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Compact Stars: The only “laboratory” for the study of cold 
ultra-dense matter 

They may contain exotic forms of 
matter that are predicted to exist at 
supranuclear densities.

1010.5790 Dynamic properties of NSs, such as 
their spin and temperature evolution 
as well as stellar oscillations can be 
powerful probes of NS interiors.
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Figure 1: Competing structures and novel phases of subatomic matter predicted by theory
to make their appearance in the cores (R <∼ 8 km) of neutron stars [2].

transition to quark matter occurs. Neither do lattice Quantum Chromodynamical simulations provide
a conclusive guide yet. From simple geometrical considerations it follows that, for a characteristic
nucleon radius of rN ∼ 1 fm, nuclei begin to touch each other at densities of ∼ (4πr3

N/3)−1 " 0.24 fm−3,
which is less than twice the baryon number density of ordinary nuclear matter, ρ0 = 0.16 fm−3 (energy
density ε0 = 140 MeV/fm3). Depending on rotational frequency and stellar mass, such densities are
easily surpassed in the cores of neutron stars so that gravity may have broken up the neutrons (n)
and protons (p) in the centers of neutron stars into their constituents. Moreover, since the mass of the
strange quark (s) is rather small, probably less than 100 MeV as indicated by the latest lattice results
[30], high-energetic up (u) and down (d) quarks may readily transform to strange quarks at about the
same density at which unconfined up and down quarks appear.

The phase diagram of quark matter, expected to be in a color superconducting phase, is very complex
[26, 27]. At asymptotic densities the ground state of QCD with a vanishing strange quark mass is the
color-flavor locked (CFL) phase. This phase is electrically charge neutral without any need for electrons
for a significant range of chemical potentials and strange quark masses [31]. (Technically, there are
no electrons only at zero temperature. At finite temperature the electron population is exponentially
(exp(−∆/T )) suppressed, where ∆ denotes the superconducting gap.) If the strange quark mass is heavy
enough to be ignored, then up and down quarks may pair in the two-flavor superconducting (2SC) phase.
Other possible condensation patterns include the CFL-K0 phase [32] and the color-spin locked (CSL)
phase [33]. The magnitude of the gap energy lies between ∼ 50 and 100 MeV. Color superconductivity,
which modifies the equation of state at the order (∆/µ)2 level [34, 35], thus changes the volume energy
by just a few percent. Such a small effect can be safely neglected in present determinations of models for
the equation of state of neutron star matter and strange star matter. This is different for phenomena
involving the cooling by neutrino emission, the pattern of the arrival times of supernova neutrinos,
the evolution of neutron star magnetic fields, rotational (r-mode) instabilities, and glitches in rotation
frequencies of pulsars (see Refs. [26, 27, 36, 37, 38, 39, 40] and references therein). Aside from neutron
star properties, an additional test of color superconductivity may be provided by upcoming cosmic ray
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Low-energy degrees of freedom are very different for different phases, therefore transport 
properties can discriminate between different phases more efficiently. 

•Mass-Radius depends on the EoS
•Transport properties (e.g. emissivity, viscosity (shear, bulk), conductivity (electrical, 
thermal), . . .) depend on the low energy degrees of freedom 
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Pressure modes (p-modes and f-modes): frequencies in the 1000-10 000 Hz range. Powered 
by internal pressure fluctuations.

Shear-dominated modes (t-modes and s-modes): frequencies larger than ~30 Hz. The 
overtones in the kHz range.

Gravity modes (g-modes): frequencies in the 1-100 Hz range (in the slow rotation limit), 
buoyancy as their restoring force. 

Inertial modes: Appear in a rotating star. The restoring force of the pulsations is provided by 
the Coriolis force. They have both significant toroidal (axial) and spheroidal (polar) angular 
displacements.

r-modes: A well-known subset of the inertial modes. They are principally toroidal (axial). The 
pressure and energy density perturbations are small compared to the velocity perturbations.

