshift z ≈ 4. With so many potential sources the ob-
served distribution of effective distance (the actual luminosity
distance multiplied by a geometric factor accounting for the
orientation of the binary relative to the detector) within given
redshift intervals will allow the accurate determination of ac-
tual luminosity distance and consequently of cosmological pa-
rameters including those governing the dark energy equation
of state. Such a scenario significantly increases the potential
for 3rd generation GW detectors to perform precision cosmol-
ogy with GW observations alone.

In our analysis we use a Fisher matrix approach applied to
a PN frequency domain waveform to estimate the accuracy
to which the redshift can be measured. We also assume non-
spinning component masses and treat the waveform as valid
up to the innermost-stable-circular orbit (ISCO) frequency,
the implications of which are discussed later in the text.

The signal model—We follow the approach of [24, 25] in
our determination of the uncertainties in our inspiral wave-
form parameters. We use as our signal model the frequency
domain stationary phase approximation [26] to the waveform
of a non-spinning BNS inspiral,

h̃( f ) =

�
5

24
π−2/3Q(ϕ)

M5/6

r
f −7/6e−iΨ( f ), (1)

where we are using the convention c = G = 1. We define
the total rest mass M = m1 + m2 and the symmetric mass ra-
tio η = m1m2/M2 where m1 and m2 are the component rest
masses. The chirp mass M is defined as M = Mη3/5, r is
the proper distance to the GW source and Ψ( f ) is the GW

phase. The quantity Q(ϕ) is a factor that is determined by
the amplitude response of the GW detector and is a function
of the nuisance parameters ϕ = (θ, φ, ι,ψ) where θ and φ are
the sky position coordinates and ι and ψ are the orbital incli-
nation and GW polarization angles respectively. The standard
post-Newtonian point-particle frequency domain phase can be
written as [25, 27]

ΨPP( f ) = 2π f tc − φc −
π

4
+

3
128ηx5/2

N�

k=0

αk xk/2 (2)

where we use the post-Newtonian dimensionless parameter
x = (πM f )2/3 and the corresponding coefficients αk given
in [25]. Throughout this work we use N = 7 corresponding
to a 3.5 PN phase expansion (the highest known at the time
of publication). The parameters tc and φc are the time of co-
alescence and phase at coalescence and we use f to represent
the GW frequency in the rest frame of the source. Note that
if the signal is modeled using the point-particle phase such
that Ψ( f ) = ΨPP( f ) then the detected signal h̃( f ) is invari-
ant under the transformation ( f ,M, r, t) → ( f /ξ,Mξ, rξ, tξ)
where ξ is a Doppler-shift parameter. For BNS systems at
cosmological distances the frequency is redshifted such that
f → f /(1 + z) where z is the source’s cosmological red-
shift. Therefore, using the point-particle approximation to the
waveform one is only able to determine the “redshifted” chirp
mass Mz = (1 + z)M and the so-called luminosity distance
dL = (1 + z)r. This implies that it is not possible to disentan-
gle the mass parameters and the redshift from the waveform
alone if the proper distance is unknown.

The leading-order effects of the quadrupole tidal response
of a neutron star on post-Newtonian binary dynamics have
been determined [17, 28] using Newtonian and 1PN approxi-
mations to the tidal field. The additional phase contribution to
a GW signal from a BNS system is given by

Ψtidal( f ) =
�

a=1,2

3λa

128η

�
−24
χa

�
1 +

11η
χa

�
x5/2

M5 (3)

− 5
28χa

�
3179 − 919χa − 2286χ2

a + 260χ3
a

� x7/2

M5

�

where we sum over the contributions from each NS (indexed
by a). The parameter λ = (2/3)R5

nsk2 characterizes the
strength of the induced quadrupole given an external tidal
field, and is a function of the l = 2 tidal Love number (ap-
sidal constant) k2 for each NS [19, 29]. We have also defined
χa = ma/M. Note that the tidal contributions to the GW phase
in Eq. 3 have the frequency dependences of x5 and x6, and are
5PN and 6PN since when viewed in the context of the point-
particle post-Newtonian phase expansion (Eq. 2). However,
for NSs, their coefficients are O(Rns/M)5∼105, making them
comparable in magnitude with the 3PN and 3.5PN phasing
terms.

For a chosen universal NS EOS, the perturbation of a spher-
ically symmetric NS solution for a given NS mass determines
the NS radius Rns, Love number k2 and therefore also the
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FIG. 1. The fractional uncertainties in the redshift as a function of
redshift obtained from the Fisher matrix analysis for BNS systems
using 3 representative EOSs, APR [40], SLY [41] and MS1 [42]. In
all cases the component NSs have rest masses of 1.4M⊙ and wave-
forms have a cut-off frequency equal to the ISCO frequency (as de-
fined in the BNS rest-frame). We have used a cosmological param-
eter set H0 = 70.5 kms−1Mpc−1, Ωm = 0.2736, Ωk = 0,w0 = −1
to compute the luminosity distance for given redshifts and have as-
sumed detector noise corresponding to the ET-D [16, 39] design (a
frequency domain analytic fit to the noise floor can be found in [43]).

incide with z∼10 but this effect is diluted at higher redshifts
due to a reduction in SNR as the lower frequency part of the
signal moves out of band.

