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• Experimentally achievable in the cold-atom system  

‣ Tunable dimensionality & interactions: 
!

!

!

!

!

!

‣ Different atomic species (fermions or bosons)

Qu: How does confinement impact 
few-body bound states?
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Making a quasi-2D Fermi gas

⌘ A stack of pancake shaped gases created by imposing a 1D optical
lattice on a 3D atomic gas, Vlat = V0 sin2(kLz)

⌘ Close to the centre of the pancake Vlat ⇠ z2, oscillator potential

⌘ Strong harmonic confinement in one direction: !z � !x = !y

⌘ Tune between 2D and 3D via optical lattice depth, V0

⌘ Dimensionality depends on "F
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⌘ Interactions depend on "B
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Quasi-2D geometry



OUTLINE
✦ Identical bosons in 3D — The Efimov effect  

✦ Evolution towards 2D 

• Quasi-2D geometry 

✦ Three-boson problem in quasi-2D 

• Trimer spectra & wave functions 

• Hyperspherical potentials 

✦ Two-component quasi-2D Fermi system 

✦ Conclusions



Identical bosons in 3D
• V. Efimov (1970): Three identical bosons with resonant short-range 

interactions (1/a=0) support an infinite number of trimers 

•  Experimental evidence: Gas of Cs atoms (Kraemer et al, Nature 2006) 
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Fig. 23. The a−1–K plane for the 3-body problem. The allowed regions for 3-atom scattering states and atom–dimer scattering states are labelled
AAA and AD, respectively. The heavy lines labeled T are three of the infinitely many branches of Efimov states. The cross-hatching indicates the
threshold for scattering states. The axes labelled 1/a and K are actually H 1/4 cos ! and H 1/4 sin !.

where f (x) is a periodic function with period 2". As another example, the binding energies of the Efimov trimers
scale as E

(n)
T → #−2m

0 E
(n)
T . The constraints of the discrete scaling symmetry are more intricate in this case, because it

maps each branch of the Efimov spectrum onto another branch. The dependence of the binding energies on a and $∗
must satisfy

E
(n)
T (#m

0 a, $∗) = #−2m
0 E

(n−m)
T (a, $∗). (176)

This implies that the binding energies for a > 0 have the form

E
(n)
T (a, $∗) = Fn(2s0 ln(a$∗))

22$2
∗

m
, (177)

where the functions Fn(x) satisfy

Fn(x + 2m") = (e−2"/s0)mFn−m(x). (178)

The functions Fn(x) must also have smooth limits as x → ∞:

Fn(x) → (e−2"/s0)n−n∗ as x → ∞. (179)

In the 3-body problem, it is again convenient to introduce the energy variable K defined by Eq. (69). For a given value
of $∗, the possible low-energy 3-body states in the scaling limit can be identified with points in the (a−1, K) plane. It
is also convenient to introduce the polar coordinates H and ! defined by Eqs. (70). The discrete scaling transformation
in Eqs. (173) is simply a rescaling of the radial variable with $∗ and ! fixed: H → #−m

0 H .
The a−1–K plane for three identical bosons in the scaling limit is shown in Fig. 23. The possible states are 3-atom

scattering states, atom–dimer scattering states, and Efimov trimers. The regions in which there are 3-atom scattering
states and atom–dimer scattering states are labelled AAA and AD, respectively. The threshold for scattering states is
indicated by the hatched area. The Efimov trimers are represented by the heavy lines below the threshold, some of
which are labelled T. There are infinitely many branches of Efimov trimers, but only a few are shown. They intercept the
vertical axis at the points K =−(e−"/s0)n−n∗$∗. Although we have labelled the axes a−1 =H cos ! and K =H sin !, the
curves for the binding energies in Fig. 23 actually correspond to plotting H 1/4 sin ! versus H 1/4 cos !. This effectively

Braaten & Hammer, Phys. Rep. 2006

• Three-body problem has discrete scaling 
symmetry:  

!

!
• Trimers can be mapped onto another via 

transformation: 

!

• Trimer energies at resonance:

E ! ��2n
0 E a ! �n

0a

���2n
0

~22
⇤

m

�0 ' 22.7



Identical bosons in 2D

• Only two universal trimers:

Two-body binding energy

Bruch & Tjon, PRA 1979

�16.5|Eb|

�1.27|Eb|

‣ Dimers and trimers always exist for arbitrarily weak 
attractive interactions 

‣ Three-body problem exhibits a continuous scaling symmetry

Eb = � ~2
ma22D



Evolution from 3D to 2D?
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Quasi-2D system
• Harmonic confinement along z: 

• Generated by optical lattice or trap in experiment 

• Bose gas is kinematically 2D when  

• Two-body problem:

V (z) =
1

2
m!2

zz
2

Making a quasi-2D Fermi gas

⌘ A stack of pancake shaped gases created by imposing a 1D optical
lattice on a 3D atomic gas, Vlat = V0 sin2(kLz)

⌘ Close to the centre of the pancake Vlat ⇠ z2, oscillator potential

⌘ Strong harmonic confinement in one direction: !z � !x = !y

⌘ Tune between 2D and 3D via optical lattice depth, V0

⌘ Dimensionality depends on "F
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⌘ Interactions depend on "B
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‣ Confinement raises threshold of free atom continuum 

‣ Always have a two-body bound state 

‣ Obtain 2D limit when interactions are weak 

• Two-body binding energy

Quasi-2D system

|a| ⌧ lz

Petrov & Shlyapnikov, PRA 2001 
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FIG. 1: Shape of the trimers under confinement. The
aspect ratio 2hZ2i/h⇢2i for the two deepest trimers is shown
as a function of interaction for two di↵erent confinement
strengths Cz, where ⇢ is the separation of an atom and a
pair in the x-y plane, and Z is the separation in the con-
fined direction (see main text). The deepest trimer (solid
lines) only exists in 3D for |a�|/a � �1, as depicted by the
shaded region. Here we see that the aspect ratio is close to
1, indicating that the trimer wavefunction resembles the 3D
Efimov state. However, outside the trimer’s regime of ex-
istence in 3D, the aspect ratio quickly decreases, indicating
that the trimer spreads out in the 2D plane. Crucially, the
change in aspect ratio as a crosses a� is more gradual for the
stronger confinement, resulting from a stronger coupling be-
tween trimers of a 2D and 3D character. The deepest trimer
eventually approaches the 2D asymptotic limit (dotted lines),
where hZ2i = 3l2z/4 and h⇢2i = 0.20/(m|Eb|). A similar pic-
ture emerges for the first excited trimer (dashed lines), but
the aspect ratio here is much smaller than 1 even away from
the 2D limit. The shape of the deepest trimer is illustrated
in the insets, which show surface density plots of the squared
wavefunction evaluated at the points marked by filled circles.