Non-radial oscillations of neutron stars

ωr = 2mΩ/(l(l + 1))
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• Retrograde in the co-rotating frame of 
the star and prograde according to a 
distant observer --> they emit positive 
angular momentum in the form of 
gravitational waves but since they have 
negative angular momentum in the co-
rotating frame of the star, their 
amplitude grows due to emission of 
gravitational radiation.

• Spin-down torque on the star

• Modes damped by viscous processes 
(shear, bulk), depends on phases of 
dense matter.  

• Viscous damping heats the star.  

Side viewPolar view

mode pattern

star

r-mode oscillations of neutron stars
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The fastest process dominates!

1

τ
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The amplitude of the r-mode evolves as eiωt− t
ττ

τ

R-mode is unstable as long as its growth 
time is shorter than the damping time due 
to the viscosity, i.e. when the damping 
timescale    is negative.

τGR

τS
τB

:Gravitational radiation timescale
:Shear viscosity timescale
: Bulk viscosity timescale

Alford, Mahmoodifar, Schwenzer, J.Phys.G37:125202

Damping timescale
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The observations of global oscillations of neutron stars  can provide a powerful 
probe of their interior properties, similar to helioseismology.

Alford, Mahmoodifar, Schwenzer, Phys.Rev.D 85, 024007

ωi = mΩ− ωr

Oscillation frequency
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1) Pulsation modes can modulate the temperature distribution 
across the neutron star surface, coupled with spin can produce 
flux modulation at mode’s inertial frame frequency.

2) Surface motions induced by a particular oscillation mode 
can perturb the X-ray emitting hot-spot.

• Since hot-spot rotates with the star, the modulation frequency seen by a distant 
observer is the co-rotating frame frequency. 

• Most relevant for quasi-toroidal modes (such as the r- and g-modes) in 
which the dominant motions are transverse. 

How the presence of non-radial oscillations might be inferred 
from observations?
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http://imagine.gsfc.nasa.gov

Accreting Millisecond X-ray Pulsars

Accretion-powered millisecond X-ray pulsars 
(AMXPs) show small-amplitude X-ray oscillations 
with periods equal to their spin periods. 

  Accretion stream close to spin axis –> X-ray hot-spot
  Spin modulation –> pulsations
 (Lamb et al. 2009, Patruno & Watts 2011)
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• Surface displacements generated by pulsation 
modes can periodically distort the X-ray 
emitting hot-spot (Numata & Lee 2010).

• Distortion is maximized for modes with 
dominant transverse (quasi-toroidal) 
displacements, such as g-modes and r-modes.

Outer boundary of a deformed hot-spot 

• Light curves produced by an unperturbed 
(circular) hot-spot (blue) and one perturbed by 
the l=m=2 r-mode (red).

•                      Hz,                      , R = 11 km,
  Observer's inclination angle= 
νspin = 435 M = 1.4M⊙

π/3.
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Normalized Fourier amplitudes for light curves from a hot spot 
perturbed by an l=m=2 r-mode

A=0.001

A=0.01

Re(ξ)

R
= [Ξr(θ)êr + Ξθ(θ)êθ]cos(mφ+ ωt)− Ξφ(θ)êφsin(mφ+ ωt)

ξ: r-mode displacement vector at the surface 

A=max(|Ξθ|, |Ξφ|)

Numata & Lee (2010)

  Since the hot-spot rotates with the 
star, the modulation frequency 
seen by a distant observer is the 
co-rotating frame frequency of 
the mode.

Observed modulation, aj, can constrain A. 
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Pulsation Searches: 

435 Hz spin frequency
42.4 min orbital period

XTE J1751-305 

XTE J1814-338

NGC 6440 X-2
205.89 Hz spin frequency 
57 min orbital period 

314.36 Hz spin frequency 
4.275 hr orbital period

4U 1636-536 
582 Hz spin frequency 
3.8 hr orbital period
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XTE J1751-305

• Light curve in the 2 - 60 keV band from XTE 
J1751-305 used in our pulsation search.

• These data span the brightest portion of the 
outburst onset.

• Use orbit model to remove time delays associated 
with neutron star’s orbital motion. 

• Observer is effectively at the binary’s center of 
mass. 
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Targeted search in the frequency range where r-
modes (and g-modes) are theoretically expected.