Discussion—The analysis presented here is a proof of prin-
ciple and is based on a number of assumptions and simplifi-
cations which we would like to briefly discuss and in some
cases reiterate. It is likely that by the 3rd generation GW de-
tector era our knowledge of the tidal response in BNS systems
will have significantly advanced through improved NR simu-
lations [44]. Current NR simulations have already shown that
modelling these tidal phase corrections using a PN formal-
ism, while qualitatively accurate, significantly underestimate

the tidal phase contribution [34–36]. In addition these same
studies suggest that it is possible to accurately model tidal ef-
fects up to the merger phase. Therefore we feel that our use
of the ISCO as the upper cut-off frequency of the PN wave-
forms is a well justified choice for this first estimate. We have
also neglected the effects of spin in our investigation which
we expect to contribute to the PN phase approximation at the
level of ∼0.3% [17]. This does not preclude the possibility
that marginalizing over uncertainties in spin parameters may
weaken our ability to determine the redshift. This seems un-
likely given the small expected spins in these systems, as well
as the difference inscalings between the spin terms and the

tidal terms, x
−1/2 and x

5/2 respectively, causing the tidal ef-
fects to dominate over spin in the final stage of the inspiral.
We also note that the Fisher information estimate of parame-
ter uncertainty is valid in the limit of SNR � 10 [38] and under
the assumption of Gaussian noise. As such, the results at low
SNR, and therefore those at high z, should be treated as lower
limits via the Cramer-Rao bound, on the redshift uncertainty.
We also mention here that since the tidal phase corrections
are, at leading order, formally of 5th PN order we have uncer-
tainty in the effect of the missing PN expansion terms in the
BNS waveform between the 3.5PN and 5PN terms. It is com-
forting to note that as the PN order is increased our results
on the redshift uncertainty do converge to the point of <1%
difference in accuracy between the 3 and 3.5PN terms imply-
ing (through extrapolation) that the missing PN terms (as yet
not calculated) would not effect our results. Future detailed
analysis following this work will complement Fisher based
estimates with Monte-Carlo simulations and/or Bayesian pos-
terior based parameter estimation techniques. Similarly, the
signal parameter space should be more extensively explored
beyond the canonical 1.4M⊙, equal mass case. In addition,
future work will also include BHNS systems which will also
contain, encoded within their waveforms, extractable redshift
information. Such systems are observable out to potentially
higher redshift although tidal effects will become less impor-
tant as the mass ratio increases [18? ]. Finally, we briefly
mention that GW detector calibration uncertainties in strain
amplitude (which for 1st generation detectors were typically
<10%) will only effect the determination of the luminosity
distance. Calibration uncertainties in timing typically amount
to phase errors of <1◦ and would be negligible in the determi-
nation of the redshift. Similarly, the effects of weak lensing
that would only affect the luminosity distance measurement
have been shown to be negligible for ET sources [4].

Conclusions—Current estimates on the formation rate of
BNS systems imply that in the 3rd generation GW detector
era there is the potential for up to ∼107 observed events per
year out to redshift z ≈ 4 [16]. The results presented here
suggest that redshift measurements at the level of ∼10% ac-
curacy can be achieved for each BNS event solely from the
GW observation. Such systems have long been known as GW
standard sirens [1], meaning that the luminosity distance can
be extracted from the waveform with accuracy determined by
the SNR coupled with the ability with which one is able to
infer the geometric orientation of the source. Using a large
number of sources all sharing the same redshift, the luminos-
ity distance (free of the orientation parameters) can be de-
termined statistically from the distribution of observed am-
plitudes. With the ability to extract both the luminosity dis-
tance and the redshift out to such cosmological distances and
from so many sources the precision with which one could then
determine the luminosity distance–redshift relation is signifi-
cantly enhanced. Current proposed methods for making cos-
mological inferences using GW standard sirens [3, 5, 45] rely
on coincident EM counterpart signals from their progenitors
in order to obtain the redshift. Our method would allow mea-
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Inspiralling compact binaries as standard sirens will become an invaluable tool for cosmology when we
enter the gravitational-wave detection era. However, a degeneracy in the information carried by gravitational
waves between the total rest-frame mass M and the redshift z of the source implies that neither can be directly
extracted from the signal, but only the combination M(1 + z), the redshifted mass. Recent work has shown
that for 3rd generation detectors, a tidal correction to the gravitational-wave phase in the late-inspiral signal of
binary neutron star systems could be used to break the mass-redshift degeneracy. We propose here to use the
signature encoded in the post-merger signal allowing the accurate extraction of the intrinsic rest-frame mass
of the source, in turn permitting the determination of source redshift and luminosity distance. The entirety of
this analysis method and any subsequent cosmological inference derived from it would be obtained solely from
gravitational-wave observations and hence be independent of the cosmological distance ladder. Using numerical
simulations of binary neutron star mergers of different mass, we model gravitational- wave signals at different
redshifts and use Bayesian parameter estimation to determine the accuracy with which the redshift and mass can
be extracted. We find that the Einstein Telescope can determine the source redshift to ∼ 10–20% at redshifts of
z < 0.04.