in this manner in Fermi gases [12, 13]. For temperatures
T ⌧ !z (we set ~ = kB = 1), non-interacting bosons
will occupy the lowest harmonic oscillator level and will
thus be kinematically 2D. However, in the presence of
boson-boson interactions, the particles may virtually ex-
plore all excited states of the harmonic potential; thus
we refer to the confined system as quasi -two-dimensional
(q2D). An advantage of the harmonic potential is that
one can decouple the centre-of-mass motion from the rel-
ative motion of the particles, so in the following we ignore
the centre-of-mass contribution.

The e↵ect of q2D confinement is twofold: it introduces
an extra length scale, lz =

p
1/m!z, and it raises the

threshold of the three-atom continuum from 0 to !z. As-
suming that lz and the scattering length a greatly exceed
the van der Waals range of the interaction, the two-body
problem is then completely parametrised by the dimen-
sionless quantity lz/a, and there is always a dimer bound
state, in contrast to the 3D case. For weak interactions
lz/a ⌧ �1, we recover the 2D limit with dimer binding

energy Eb = � B
m⇡l2

z

e

p
2⇡l

z

/a, where B ⇡ 0.905 [14], while

for strong interactions lz/a � 1 (or weak confinement),
this evolves into the 3D binding energy, �1/ma

2 (see
Methods). The latter corresponds to the regime where
the dimer is much smaller than the confinement length
lz and is therefore barely perturbed by the confinement.
The three-body problem, however, requires the ad-

ditional length scale 1/⇤, which is set by the short-
distance physics and fixes the 3D trimer energies in the

resonant limit: E

(n)
T ⇡ ��

�2n
0 

2
⇤/m, with n a positive

integer and �0 ' 22.7 [2]. A more natural quantity
to consider in the cold-atom context is the scattering
length a� < 0 at which the deepest Efimov trimer crosses
the three-atom continuum: this crossing leads to an en-
hanced three-body loss rate in the Bose gas, which is
the main observable in experiment [5, 15–17]. More-
over, there is a remarkable universal relationship be-
tween a� and the van der Waals range [18–20]. Thus,
we characterise the three-body problem using the inter-
action parameter |a�|/a and the confinement parameter
Cz ⌘ |a�|/lz. Together, these determine how 2D or 3D
a trimer is, as encoded in the aspect ratio displayed in
Fig. 1. In particular, we see that when |a�|/a < �1 and
there are no Efimov states in 3D, the two deepest trimers
still persist under confinement and become substantially
flattened within the x-y plane. Note that we only con-
sider confinements Cz  1, since Cz � 1 will make our
results nonuniversal and sensitive to the details of the
short-range interactions.

To determine the trimer wave functions and energies,
we use the Skorniakov–Ter-Martirosian (STM) equation,
first introduced in the context of neutron-deuteron scat-
tering [21]. This takes advantage of the short-range na-
ture of the two-body interaction to describe the three-
body problem in terms of the relative motion of an atom
and a pair. The equation has previously been extended
to a q2D geometry for two species of fermions [22, 23].
In the case of three identical bosons, the STM equation
for the q2D atom-dimer vertex � becomes

T �1 (k1, E3 � ✏k1 �N1!z)�
N1
k1

= 2
X

k2,N2,n23,n31

fn23fn31hN1n23|N2n31ie�(k2
1+k2

2)/⇤
2

�

N2
k2

E3 � ✏k1 � ✏k2 � ✏k1+k2 � (N1 + n23)!z
.

(1)

Here, the T-matrix T describes the repeated interaction
of two atoms, E3 is the energy measured from the three-
atom continuum threshold, and ✏k = k

2
/2m. ki is the

relative momentum of atom i with the pair (j, k) and
we consider cyclic permutations of (i, j, k) = (1, 2, 3).
Defining the relative motion in the z-direction of two
atoms, zij = zi � zj , and of an atom and a pair,
zi,jk = z

j

+z
k

2 � zi, the corresponding harmonic oscillator
quantum numbers are nij and Ni. Then hN1n23|N2n31i
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Fig. 23. The a−1–K plane for the 3-body problem. The allowed regions for 3-atom scattering states and atom–dimer scattering states are labelled
AAA and AD, respectively. The heavy lines labeled T are three of the infinitely many branches of Efimov states. The cross-hatching indicates the
threshold for scattering states. The axes labelled 1/a and K are actually H 1/4 cos ! and H 1/4 sin !.

where f (x) is a periodic function with period 2". As another example, the binding energies of the Efimov trimers
scale as E

(n)
T → #−2m

0 E
(n)
T . The constraints of the discrete scaling symmetry are more intricate in this case, because it

maps each branch of the Efimov spectrum onto another branch. The dependence of the binding energies on a and $∗
must satisfy

E
(n)
T (#m

0 a, $∗) = #−2m
0 E

(n−m)
T (a, $∗). (176)

This implies that the binding energies for a > 0 have the form

E
(n)
T (a, $∗) = Fn(2s0 ln(a$∗))

22$2
∗

m
, (177)

where the functions Fn(x) satisfy

Fn(x + 2m") = (e−2"/s0)mFn−m(x). (178)

The functions Fn(x) must also have smooth limits as x → ∞:

Fn(x) → (e−2"/s0)n−n∗ as x → ∞. (179)