XTE J1751-305

0.573νspin = 249.33 Hz

 Search for coherent signal, compute single FFT 
power spectrum, 230 light curve bins.

Implied modulation amplitude of 7.5 x 10-4, 
signal coherent over ~ 5 day light curve. 

Estimated significance: 1.6× 10−3

 Slightly better than a       detection!3σ
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Possible mode identifications for J1751:

• Surface g-modes 

• Inertial modes

• Core r-modes?
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• High luminosity (high counting rate in the PCA) and long duration

• Orbit constraint derived from the 582 Hz pulsations enables a coherent search by 
removal of the phase delays due to the neutron star’s orbital motion

• The thermonuclear burning provides a plausible mechanism for the excitation of modes 
(the so-called ϵ-mechanism), and the shock wave produced by detonation of the carbon 
fuel which powers the superburst is also likely to excite wave motions at or near the 
surface

A Coherent Mode Search During the Superburst from 4U 
1636-536 

Superburst: Rare, energetic X-ray flares observed from LMXBs that are 
believed to be caused by unstable thermonuclear burning of a carbon-rich layer 
formed from the ashes of normal Type I X-ray bursts.

Wednesday, July 16, 2014



16

4U 1636-536

Light curve of the portion of February 22, 2001 thermonuclear superburst 
from 4U 1636-533 used in our pulsation search, along with the orbital 
frequency model used to correct the event times (red curve).
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1.43546× νspin

Estimated significance: 2.5× 10−4

exp(−49.3/2)×Ntrials=exp(−49.3/2)× (4× 3.17× 106)

4U 1636-536
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Comparing the frequencies identified in J1751-305 and 4U 
1636-536 

For the AMXP source the modulation mechanism is likely due to oscillation-induced 
perturbations to the hot-spot fixed in the rotating frame of the star                  
modulations at the co-rotating frame frequencies.

For the superburst, where the whole surface is emitting, the stellar surface emission can 
be modulated by a mode, perhaps due to local variations in the temperature           
modulations at the inertial frame frequencies.

ωi = mΩ− ωr

ωr/Ω = 2− 1.43546 = 0.56454

This is very close to the candidate frequency ratio of 0.57276 we identified in the 
AMXP XTE J1751-3052 , suggesting that the frequencies identified in the two sources 
could perhaps be associated with the same oscillation mode

For an m=2 mode:

Wednesday, July 16, 2014
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Possible mode identifications for J1751:

• Surface g-modes 

• Inertial modes

• Core r-modes?
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Possible mode identifications for J1751:
Surface g-modes

Rotationally-modified g-modes associated with a helium-rich surface layer or a density 
discontinuity due to electron captures on hydrogen in the accreted ocean.

• Orbital period of J1751 ~ 42min           Ultracompact system with a likely helium-rich donor 

• Non-rotating mode frequencies 20 – 30 Hz, but modes modified by fast rotation (Bildsten et al. 1996; Piro & 
Bildsten 2004).

Consistent with:

(l=m=1) and (l=2, m=1) thermal g-mode in a helium-rich atmosphere

Issues: 
Excitation for high accretion rates, but J1751 at               .
Fast rotation “squeezes” displacements closer to equator, can mode modulate hot spot closer to pole? 

< ṀEdd
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Possible mode identifications for J1751:
Core r-modes

The co-rotating frame frequency of the r-modes in the slow-rotation limit is given by                                 . 

                        core r-modes (the most unstable ones) –>

Larger than the frequency of the candidate signal at                           .

l = m = 2 ω0 = (2/3)Ω

ω = 0.5727Ω

• r-modes are influenced by the solid crust, avoided crossings with torsional modes can push 
frequency below 2Ω/3 (Yoshida & Lee 2001). 

• The relativistic effects (gravitational redshift + frame-dragging) tend to lower the rotational 
frame frequency (Lockitch, Friedman & Andersson 2003).