I. INTRODUCTION

The prospects for gravitational-wave (GW) astronomy in
the era of advanced detectors are promising, with several de-
tections expected before the end of the decade when Ad-
vanced LIGO [1], Advanced Virgo [2] and KAGRA [3] be-
come fully operational. Among the sources of GWs expected
to be detected are the inspiral and coalescence of binary neu-
tron stars (BNSs), neutron star-black hole binaries, and binary
black holes. Population models suggest that the detection rate
of compact binary coalescences for BNSs will be ∼ 10 yr−1,
when Advanced LIGO [4] reaches its design sensitivity. The
results presented in this paper concern GW detections made
with 3rd generation detectors such as the Einstein Telescope
(ET) [5] which is expected to have detection rates ∼ 3 orders
of magnitude greater than advanced detectors for compact bi-
nary systems.

The inspiral of compact binary systems are also known as
standard sirens [6], as their luminosity distance can be ex-
tracted from GW observations alone, without the need for any
detailed modelling of the source, or of the properties of the
media along the GW path. This is because the observed ampli-
tude of GWs during the inspiral phase reaches the detector es-
sentially unaltered and depends on a small number of parame-
ters, which can all be measured using a network of GW detec-
tors. These parameters include the total gravitational mass and
mass ratio of the system, the spins of the compact objects, the
orientation of the binary’s orbital plane with respect to the line
of sight, the source’s position on the sky and the luminosity
distance to the source. GW observations can very accurately
measure the signal’s phase evolution, which depends only on
the total mass and mass ratio of a binary. Simultaneously,

a network of detectors can determine the sky position, GW
polarisation angle, orbital inclination and the distance to the
binary. The observed total mass, however, is not the system’s
intrinsic mass M (i.e., mass as measured in the rest frame of
the source) but the redshifted mass Mz ≡ M(1 + z). This is
known as the mass-redshift degeneracy.

The mass-redshift degeneracy is detrimental to the applica-
tion of GW observations for cosmological inference. The re-
lationship of the source’s luminosity distance to its redshift on
cosmological scales is precisely that which allows us to probe
the parameters governing a cosmological model. Breaking the
mass-redshift degeneracy requires an electromagnetic identi-
fication to tie the source to its host galaxy and thereby extract
the source’s redshift. It was thought, until recently, that there
is no way to infer the source’s redshift from GW observations
alone.

To use of GW observations to extract information that is
necessary for cosmography [e.g., estimation of the Hubble
parameter and the dark energy equation of state (EOS)] and
astrophysics [e.g., measurement of the masses and radii of
neutron stars (NSs) and the EOS of matter at supranuclear
densities], requires precision measurements of both the lumi-
nosity distance and intrinsic mass of the source. The mass-
redshift degeneracy forces reliance on electromagnetic identi-
fication of host galaxies [7–12], which may be possible only
very rarely. For example, using gamma-ray bursts or the
predicted electromagnetic afterglows of NS mergers [13] for
identification of the host galaxy greatly reduces the avail-
able signal population for cosmography and could potentially
lead to observational bias. For gamma-ray bursts this is be-
cause the emission is believed to be strongly beamed along
a jet [14–16], while GW emission is expected to be approx-
imately isotropic (quadrupolar) and hence only a small frac-
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FIG. 4. The joint posterior distributions on the redshift and total gravitational mass of the BNS system for single representative realisations of
noise and system parameters. Each row of plots represents a simulated signal of one of the five system masses (see Table I) ranging from low
(bottom row) to high (top row) mass. Columns represent different simulated redshifts ranging from 0.01 (left) to 0.04 (right) in steps of 0.01.
The green, blue and red contours represent the posterior contributions from the inspiral measurement, the first HMNS spectral feature and the
second HMNS spectral feature respectively. The black contours represent the final posterior distribution combining all measurements and the
black dots indicate the true simulated redshift and total mass values. In all cases the contours enclose 68% of the probability. Overlapping
regions have been filled according to the additive colour system with the exception that regions outside all contours and the full interior of the
final posterior contour have been left blank for clarity.
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Topics for discussion
Missing post-Newtonian terms
Tidal terms are at 5 and 5.5 PN order; unknown terms at 4 and 4.5 
PN severely bias the estimation of parameters
What progress can be made in computing 4 and 4.5 PN terms?
Are there other ways of mitigating the effect of unknown PN terms?

Signal from the merger phase and bar mode instability
Would it be possible to build a complete analytic model for the 
signal emitted during and post-merger?

Effect of strong magnetic fields, high spins, multi-
component fluid, ...
How far away are we from “realistic” BNS simulations?
How good are these simulations: stability and convergence?
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