In the 3-body problem, it is again convenient to introduce the energy variable K defined by Eq. (69). For a given value
of $∗, the possible low-energy 3-body states in the scaling limit can be identified with points in the (a−1, K) plane. It
is also convenient to introduce the polar coordinates H and ! defined by Eqs. (70). The discrete scaling transformation
in Eqs. (173) is simply a rescaling of the radial variable with $∗ and ! fixed: H → #−m

0 H .
The a−1–K plane for three identical bosons in the scaling limit is shown in Fig. 23. The possible states are 3-atom

scattering states, atom–dimer scattering states, and Efimov trimers. The regions in which there are 3-atom scattering
states and atom–dimer scattering states are labelled AAA and AD, respectively. The threshold for scattering states is
indicated by the hatched area. The Efimov trimers are represented by the heavy lines below the threshold, some of
which are labelled T. There are infinitely many branches of Efimov trimers, but only a few are shown. They intercept the
vertical axis at the points K =−(e−"/s0)n−n∗$∗. Although we have labelled the axes a−1 =H cos ! and K =H sin !, the
curves for the binding energies in Fig. 23 actually correspond to plotting H 1/4 sin ! versus H 1/4 cos !. This effectively

Three-body problem characterised 
by 2 dimensionless parameters:

Cz ⌘ |a�|/lz|a�|/a

1/a�



Three bosons in quasi-2D
✦ Hamiltonian:

Ĥ =
X

k,n

(✏k + n~!z)a
†
knakn

UV cut-off fixes       in 3-body problem

✦ Trimer wave function:



✦ Simplifying the calculation:

✦ Integral equation:
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FIG. 2: Spectrum of trimers calculated for two di↵erent confinement strengths, and the comparison with 2D
trimer energies. a, Trimer energies for lz/a� = �1 and b, for lz/a� = �2.5 (solid lines). We also show the trimer energies
in the 2D limit (dashed lines), and we see how the quasi-2D trimers approach these in the limit |as| . |a�|. For lz/a� = �2.5
we see a behavior reminiscent of a spectrum with an avoided crossing, as all trimer energies change abrubtly when as ⇡ a�
(marked by a vertical dotted line), while the middle trimer approaches the 2D energy of the deepest bound trimer for larger
values of the scattering length.

in unit volume)

T �1 (k1, E3 � ✏k1 �N1!z)�
N1
k1

= 2
X

k2,N2n23n31

fn23fn31hN1n23|N2n31ie�(k2
1+k2

2)/⇤
2

�

N2
k2

E3 � ✏k1 � ✏k2 � ✏k1+k2 � (N1 + n23)!z
.

(2)

Here, the factor 2 is a symmetry factor arising from the
indistinguishability of the bosons, the T -matrix T de-
scribes the repeated interaction of two atoms, fn

ij

is the
wavefunction of the relative motion evaluated at zij = 0,
and hN1n23|N2n31i is a Clebsch-Gordan coe�cient dis-
cussed below. The trimer energy E3 is measured with
respect to the three-atom continuum and is found as a
non-trivial solution of the above equation for �. Further
details may be found in the Methods.

The evaluation of the spectra from Eq. 2 presents a
considerable challenge: the energy levels of the harmonic
oscillator are evenly spaced while the physics we are de-
scribing is characterized by a discrete energy scaling of
e

2⇡/s0 ⇡ 515 in the limit of weak confinement. With the
aid of the selection rule N1 + n23 = N2 + n31, we thus
need to determine of the order of 5153 Clebsch-Gordan
coe�cients in order to properly characterize the initial
departure from the 2D limit. While Ref. [12] evaluated
the coe�cients through four successive two-body trans-
formations, the coe�cients may in fact be determined
directly by noting that hN1n23|N2n31i is the matrix ele-
ment of the eigenstates of two isotropic two-dimensional
harmonic oscillators, related by a rotation in the plane by
4⇡/3 as easily verified from the definition of the coordi-
nates. We then use Schwinger’s mapping [13] of the two-
dimensional isotropic harmonic oscillator to the SU(2)

representation of the angular momentum algebra. In this
representation one identifies the angular momentum op-

erators by J = 1
2

�
b

†
1 b

†
2

�
�

✓
b1

b2

◆
, with � the usual

Pauli spin matrices and b1 and b2 harmonic oscillator
operators. The eigenstates  of angular momentum are
then | (j,m)i = |j + m, j � mi, with j, m the usual
quantum numbers related to J

2 and Jz. In this basis,
the rotation corresponds exactly to the application of the
operator e�i(2⇡/3)J

y , and from the definition of Wigner’s

small d-matrix, d(j)m0m(�) ⌘ h (jm0)|e�i�J
y | (jm)i, we

conclude that the Clebsch-Gordan coe�cients are related
to the Wigner d-matrix by

hN1n23|N2n31i = d

(N1+n23
2 )

N2�n31
2 ,

N1�n23
2

(2⇡/3). (3)

This represents a major simplification of the three-body
problem, and allows the evaluation of a large number of
matrix elements.
Results It should come as no great surprise that the

energy of the deepest trimer shown in Fig. 1 is only
weakly modified by the confinement in its regime of exis-
tence in 3D. Indeed, universal theory predicts that on
resonance in 3D the size of the deepest trimer state
is

⌦
R

2
↵ ⇡ 1.1a2� [7], and thus when lz & |a�|, this

trimer may be expected to be only weakly perturbed
by the confinement. As a measure of the confinement
needed to remove any resemblance to the 3D spectrum,
we mention that our theory predicts that for 1/as = 0,
a trimer exists below the 3D continuum for confine-
ment lengths down to lz/as ⇡ �0.3; for 133Cs with
a� = �957a0 [8], this corresponds to a confinement fre-
quency !z ' 2⇡ ⇥ 330kHz. Here a0 is the Bohr radius.
While frequencies close to 100kHz have been used for
sideband cooling of 133Cs [14, 15], such strong confine-
ment clearly represents a considerable challenge. Thus
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FIG. 2: Spectrum of trimers calculated for two di↵erent confinement strengths, and the comparison with 2D
trimer energies. a, Trimer energies for lz/a� = �1 and b, for lz/a� = �2.5 (solid lines). We also show the trimer energies
in the 2D limit (dashed lines), and we see how the quasi-2D trimers approach these in the limit |as| . |a�|. For lz/a� = �2.5
we see a behavior reminiscent of a spectrum with an avoided crossing, as all trimer energies change abrubtly when as ⇡ a�
(marked by a vertical dotted line), while the middle trimer approaches the 2D energy of the deepest bound trimer for larger
values of the scattering length.

in unit volume)

T �1 (k1, E3 � ✏k1 �N1!z)�
N1
k1

= 2
X

k2,N2n23n31

fn23fn31hN1n23|N2n31ie�(k2
1+k2

2)/⇤
2

�

N2
k2

E3 � ✏k1 � ✏k2 � ✏k1+k2 � (N1 + n23)!z
.

