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Outline 

  QCD at Low Energies and the Lattice 
  Nuclear Effective Field Theories 
  EFT for Lattice Nuclei 
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Derivation of nuclear physics consistent with 
Standard Model (SM) of particle physics 
o correct  symmetries 
o systematic  

Why? 

Goal 

 Nucleus as the simplest complex system: 
     quarks and gluons interacting strongly,  
     yet exhibiting many regularities 

 Nucleus as a laboratory:  
     properties of the SM and beyond 

 QCD at large distances an unsolved part of the SM 
 tools for non-perturbative quantum (field) theories, 
     e.g. cold atoms 

 nuclear matrix elements for symmetry tests 
 reaction rates for nucleosynthesis 
 equation of state for stellar structure 
 variation of parameters for cosmology 
 … 
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For Q ~ m, truncate … 

“power counting” 

    non-analytic,   
from loops 

normalization 

… consistently with RG invariance: 

controlled model independent 

MΛ >


want 
If so 

realistic estimate of errors comes from variation [ ),MΛ∈ ∞

Effective Field Theory How? 

“low-energy 
constants” 

counting index depending 
on properties of interactions    arbitrary regulator 
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Lattice QCD 

L l

l

lattice “model space” 

path integral solved with 
Monte Carlo methods, 

typically for unrealistically 
large quark masses 
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nucleon 

1 0.3 fmQCDM ≈

1 QCDl M

1 1.4 fmmπ ≅

1L mπ
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nucleus 

( ) 1 3 1 31.2 fmR m f mA Aπ π πρ ≈

1 0.3 fmQCDM ≈

1 QCDl M

1 3L mA πρ
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two-step strategy 

1 0.3 fmQCDM ≈

1 QCDl M

3,4A a≤ 

300,400 MeVm Mπ π≥ 

I)  fit LECs for  

( ) 1 3M MaL fπ π πρ

1 Mπ

( ) 1 3aM f Mπ π πρ
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1 0.3 fmQCDM ≈

two-step strategy 

any A
any mπ

II)  solve EFT for  

1 mπ

( ) 1 3Am f mπ π πρ
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Pionful (Chiral) EFT 

• degrees of freedom: nucleons, pions, Deltas (+ Roper + ?) 
 

 
 
• symmetries: Lorentz, P, T, chiral 

 
 
 
 

 
 
 
• expansion in: 
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other spin/isospin , 
more derivatives, 
powers of pion mass, 
Deltas (Ropers, …), 
few-body forces, 
etc. 

Extrapolation in pion mass 
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infrared  
enhancement 

AV

AV

A-nucleon reducible: 
A-nucleon irreducible 

vs. 

Nuclear scale arises in QCD 
due to spontaneous  

chiral symmetry breaking 

Weinberg ’90, ‘92 
Ordonez + v.K.  ’92 

… 

(modulo 
renormalization…) 



13 

(0)
2T = (0)

2V + 

(0)
2T

(0)
2V

(0)
2V = + + 

1s =
2l ≤

+ = + + 

(0)
2T

(0)
2T

(0)
2T

(2)
2V(2)

2T
(2)

2V

(2)
2V

(2)
2V

(0)
2T

+ + + + 

1s =
2l ≤

(2)
2V = 

enough to renormalize 
singular perturbations 

Long + v.K. ’07 
Pavón ’11 

… 
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LO 

NLO 

needed to 
renormalize OPE 

etc. 

Nogga, Timmermans + v.K. ’05 
Pavón + Ruiz-Arriola ‘06 

… 

few-body forces? 
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Beane, Bedaque, Savage + v.K. ’02 
Beane + Savage ’03 

Epelbaum + Meissner ‘03 
…                                    

unitarity 
limit 

incomplete 
NLO 

( )QCDm Mπ
∗

Beane et al. ‘13 

450 MeVΛ =

square-well regularization 
range 1 Λ

140 MeVmπ 

800 MeVΛ =

lattice 

varying only explicit pion mass, BUT 
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4 4.4 0.2l = ±

1
1 1 GeVc −≈ −

2
18 1GeVd −≈ −

Colangelo et al. ‘01 

Meissner ‘00 

Fetter + Meissner ‘00 
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Beane, Bedaque, Savage + v.K. ’02 
Beane + Savage ’03 

Epelbaum + Meissner ‘03 
…                                    

m m
m

π π
π π

π

µ µ
∗

∗ℵ
−

<

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cf. atoms as magnetic field varies 

Scale                                  emerges 

QCD with                     
near a Feshbach resonance 

in pion mass 

unitarity 
limit 

incomplete 
NLO 

( )QCDm Mπ
∗

Beane et al. ‘13 

140 MeVmπ 

800 MeVΛ =

450 MeVΛ =

square-well regularization 
range 1 Λ

140 MeVmπ 

800 MeVΛ =

lattice 
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1 4.5 fmℵ

1 2 fmπµ 

140 MeVmπ 

500 MeVmπ e.g. 

e.g. 

m m
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1m m
m

π π
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−
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mπ πµ <



Pionless EFT 

• degrees of freedom: nucleons 
 
• symmetries: Lorentz, P, T 

 
 