To first post-Newtonian order 

                                                    (reasonable mass and radius for a neutron star gives                     )
 
Andersson, Jones & Ho 2014, MNRAS, 442, 1786 

κ =
2

3
[1− 8

15
(
M

R
)]

κ = κN + δκGR + δκrot κ ∼ 0.573

ω0 = 2mΩ
l(l+1)
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A=0.001

A=0.01

A=max(|Ξθ|, |Ξφ|) A∼ α/2

AJ1751 � 7× 10−4

dα

dt
= −α[

1

τV
+

1

τGW
]

dΩ

dt
= −2Q

Ωα2

τV

dΩ

dt
|J1751 = −1.3× 10−9

• This would dominate the accretion spin-up rate and 
therefore is inconsistent with the observations (Patruno & 
Watts 2012)!
• Candidate oscillation unlikely to be a global r-mode!? 

Is the r-mode scenario consistent with the spin evolution of 
J1751?
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Eigenfunctions of an unstable l′ = m = 2 r-mode 
with the ratio                     at                            for a 
1.4M⊙ neutron star model with the shear modulus                                             
                    .

κ ∼= 0.6567

µcrust = µ0

νspin = 435Hz

A strong amplification of the amplitudes 
between the fluid core and the surface fluid 
ocean,

famp ≡ αsurface/αcore ∼ 102

U. Lee 2014 (arXiv:1403.3476)

Eigenfunctions of an unstable l=m=2 r-mode in a fast rotating 
NS with a solid crust
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Future capabilities: NICER and LOFT

• Sensitivity for coherent search scales ~ 1 / (Ntot)1/2.

• LOFT/LAD 10-12 m2 (3 – 15 keV)

• 20-30 x count rate of RXTE/PCA

• Likely can reach aamp ~ 1 – 2 x 10-5

•  NICER has smaller effective area than RXTE, but it 
may detect a brighter source or a longer observation 
time

• NICER enables searches for oscillation modes in 
rotation-powered pulsars.
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Conclusion and Outlook

• Detection of global neutron star oscillation modes would open a new window on neutron 
star interiors.

• Even small mode amplitudes may influence the X-ray flux at measurable levels.

• Confirmation of candidate in J1751, and other source detections would be important.

• Additional searches using the RXTE data in more AMXPs underway (including SAX 
J1808).

• Light curve calculations for g-modes, to explore “visibility” of modes squeezed closer to 
equator. 

• Larger collecting areas, more photons needed to improve sensitivities, LOFT, and NASA’s 
NICER can contribute.
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LMXBs inside the r-mode instability region of normal 
hadronic stars with APR EoS!

Unstable region

Mahmoodifar & Strohmayer,  ApJ 773, 140 (2013)
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Upper bounds on the r-mode amplitude

Mahmoodifar & Strohmayer,  ApJ 773, 140 (2013)

We assume that in thermal equilibrium, the quiescent NS luminosity is powered 
by dissipation from a steady-state r-mode.

Wd(α) = Lν(T ) + Lγ(T )

Reheating due to r-mode dissipationWd(α) =
−2Ermode

τGR
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NGC 6440 X-2 & XTE J1814-338

• Pulsar observed in only 4 RXTE 
orbits (not as much data as for 
J1751 and J1814).

• No candidate signals detected,  
with upper limits on the 
modulation amplitude of ~3 x 10-3.

• Pulsar has strong first harmonic.

• Carried out similar search as for 
J1751.  No candidate signals found. 
Set upper limit on amplitude of 
~8x10-4 .

NGC 6440 X-2

XTE J1814-338
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Estimated significance: 1.6× 10−3

 Slightly better than a       detection!3σ

Probability to exceed a given Leahy-normalized Fourier power in a 
single trial.
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Possible mode identifications for J1751:
Inertial modes

Passamonti et al. (2009)

Yoshida & Lee (2000)

• More realistic equations of state
• Solid crust
• Higher spin rates 

Similar to the global r-modes these inertial modes 
will likely have appreciable surface amplitudes 
closer to the rotational poles than the surface based, 
rotationally modified g-modes
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Constraints on the component masses of 4U 1636-536 assuming a projected neutron 
star velocity of                                     (inferred from the coherent mode frequency 
detection).

134.5± 0.2 km s−1

Constraints on the component masses of 4U1636-536
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