(2)

Here, the factor 2 is a symmetry factor arising from the
indistinguishability of the bosons, the T -matrix T de-
scribes the repeated interaction of two atoms, fn

ij

is the
wavefunction of the relative motion evaluated at zij = 0,
and hN1n23|N2n31i is a Clebsch-Gordan coe�cient dis-
cussed below. The trimer energy E3 is measured with
respect to the three-atom continuum and is found as a
non-trivial solution of the above equation for �. Further
details may be found in the Methods.

The evaluation of the spectra from Eq. 2 presents a
considerable challenge: the energy levels of the harmonic
oscillator are evenly spaced while the physics we are de-
scribing is characterized by a discrete energy scaling of
e

2⇡/s0 ⇡ 515 in the limit of weak confinement. With the
aid of the selection rule N1 + n23 = N2 + n31, we thus
need to determine of the order of 5153 Clebsch-Gordan
coe�cients in order to properly characterize the initial
departure from the 2D limit. While Ref. [12] evaluated
the coe�cients through four successive two-body trans-
formations, the coe�cients may in fact be determined
directly by noting that hN1n23|N2n31i is the matrix ele-
ment of the eigenstates of two isotropic two-dimensional
harmonic oscillators, related by a rotation in the plane by
4⇡/3 as easily verified from the definition of the coordi-
nates. We then use Schwinger’s mapping [13] of the two-
dimensional isotropic harmonic oscillator to the SU(2)
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y , and from the definition of Wigner’s
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conclude that the Clebsch-Gordan coe�cients are related
to the Wigner d-matrix by
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This represents a major simplification of the three-body
problem, and allows the evaluation of a large number of
matrix elements.
Results It should come as no great surprise that the

energy of the deepest trimer shown in Fig. 1 is only
weakly modified by the confinement in its regime of exis-
tence in 3D. Indeed, universal theory predicts that on
resonance in 3D the size of the deepest trimer state
is
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↵ ⇡ 1.1a2� [7], and thus when lz & |a�|, this

trimer may be expected to be only weakly perturbed
by the confinement. As a measure of the confinement
needed to remove any resemblance to the 3D spectrum,
we mention that our theory predicts that for 1/as = 0,
a trimer exists below the 3D continuum for confine-
ment lengths down to lz/as ⇡ �0.3; for 133Cs with
a� = �957a0 [8], this corresponds to a confinement fre-
quency !z ' 2⇡ ⇥ 330kHz. Here a0 is the Bohr radius.
While frequencies close to 100kHz have been used for
sideband cooling of 133Cs [14, 15], such strong confine-
ment clearly represents a considerable challenge. Thus

Three bosons in quasi-2D 1

2

3

- Depends on only 2 parameters after dropping N (CoM)

- Wavefunction for atom-pair motion:

Levinsen, Massignan & MMP, arXiv:1402.1859



✦ The challenge: to describe the 3D regime with a discrete 
energy scaling of 515, we require > 5153 coefficients…

Clebsch-Gordon coefficients
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FIG. 2: Spectrum of trimers calculated for two di↵erent confinement strengths, and the comparison with 2D
trimer energies. a, Trimer energies for lz/a� = �1 and b, for lz/a� = �2.5 (solid lines). We also show the trimer energies
in the 2D limit (dashed lines), and we see how the quasi-2D trimers approach these in the limit |as| . |a�|. For lz/a� = �2.5
we see a behavior reminiscent of a spectrum with an avoided crossing, as all trimer energies change abrubtly when as ⇡ a�
(marked by a vertical dotted line), while the middle trimer approaches the 2D energy of the deepest bound trimer for larger
values of the scattering length.
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Here, the factor 2 is a symmetry factor arising from the
indistinguishability of the bosons, the T -matrix T de-
scribes the repeated interaction of two atoms, fn

ij

is the
wavefunction of the relative motion evaluated at zij = 0,
and hN1n23|N2n31i is a Clebsch-Gordan coe�cient dis-
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problem, and allows the evaluation of a large number of
matrix elements.
Results It should come as no great surprise that the

energy of the deepest trimer shown in Fig. 1 is only
weakly modified by the confinement in its regime of exis-
tence in 3D. Indeed, universal theory predicts that on
resonance in 3D the size of the deepest trimer state
is

⌦
R

2
↵ ⇡ 1.1a2� [7], and thus when lz & |a�|, this

trimer may be expected to be only weakly perturbed
by the confinement. As a measure of the confinement
needed to remove any resemblance to the 3D spectrum,
we mention that our theory predicts that for 1/as = 0,
a trimer exists below the 3D continuum for confine-
ment lengths down to lz/as ⇡ �0.3; for 133Cs with
a� = �957a0 [8], this corresponds to a confinement fre-
quency !z ' 2⇡ ⇥ 330kHz. Here a0 is the Bohr radius.
While frequencies close to 100kHz have been used for
sideband cooling of 133Cs [14, 15], such strong confine-
ment clearly represents a considerable challenge. Thus



✦ Extra length scale     removes weakest bound Efimov states 
✦ Discrete scaling symmetry is only exists for  
✦ Moderate confinements             :