 
 
 
 
 

 
• expansion in: 
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Universality: 
first orders 
apply also to 

neutral atoms 

1hi vdWM l

4

6( )
2

vdW

at

V
r

l
m

r = − +where 

Bedaque, Hammer 
+ v.K.  ’99 ’00 

Bedaque, Braaten 
+ Hammer ’01 

… 
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singular perturbations 
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… 
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… 
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Bedaque, Hammer + v.K. ’99 ’00 
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fermions with more than two states 

0 1.0064...s =

periodicity 

discrete 
scale 

invariance 

limit cycle! 
cf. Wilson ‘71 
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Extrapolation in nucleon number 

QCDm Mπ 

QCDm Mπ 

Pionful EFT 

Pionless EFT 

+ any “exact” ab initio method 

1) truncate EFT expansion at desired order 
2) solve Schrödinger equation for low A at fixed cutoff 
    (exactly for LO, subLOs in perturbation theory) 
3) fit LECs to selected lattice input 
4) solve Schrödinger equation for larger A 
5) repeat steps 2-4 at other cutoffs 
6) obtain observables at large cutoffs 

That is, 



Experimental and LQCD data  

[5] Yamazaki et al. ‘12 
[6] Beane et al. ‘12    

Beane et al. ‘13                                    



23 

Nm

( )N Nm m m∆ −

mπ

( )2 4Nm B A A = 

140 500 800

630 540

940 1320 1630

30 80 90 120 130 210

530

( )Scales MeV



Experimental and LQCD data  

[5] Yamazaki et al. ‘12 
[6] Beane et al. ‘12    

Beane et al. ‘13                                    

* LO pionless fit:  

01 10 1,, ,Nm C C D
* 

* 

* 

Stetcu, Barrett + v.K. ‘06 
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Harmonic Oscillator 

As A grows, given computational power limits 
number of accessible one-nucleon states 

2

1

Nm b

maxN

4A >


IR cutoff 

“No-Core Shell Model” 
Lattice Box 

2

2
Nm L
π

nuclear matter 
Stetcu et al.  ’06 

… 
Mueller et al.  ’99 

finite nuclei 
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Lϋscher ‘91 
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Pionless EFT: LO 

max 16N ≤

Stetcu, Barrett + v.K. ‘06 

(parameters fitted to d, t, a ground-state binding energies) 

max 8N ≤

within ~10% [ ]MeVω [ ]MeVΛ

works within ~30% 

3 spin-1/2 
particles 

. .g s J π

max 30N <


Bonus: 
Stetcu, Barrett , Vary + v.K. ‘08 



Experimental and LQCD data  

[5] Yamazaki et al. ‘12 
[6] Beane et al. ‘12    

Beane et al. ‘13                                    

* 

* 

* 

* 

LO pionless fit:  

01 10 1,, ,Nm C C D

Barnea, Contessi, Gazit 
+ Pederiva + v.K. ‘13 
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Ab initio methods employed 

 Effective-Interaction Hyperspherical Harmonics (EIHH) 

 Auxiliary-Field Diffusion Monte Carlo (AFDMC) 

Barnea et al. ’00’ 01                                   

Schmidt + Fantoni ‘99                                    

 hyperspherical coordinates: hyperradius + 3A-4 hyperangles 
 model space: hyperangular momentum K ≤ Kmax 
 wavefunction: expanded in antisymmetrized spin/isospin states 
 effective interaction: Lee-Suzuki projection to subspace “in medium” 
 extrapolation: Kmax -> ∞ 

 integral equation for evolution of wavefunction in imaginary time τ   
    in terms of Green’s function (diffusion) 
 two- and more-body operators linearized by auxiliary fields 
    (Hubbard-Stratonovich transformation) 
 trial wavefunction  probed stochastically with weight given by 
    the Green’s function 
 lowest-energy state with symmetry of trial wavefunction  
    projected onto as τ --> ∞ 
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Barnea, Contessi, Gazit, Pederiva  + v.K. ’13                                    



30 

Barnea, Contessi, Gazit, Pederiva  + v.K. ’13                                    

Tjon line 

( )3
1( ) 1.2 0.5 fmSa = ±

cutoff variation 2 to 14 fm-1 

varying 
 
at fixed 

1D

01 10,C C



[5] Yamazaki et al. ‘12 
[6] Beane et al. ‘12    
[This work] Barnea et al. ‘13                                 

* 

Barnea, Contessi, Gazit, Pederiva  + v.K. ’13                                    

• no excited states for A =2,3,4 
• no 3n droplet 

predictions 
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What next? 

 NLO at mπ = 805 MeV 
 

 LO at mπ = 510 MeV 
 

 larger A with AFDMC 
 

 hypernuclei 
 

 chiral EFT at lower pion masses when available 
 

 … 
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Conclusion 

EFT allows controlled extrapolations of lattice results 
in both pion mass and nucleon number 

EFT is constrained only by symmetries and thus 
can be matched onto lattice QCD 

World at large pion mass might be just a denser 
version of ours 

First, proof-of-principle calculation carried out  
at mπ ≈ 800 MeV with pionless EFT 
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