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Efimov effect in solid states ?

x electrons (fermions with long-range repulsion)
e pbosonic collective excitations !?



Efimov effect in
quantum magnets




Quantum magnet

Anisotropic Heisenberg model on a 3D lattice
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Anisotropic Heisenberg model on a 3D lattice
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Spin-boson correspondence
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fully polarized state (B> o) No boson = vacuum
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Quantum magnet

Anisotropic Heisenberg model on a 3D lattice

H- % [Z(Js:s;é (T.578%. Y 4{Dys ¥ - B

xy-exchange coupling single-ion anisotropy
& hopping & on-site attraction

z-exchange coupling
& neighbor attraction

Tune these couplings to induce
scattering resonance between two magnons

=> Three magnons show the Efimov effect
\ J




Two-magnon resonance

Schrodinger equation for two magnons

EY(ri,r3) = [SJ Z(z — Vie — Vag) hopping
i J Z 5r1,rzv2é = Jz Z 6r1,r2+é o 2D5'r1,'r2 \Il(rla ’I"z)

neighbor/on-site attraction

Scattering length between two magnons
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Two-magnon resonance

Scattering length between two magnons

& . s 4
28 — 1+ = (l_m)+152[1—2—%(1—%)]

— ~ Two-magnon resonance (as—>)
e J:/J =294 (spin-1/2)
e J:/J=4.87 (spin-1, D=0)
e D/J=4.77 (spin-1, ferro J.=J>0)
* D/J=56.13 (spin-1, antiferro J-.=J<0)

. -



Three-magnon spectrum

At the resonance, three magnons form bound states

with binding energies En _+_+T__

e Spin-1/2  Spin-1, D=0

0 -2.09x107! — 0 -5.16x10"! —
1 -4.15x10"* 22.4 1 -1.02x107° 22.4
2 -8.08x 107/ 275 2 =2.00x10°° A
e Spin-1, J-=J>0 e Spin-1, J=J<0

0 -550x107 — 0 -436x107° ——

1 -1.16x10* 21.8 1 -8.88x107° 222




Three-magnon spectrum

At the resonance, three magnons form bound states

with binding energies En %_%

e Spin-1/2  Spin-1, D=0

0 -2.09x107! — 0 -5.16x10"! —
1 -4.15x10"* 22.4 1 -1.02x107° 22.4
2 -8.08x 107/ 275 2 =2.00x10°° A

.~ Universal scaling law by ~ 22.7
confirms they are Efimov states!!



Three-magnon spectrum
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Toward experimental realization

1. Find a good compound
whose anisotropy is close to the critical value

E.g. Ni-based organic ferromagnet with D/J~3 (critical 4.8)
R. Koch et al., Phys. Rev. B 67, 094407 (2003) C.f. TDAE-Ceo

2. Tune the exchange coupling
with pressure to induce

<
the two-magnon resonance -~

3. Observe the Efimov states

o 2 4 6 8
of three magnons with Pressure(kbar)

=
(L002) rSdr ‘Ie 12 ojowemey |

e absorption spectroscopy * electron spin resonance
 inelastic neutron scattering [seeY.N., PRB88, 224402 (2013)]

Find interested experimentalists!



Atomic vs magnetic systems

Efimov effect: universality, discrete scale
invariance, RG limit cycle

atomic nuclear condensed
physics physics matter

Efimov effect in quantum magnets induced by
 exchange anisotropy < spatial anisotropy
e single-ion anisotropy - frustration

nature

physics

Efimov effect in quantum magnets

Yusuke Nishida*, Yasuyuki Kato and Cristian D. Batista
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Atomic vs magnetic systems

Efimov effect: universality, discrete scale
invariance, RG limit cycle

\ \ ( /
atomic JS’S\{ condensed
physics ot matter
\
Atomic BEC (1995 E= Magnon BEC (1999 @ )

Efimov effect (2006 ___ ) Efimov effect (2017 )

[ New Iinkéﬁwmgmm systems ]




Novel universality:
Super Efimov effect




Few-body universality

Efimov effect (1970) !llj

e 3 bosons Infinite bound states

+ 3 dimensions y with exponential scaling
—2

e S-wave resonhance E, ~ e "

Efimov effect in other systems ?

No, only in 3D with s-wave resonance

s-wave | p-wave | d-wave

3D O X X Y.N. & S.Tan,
Few-Body Syst
2D X X X SRR
Y.N. & D.Lee

1D X X Phys Rev A



Few-body universality

Efimov effect (1970) !IIJ

e 3 bosons Infinite bound states

+ 3 dimensions — with exponential scaling
-2

* S-wave resonance E, ~ e "

Different universality in other systems ?

Yes, super Efimov effect in 2D with p-wave !