Trimer spectra

- Deepest trimer persists and exists above 3D continuum
Cz ⌘ |a�|/lz

-1 -0.1 0 0.1

-10

-1

-0.1

0

0.1

1

133Cs: !z ⇡ 2⇡ ⇥ 5kHz

-1 -0.1 0 0.1 1

-10

-1

-0.1

0

0.1

1

!z ⇡ 2⇡ ⇥ 30kHz



✦ 2D limit recovered for small and negative scattering length 
✦ Two deepest trimers stabilised  

✦ Appearance of 3rd trimer for weaker confinement 
✦ Spectrum exhibits avoided crossings

Trimer spectra

Cz ⌘ |a�|/lz

133Cs: !z ⇡ 2⇡ ⇥ 5kHz !z ⇡ 2⇡ ⇥ 30kHz

-1 0
0.001

0.01

0.1

1

10

100

1000

-3 -2 -1 0 1

0.1

1

10



Hyperspherical potentials

-1

0

1

2

0

1

-2

-1

0

1

0.1 1 10 100 1000 0.1 1 10 100 0.01 0.1 1

4

-1 0
0.001

0.01

0.1

1

10

100

1000

-3 -2 -1 0 1

0.1

1

10

FIG. 3. Ratio between q2D trimer and dimer energies. The trimer energies (solid lines) are displayed as a function of interaction
for two di↵erent confinements: Cz = 0.4 (left) and Cz = 1 (right). In the limit |a�|/a . �1, the trimer energies converge to
the universal 2D results �16.5|Eb| and �1.27|Eb| [12] (dashed lines). For moderate confinement (left), we see evidence of an
avoided crossing resulting from the coupling between three ‘bare’ states: the two 2D trimers, and a third trimer which emerges
from the continuum at a ' a� (vertical dotted line).

resistant to thermal dissociation when T ⌧ !z.
Remarkably, the raised q2D continuum threshold also

stabilizes the two deepest trimers for weak interactions,
as clearly seen in Fig. 3. This results from the fact that
the trimers in 2D and 3D have the same s-wave symmetry
and thus Efimov trimers can smoothly evolve into long-
range 2D-like trimers, without any level crossings. In the
regime |a�|/a < �1, i.e., where no trimers exist in 3D,
we observe how a continuous scaling symmetry is recov-
ered and the trimer energies approach the universal 2D
results. For su�ciently weak confinement, we even ob-
tain avoided crossings, as clearly observed in Fig. 3 when
Cz = 0.4: here, a third trimer appears for a scattering
length close to a�, a remnant of the crossing of the deep-
est trimer with the continuum in 3D. This suggests that
we can have a superposition of 2D and 3D-like trimers;
this is made possible by the presence of a repulsive bar-
rier (see Fig. 4), as we discuss below. Once Cz & 0.5,
the third trimer disappears along with any pronounced
avoided crossings.

IV. THREE-BODY POTENTIALS AND
TRIMER WAVEFUNCTIONS

Considerable insight into the q2D spectra can be
gained from the adiabatic hyperspherical approach. This
has been developed for both 3D [6, 27] and 2D [28], and
in Appendix C we describe how this framework can be
suitably adapted to the intermediate q2D system. The
hyperspherical approach allows us to determine an e↵ec-
tive three-body potential V (R), where the hyperradius
R

2 = r

2
1+r

2
2+r

2
3 is defined in terms of the atom positions

ri at vanishing centre-of-mass coordinate. The poten-
tial appears in an e↵ective hyperradial Schrödinger equa-
tion

⇥�(1/2m)@2/@R2 + V (R)
⇤
f0(R) = (E3+!z) f0(R),

where we ignore all but the lowest scattering channel,

an approximation valid in the 3D regime R < lz, both
when R ⌧ |a| and R � |a|. For all other R, this should
at least provide a qualitative description — in particu-
lar, we recover 2D behaviour when R � lz. Note that
V (R) depends only on lz/a and makes no reference to the
three-body parameter. Therefore, one needs to supple-
ment this with a short-distance boundary condition on
the wavefunction, which is equivalent to fixing ⇤ or |a�|.

We show in Fig. 4 our calculated q2D hyperspheri-
cal potentials for |a�|/a < 0. At short distances, V (R)
matches the 3D potential, which is attractive ⇠ 1/R2 for
R ⌧ |a|. On the other hand, when R ! 1, the e↵ects
of confinement become apparent and V (R) ! !z � |EB |,
corresponding to the free motion of an atom and a dimer
within the plane. When lz/a . �2.5, the potential also
features a barrier at intermediate radii R ⇡ |a|, with
height ⇠ 0.15/ma

2. Approaching the limit lz/a ⌧ �1,
we see that V (R) at R � lz resembles the 2D hyper-
spherical potential [28], which features a centrifugal re-
pulsion and a long-range attractive tail with respect to
the continuum. This attraction gives rise to the two
trimer states that exist for arbitrarily weak interactions,
unlike the Efimov trimers in 3D. Note that this di↵ers
from the three-body problem under isotropic harmonic
confinement [29–32], where we expect V (R) ⇠ R

2 for
large R.
The presence of a repulsive barrier in the hyperspher-

ical potential means that trimer resonances at short dis-
tances can exist. This same feature is responsible for
the loss resonances in 3D when a ⇠ a�. For moderate
q2D confinement (e.g., Cz = 0.4 as shown in Fig. 4), it
gives rise to a superposition of short-range 3D-like and
long-range 2D-like trimer configurations. This is best
illustrated by considering the wavefunction  (⇢, Z) ⌘
R

3/2
P

k,N e

ik·⇢
�N (Z)�N

k , describing the relative motion

✦ When                   potential has repulsive barrier 
✦ For            , it resembles 2D hyperspherical potential 
✦ Superposition of 2D and 3D trimers! 

2D theory: Nielsen, Fedorov & Jensen, Few-Body Systems 1999
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Observation of scale invariance and universality in
two-dimensional Bose gases
Chen-Lung Hung1, Xibo Zhang1, Nathan Gemelke1{ & Cheng Chin1

The collective behaviour of a many-body system near a continuous
phase transition is insensitive to the details of its microscopic phys-
ics; for example, thermodynamic observables follow generalized
scaling laws near the phase transition1. The Berezinskii–
Kosterlitz–Thouless (BKT) phase transition2,3 in two-dimensional
Bose gases presents a particularly interesting case because the
marginal dimensionality and intrinsic scaling symmetry4 result in
a broad fluctuation regime and an extended range of universal
scaling behaviour. Studies of the BKT transition in cold atoms have
stimulated great interest in recent years5–10, but a clear demonstra-
tion of critical behaviour near the phase transition has remained
elusive. Here we report in situ density and density-fluctuation
measurements of two-dimensional Bose gases of caesium at different
temperatures and interaction strengths, observing scale-invariant,
universal behaviours. The extracted thermodynamic functions con-
firm the existence of a wide universal region near the BKT phase
transition, and provide a sensitive test of the universality predicted
by classical-field theory11,12 and quantum Monte Carlo calculations13.
Our experimental results provide evidence for growing density–
density correlations in the fluctuation region, and call for further
explorations of universal phenomena in classical and quantum
critical physics.

In two-dimensional (2D) Bose gases, critical behaviour develops in
the BKT transition regime, where an ordered phase with finite-range
coherence competes with thermal fluctuations and induces a continu-
ous phase transition from normal gas to superfluid with quasi-long-
range order3. In this fluctuation region, a universal and scale-invariant
description of the system is expected through the power-law scaling of
thermodynamic quantities with respect to the coupling strength and a
characteristic length scale12,14—for example, the thermal de Broglie
wavelength (Fig. 1a). Especially for weakly interacting gases at finite
temperatures, the scale invariance prevails over the normal, fluctuation
and superfluid regions because of the density-independent coupling
constant15 and the symmetry of the underlying Hamiltonian4.

In this Letter, we verify the scale invariance and universality of
interacting 2D Bose gases, and identify BKT critical points. We test
the scale invariance of in situ density and density fluctuations of 2D
gases of 133Cs at various temperatures. We study the universality near
the BKT transition by tuning the atomic scattering length using a
magnetic Feshbach resonance16 and observing a universal scaling
behaviour of the equation of state and the quasi-condensate density.
Finally, by comparing the local density fluctuations and the compres-
sibility derived from the density profiles, we provide strong evidence of
a growing density–density correlation in the fluctuation regime.

We begin the experiment by loading a nearly pure 133Cs Bose con-
densate of N 5 2 3 104 atoms into a single pancake-like optical poten-
tial with strong confinement in the vertical (z) direction and weak
confinement in the horizontal (r) direction17,18. The trapping potential,
V(r,z)~mv2

r r2=2zmv2
z z2=2, has mean harmonic trapping frequencies

vr 5 2p3 10 Hz and vz 5 2p3 1,900 Hz. Here, r denotes the radial
distance to the trap centre and m is the caesium atomic mass. In this

trap, the gas reaches temperatures as low as T 5 15 nK and a moderate
peak chemical potential, m0 , kBT. The ratio Bvz/m0 . Bvz/kBT < 6
indicates that the sample is deeply in the 2D regime with ,1% popu-
lation in the vertical excited states. Here, B5 h/2p, h is the Planck
constant, and kB is the Boltzmann constant. The 2D coupling constant
is evaluated according to g~

ffiffiffiffiffi
8p
p

a=lz (ref. 15), where a is the atomic
scattering length and lz 5 200 nm is the vertical harmonic oscillator
length. We control the scattering length a in the range 2–10 nm, result-
ing in weak coupling strengths g 5 0.05–0.26. Here, the density-
dependent correction to g (refs 15, 19) is expected to be small and
negligible (,2%).

We obtain in situ density distributions of 2D gases by performing
absorption imaging perpendicular to the horizontal plane with a com-
mercial microscope objective and a CCD camera18 (see Fig. 1b for
sample images). About 50 images are collected for each experiment
condition, and the average density n and the density variance dn2 are
evaluated pixel-wise (Methods). We obtain the radial density n(r) and
variance dn2(r) profiles (Fig. 2 insets) by accounting for the cloud
anisotropy and performing azimuthal averaging17.

1The James Franck Institute and Department of Physics, University of Chicago, Chicago, Illinois 60637, USA. {Present address: Department of Physics, The Pennsylvania State University, University Park,
Pennsylvania 16802, USA.
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Figure 1 | Illustration of scale invariance and universality in 2D quantum
gases. a, Scale invariance links any thermodynamic observable at different m
and T via a simple power-law scaling. In a 2D Bose gas with coupling constant
g=1, atomic density n measured at different temperatures (red lines) can be
scaled through constant m/T and n/T contours (dashed lines). Near the BKT
phase transition boundary (green plane), systems with different g 5 g1, g2, ...
(blue planes) scale universally. b, In situ density measurements of trapped 2D
gases provide crucial information to test the hypotheses of scale invariance and
universality. Sample images at different scattering lengths a are obtained from
single shots.
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Immediate consequence for the quest to observe discrete scaling symmetry:!
• 2nd trimer signature disappears once                                    , corresponding to!

                                 in the case of  133Cs  

5

using radio-frequency spectroscopy, which has success-
fully been applied in 3D [21, 22] close to the atom-dimer
continuum. Interestingly, in the present case the trimer is
close to the atom-dimer continuum also at negative scat-
tering lengths, and we propose to investigate the avoided
crossing occuring close to a� in the limit of a strong con-
finement, where the dimer energy is well separated from
the three-atom continuum.

Finally, we discuss the implications of our findings for
the experimental quest to observe true Efimov scaling
in an ultracold atomic gas. As we just argued, the ex-
perimental signature of the deepest Efimov trimer disap-
pears when lz/|a�| . 2.5. Due to the universality of
the 3D spectrum, we thus predict that the peak cor-
responding to the next Efimov state disappears when
lz/|a�| . 22.7 ⇤ 2.5. For the case of 133Cs this corre-
sponds to a confinement of !z ' 10Hz. Thus a very
weak trapping potential is needed in order to observe the
second Efimov three-body recombination peak. These ar-
guments translate in a generic manner to all geometries;
one simply needs to compare the height of the peak at
the 3D Efimov resonance to the increase in the three-
atom continuum. Thus our results are relevant to any
experiment seeking to detect shallow trimers in a trap.