S-wave ‘ p-wave d-wave

3D O X X Y.N. & S.Tan,
2D = 4! % Few-Body Syst
Y.N. & D.Lee

1D X X Phys Rev A



Few-body universality

Efimov effect Super Efimov effect

e 3 bosons e 3 fermions
e 3 dimensions e 2dimensions

¢ S-wave resonance ¢ p-wave resonance

| |
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exponential scaling “doubly” exponential
_2837111/4
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P-wave scattering in 2D

Two fermions with short-range potential o

V(r)
p+k/2 qQ+k/2
p-k/2 q-k/2
. . Cf. H-W. H &D.L
=> Effective range expansion e
PN p-q
Ly e Ean e e S
m 1
= —n ( \+Z Cn(mg)n
scattering “length” effective “range”
. o
collisionenergy e =F — — + 10

4dm



P-wave scattering in 2D

Two fermions with short-range potential Qﬁ'
r
p+k/2 qQ+k/2

o
-

p-k/2 q-k/2

¥ : Cf. H.-W. H &D. L
=> Effective range expansion e

21 p-q

7 m N me In (— A’ . n
o o 2 n(—%) + 27, Cn (m2€)
resonance low-energy
(a>o0) : (e>0)
collisionenergy ¢ = FE — 2 + 307"

4dm



P-wave scattering in 2D

Two fermions with short-range potential o

V(r)
p+k/2 qQ+k/2
\ / resonance Qe
e lely ety ig
/ \ low-energy
p-k/2 q-k/2
=> Effective range expansion
2np-q i
m?> ln(—A—) E-=4i0
E
=(ig)’p-9 propagator of dimer @@

“running” coupling
(logarithmic decrease toward low-energy p/A—0)



P-wave scattering in 2D

Two fermions with short-range potential o
p+k/2 q+k/2 V(I’)
\ / resonance > e <
— fepey = onts, ig
/ \ low-energy
p-ki2 q-ki2

=> Low-energy effective field theory
2

A%
£:¢T(iat+2_

dimer field ®: couples to two fermions
with orbital angular momentum L=*1



RG in 2-body sector

Low-energy effective field theory

2
L= w*(zat+ )¢+Z[¢“ (zat+v )qb_

Kgplw (=) (Ve ki) § +hee |+

marginal coupling irrelevant
d 3
RG equation _g__g_
ds 2n
1 T
2 i
1__lnT > 9.8 e 3
A Seg \)
R el g*(0)
E - — — + 10+

logarithmical decrease
(eSA<p<A mtegrated out) toward low-energy s—«



RG in 3-body sector

3-body problem < fermion+dimer scattering

L3—b0dy — U3 Z ¢T¢j‘z¢a¢ e

a==

irrelevant

marginal coupling renormalized by

=> RG equation




RG in 3-body sector

3-body problem < fermion+dimer scattering

L3—b0dy — U3 Z ¢T¢j‘z¢a¢ e

irrelevant

marginal coupling @ low-energy limit s

5 4 : SV3
v3(s) — Tﬂ {1 — cot| = (Ins — 6)

10

50

non-universal

:3 . 0.01 0.1 1 10 100
diverges at Ins — %n + 6 o / / /

—15LC

=> characteristic energy scales

E - A_2 e_2’e37m/4+49
n

= Super Efimov effect!



Confirmation by model

dk k2 Spinless fermions
H:f ¢;2¢k

(27)2 2m with a separable potential

dkdpdq . :
<Y, | e Yl xe@L, x vr @by,

?/(2A%)

resonance (a—>oo) X+(P) = (P T ipy) €™’

3-body binding energies \,, = Inln(mE,, /A?)~1/?
=> solve STM equation numerically

dg (p + 2q)_, e~V +50°+8p-9)/(8A%)
27 PAg+p-q+ K’
> p=s(2p + Qb Zp(q)

G + ) eGPV E (3 + k) /A7)

Za(p) = —

X



Confirmation by model

dk k2 Spinless fermions
H:f ¢L¢k

(27)2 2m with a separable potential

dkdpdq . :
<Y, | e Yl xe@L, x vr @by,

?/(2A%)

resonance (a—>oo) X+(P) = (P T ipy) €™’

3-body binding energies \,, = Inln(mE,,/A?)1/?

n i A 3 764@’(, U s
0 0.5632 - O‘U G’i 785 2.355
1 2770 2.20@‘\“‘ 51 1041 2,356
2 5.075\“)%508 00 - 2.35619 « 37/4

° ° =22 37rn/4+0
=> doubly exponential scaling mEn/A2 x e~



RG in 4-body sector

4-body problem & dimer+dimer scattering

L4—b0dy o Z [U4¢Z¢ia¢—a¢a 1 vé¢l¢£¢a¢a] ke s

irrelevant
marginal couplings renormalized by

______

______

______

=> RG equations

dvy 8 2 2 2
— = ——g* 4+ —g%v3 — —g?vs + —v]
ds T T T T
dfv:l 4 2 2 2

——g* + —g®vs — —g°v) + —v;
ds T T T T



RG in 4-body sector

4-body problem & dimer+dimer scattering

L4—b0dy 5 Z [v4¢l¢ia¢—a¢a Fo vé¢l¢g¢a¢a] i
7 irrelevant
marginal couplings
SV4 SV’4
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with resonance energy E, ~ e~



Efimov vs super Efimov

Efimov effect Super Efimov effect
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Efimov vs super Efimov

n=26
n=0
?p | T W S
< S
10%m » .
1026 m n=2

n=1

. o .

Are there other phenomena
3 with doubly-exponential scaling ?



Efimov vs super Efimov
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Are there other “physics” phenomena
with doubly-exponential scaling ?
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