Methods

1. Hamiltonian

We consider the Hamiltonian I can’t figure out how to
get the two lines of indices on top of each other in the
sum...

H =
X

k

✏kâ
†
kâk +

g

2

X

k1,k2,k3,k4
k1+k2=k3+k4

⇠(k12)⇠(k34)a
†
k1
a

†
k2
ak3ak4

with ak (a†k) the annihilation (creation) operator of

atoms with momentum k, kij ⌘ k
i

�k
j

2 the relative mo-
mentum, and ✏k = k

2
/2m the free dispersion. ⇠(k) is a

function describing the cuto↵ of the interaction at large
momenta, and we take this to be ⇠(k) = e

�k2/⇤2

.

2. Two-body problem

The two-body T-matrix appearing in the STM equa-
tion describes scattering of two atoms at a total planar
momentum k and energy E. It takes the form

T (k, E) =
2
p
2⇡

m

⇢
lz

as
� F

✓�E + k

2
/4m

!z

◆��1

,

where the energy E is measured with respect the 2-atom
continuum. The interaction is renormalized by the use of
the 3D scattering length, as. This calculation was done

in Refs. [23, 24] for the case of a short ranged potential
characterized only by the scattering length. In our case
with a Gaussian cuto↵, the function F takes the form

F(x) =

Z 1

0
du

1� e�xup
[(1+�)2�(1��)2e�2u]/(2u+4�)p

4⇡(u+ 2�)3
,

with � ⌘ (lz⇤)�2. Our expression for F reduces to the
expression of Ref. [24] in the limit � ! 0. In our model
we have for the wavefunctions of the relative motion eval-
uated at the origin

fn
r

= (�1)nr

/2

s
(nr � 1)!!

nr!!

r
1

1 + �

2

✓
1� �

2

1 + �

2

◆n
r

,

if nr is even and 0 otherwise (we have absorbed the pref-
actor (m!z/2⇡)1/4 into the definition of T ).

3. Three-body problem

In the STM equation we employ the simplification
⇠(k1 + k2/2)⇠(k2 + k1/2) ! ⇠(k1)⇠(k2) in the 2D plane.
This presents a major technical simplification, as it al-
lows us to project the equation analytically onto the s-

wave, �N1
k1

⌘ R d\k1
2⇡ �

N1
k1

. Once ⇤ has been used to fix the
three-body parameter, the physics at energy scales much
smaller than ⇤2

/m becomes insensitive to this change.
Using the 3D STM equation with our two-body interac-
tion yields the crossing of the deepest Efimov trimer with
the three-atom continuum at a� = �9.39/⇤ and the en-
ergy of the deepest trimer at the 3D Feshbach resonance
of �0.05⇤2

/m. As the trimer energies considered in the
quasi-two-dimensional geometry are always smaller than
those in the 3D geometry, see Fig. 1, the assumption that
we consider energies much smaller than the energy scale
associated with the cuto↵ is well justified.
The spectra in Figs. 1 and 2 are then calculated from

the STM equation (2) using the maximum harmonic os-
cillator quantum numbers N1 = 500 and n23 = 1500.

4. Adiabatic hyperspherical potential
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• Experiments are often performed at 
confinements even weaker than 5kHz!

• 3D physics will thus impacts three-
body correlations in realistic 2D gases 
when a < 0 
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Two-component Fermi systems
✦ Quasi-2D formalism can be generalised to more particles 

and mass-imbalanced fermions

Bound States in a Quasi-Two-Dimensional Fermi Gas
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We consider the problem of N identical fermions of mass m" and one distinguishable particle of mass

m# interacting via short-range interactions in a confined quasi-two-dimensional (quasi-2D) geometry. For

N ¼ 2 and mass ratiosm"=m# < 13:6, we find non-Efimov trimers that smoothly evolve from 2D to 3D. In

the limit of strong 2D confinement, we show that the energy of the N þ 1 system can be approximated by

an effective two-channel model. We use this approximation to solve the 3þ 1 problem and we find that a

bound tetramer can exist for mass ratios m"=m# as low as 5 for strong confinement, thus providing the first

example of a universal, non-Efimov tetramer involving three identical fermions.

DOI: 10.1103/PhysRevLett.110.055304 PACS numbers: 67.85.#d, 05.30.Fk, 34.50.#s

An understanding of the few-body problem can be
important for gaining insight into the many-body system.
In dimensions higher than one, few-body bound states can,
for instance, impact the statistics of the many-body quasi-
particle excitations. Indeed, for fermionic systems, the
two-body bound state is fundamental to the understanding
of the BCS-BEC crossover [1–4], while the existence of
three-body bound states of fermions [5,6] with unequal
masses can lead to dressed trimer quasiparticles in the
highly polarized Fermi gas [7]. Even in one dimension
(1D), few-body bound states can impact the many-body
phase: It has already been shown that one can have a
Luttinger liquid of trimers [8].

In general, attractively interacting bosons readily form
bound clusters, with the celebrated example being the
Efimov effect in 3D [9]. Here, there is a universal hierarchy
of trimer states for resonant short-range interactions, while
clusters of four or more bosons can also form [10–13].
Even in the limit of a 2D geometry, where the Efimov
effect is absent, both trimers [14] and tetramers [15] have
been predicted. On the other hand, bound states of identical
fermions are constrained to have odd angular momentum
owing to Pauli exclusion and thus, even for attractive
interactions, identical fermions are subject to a centrifugal
barrier. For short-range s-wave [16] interactions in 3D,
non-Efimov trimers consisting of two identical fermions
with massm" and one distinguishable particle with massm#
can only exist above the critical mass ratio m"=m# ’ 8:2
[5], while Efimov trimers only appear once m"=m# * 13:6
[17]. However, the existence of larger (N þ 1)-body bound
states involving N > 2 identical fermions remains largely
unknown—it has only recently been shown that Efimov
tetramers exist in 3D [18].

In this Letter, we investigate the problem of N identical
fermions interacting with one distinguishable particle in a
confined quasi-2D geometry, where the centrifugal barrier
is reduced and the binding of fermions should be favored.
Such 2D geometries have recently been realised in

ultracold atomic Fermi gases [19–23], where the fermions
are confined to 2D with an effective harmonic potential. In
addition to allowing one to explore the 2D-3D crossover,
the harmonic confinement can strongly modify the scatter-
ing properties of atoms via confinement-induced reso-
nances [6,24,25]. It has already been demonstrated that
stable non-Efimov trimers can exist for lower mass ratios
m"=m# in quasi-2D [6,26]. Here we show that tetramers
involving N ¼ 3 identical fermions can appear for m"=m#
as low as 5 in quasi-2D (see Fig. 1), thus putting it within
reach of current cold-atom experiments.
We construct the general equations for the bound state

of the N þ 1 system in quasi-2D and we reveal how to
simplify the problem in the case of the trimer (N ¼ 2). In
the limit of strong 2D confinement, we show that theN þ 1
problem can be described by an effective two-channel
model, analogous to that used for Feshbach resonances.

3
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6

0 0.1 0.2

FIG. 1 (color online). Critical mass ratio for the appearance of
trimers and tetramers in quasi-2D, where the 2D limit corre-
sponds to !b=!z ! 0. The solid line follows from the solution of
the full three-body quasi-2D problem, Eq. (7). Dashed lines
follow from an effective two-channel model. The vertical dotted
line marks unitarity, where the 3D scattering length diverges.
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captures the lowest-order dependence on !b=!z of the
trimer energy and critical mass ratio.

We can exploit the two-channel model (6) to solve the
more complicated four-body (N ¼ 3) problem in quasi-
2D. Once again, the presence of identical fermions requires
us to consider total angular momentum L ¼ 1. Thus, we
have for the tetramer

fk2k3
¼ ~fðk2; k3;!"32Þei"2 ¼ $~fðk3; k2;$!"32Þei"3 ;

where !"32 ¼ "3 $"2. We note that a similar equation
for the tetramer energy was obtained for the 3D problem in
Ref. [18].

Beginning with the 2D limit (!b=!z ¼ 0), we determine
the energy of the tetramer compared to the trimer and
dimer energies (see Fig. 4). Following the transition from

a dimer to a trimer at mass ratio m"=m# ’ 3:33, we find a
trimer-tetramer transition at m"=m# ’ 5:0. In principle, we
can use Eq. (4) to consider bound states of even larger N,
but the problem quickly becomes intractable numerically
for N > 3. However, we conjecture that composite bound
states of larger N become possible as m"=m# is increased,
since the relative importance of the centrifugal barrier
between heavy particles (which goes as 1=m") diminishes
compared with the effective attractive potential induced by
the light particle (% 1=m#).
Perturbing away from the 2D limit, we find that the

trimer-tetramer transition shifts to larger m"=m# with
increasing !b=!z, as shown in Fig. 1. Eventually, we
expect to encounter the four-body Efimov effect in 3D
for m"=m# > 13:4 [18]. However, it remains an open ques-
tion whether our quasi-2D tetramers exist in 3D below the
critical mass ratio for Efimov physics.
To conclude, we have provided the first example of a

universal, non-Efimov tetramer involving three identical
fermions. Since this quasi-2D tetramer exists for mass
ratios m"=m# as low as 5, it could potentially be probed
with ultracold 6Li-40K mixtures. Its small binding energy
(Fig. 4) suggests that it could appear as a resonance in
atom-trimer interactions. For instance, in the collision of a
cloud of atoms and a cloud of trimers under strong quasi-
2D confinement, we expect the resonance to be observable
as a highly asymmetric density profile of scattered atoms.
This is similar to the proposal of Ref. [38] for detecting an
atom-dimer resonance. In addition, the presence of trimers
and tetramers has implications for the many-body phases
in quasi-2D, particularly for the highly polarized Fermi
gas [39,40].
We emphasize that although we have focussed on the

N þ 1 problem in quasi-2D, the form of Eq. (4) is com-
pletely general and may be extended to other shapes of the
confining potential and/or different dimensionalities. For
instance, in quasi-1D, one would use the T matrix derived
in Refs. [24,28], along with appropriately redefined har-
monic oscillator and momentum indices. Furthermore, the
problem may be studied close to narrow Feshbach reso-
nances, characterized by a large effective range, by using
an energy-dependent scattering length [41]. Finally, our
work suggests that a two-channel model may be used to
model strongly confined quasi-2D Fermi systems in
general.
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FIG. 3 (color online). Energy of the trimer in quasi-2D for
mass ratios m"=m# ¼ 3:5, 4, 5, 6.64 (from top to bottom). The
solid lines correspond to the full calculation, while the dashed
lines are derived from the effective two-channel model, Eq. (6).

5 10

-0.005

0

0 5 10
-1.5

-1

FIG. 4 (color online). Energy of the dimer (solid line), trimer
(dotted line), and tetramer (dashed line) in 2D as a function of
mass ratio. The trimer binds whenm"=m# > 3:33, consistent with
Ref. [26], while the trimer-tetramer transition occurs atm"=m# ¼
5:0. Inset: The difference between trimer and tetramer energies,
E3 $ E4.
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✦ Existence of universal tetramer in 3+1 system         
— no dependence on UV cut-off 

3D tetramer:  Blume, PRL 2012 Levinsen & MMP, PRL 110, 055304 (2013) 

2D limit



Concluding remarks
• Quasi-2D confinement fundamentally impacts Efimov trimers 

• Deepest trimer remains 3D-like even under strong 
confinement 

• Hybridisation with 2D-like trimers stabilises the two 
deepest trimers for all negative scattering lengths 

• Use this to engineer more stable Efimov-like hybrid 
trimers? 

• Confinement is expected to have a similar effect on 4-
body, 5-body etc. Efimov states 

• Universal tetramers in the two-component Fermi system
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Hyperspherical expansion
✦ Usual expression for the wave function:

✦ Further expand the angular part:

where               obeys the equation:

- evolves into harmonic oscillator for 


