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Current status of p—d scattering lengths

Deuteron

@ spin /2 @ spin 1

@ isospin 1/2 @ isospin 0
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Current status of p—d scattering lengths

Deuteron

@ spin 1/2 @ spin 1

@ isospin 1/2 @ isospin 0

< two S-wave channels:

toy=3(~$9d) o5 (~ddg+-)

Quartet channel
Ref. | Yapq (fm)
van Oers, Brockman (1967) | 11.4%15
Arvieux (1973) 11.88 £ 0.4
Huttel et al. (1983) ~11.1
Kievsky et al. (1997) 13.8
Black et al. (1999) 14.74+23
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Current status of p—d scattering lengths

Deuteron

@ spin /2 @ spin 1

@ isospin 1/2 @ isospin 0

< two S-wave channels:

toy=3(~$9d) o5 (~ddg+-)

Quartet channel Doublet channel
Ref. | Yapq (fm) Ref. | “Yapq (fm)
van Oers, Brockman (1967) | 11.4%1% van Oers, Brockman (1967) 1.2£0.2
Arvieux (1973) 11.88 £ 0.4 Arvieux (1973) 2.73 £0.10
Huttel et al. (1983) ~11.1 Huttel et al. (1983) ~ 4.0
Kievsky et al. (1997) 13.8 Black et al. (1999) —0.13+0.04
Black et al. (1999) 14.7+£2.3 Orlov, Orevkov (2006) ~ 0.024
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Motivation

Precise and controlled extraction from EFT calculation!
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Motivation

Precise and controlled extraction from EFT calculation! l

Scope of method
@ Nuclear astrophysics
e Low-energy nuclear reactions in Halo-EFT
e — one-neutron halo states in ''Be
e — one-proton halo state in 8B ?
o Cold-atom systems
e EFT with van-der-Waals tails?
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Outline

@ Pionless effective field theory

@ Coulomb-modified effective range expansion
@ Quartet-channel scattering length

@ Doublet-channel scattering length

@ Summary and outlook

SK, H.-W. Hammer, arXiv:1312.2573
SK, Ph.D. thesis (Bonn U, 2013)
SK, H.-W. Hammer, PRC 83 (2011) 064001
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Part |
Pionless effective field theory

o Effective Lagrangian
o Power counting

o Integral equations
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Foundation and basic features
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Foundation and basic features

@ at very low energies even pions can be integrated out
< only nucleons left as effective degrees of freedom \/

}
@ non-relativistic framework @ <mi =
@ large scattering lengths in N-N scattering /\
. 1
< additional low-energy scale Vi = o5 (1+O(ao/ra))

Kaplan, Savage, Wise 1998; van Kolck 1997/98

3¢ -..... @ convenient description of three-body sector
! with dibaryon fields

Bedaque, Hammer, van Kolck 1998
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Effective Lagrangian

52
T —
L= N (LDO + 2MN> N + ﬁphoton + ES

nucleon field NV, doublet in spin and isospin space
auxiliary dibaryon fields d’ (351, I = 0) and t* (1Sp, I = 1)
<> channels in N=N scattering

coupling constants y,; and 04,

dibaryon propagators are just constants at leading order
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Dibaryon propagators

Bubble chains

150 : At =

Fix parameters from N-N scattering!

k? 4 i
1 k’ = — 2 A = :0 - =
A4 (k) = —yqAa(po oy P ) My Footog, ik

o kcotdg(k) = —va+ B (K> +73) +... — ya,04
° kcotdt(k‘):f’yth%quL... with %Eait — Y, Oy
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Range corrections

Dibaryon kinetic-energy terms

— effective-range corrections

1
Ag(p) ~
—’Yd+\/%2 — Mnpo —ie — & (%2 —MNPO—’YC%)
(0(Q/A) ~ O(vapa) | expand in pg, 7o — NLO, N2LO, ...
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Range corrections

Dibaryon kinetic-energy terms

2
——e ~ iALO(p) x (i) <p0 ~ 4§4N> x iA§°(p)

— effective-range corrections

1
Ag(p) ~
—’Yd+\/%2 — Mnpo —ie — & (%2 —MNPO—’YC%)
(0(Q/A) ~ O(vapa) | expand in pg, 7o — NLO, N2LO, ...

Du(E;q) = D (E; q) + DY (E;q) + - -

4 1 N (3¢°/4— MnE —73) o
MNYZ —ya + \/3¢2/4 — My E — i 2 vy +\/3¢3/4— MyE —ic
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Resummations

Power counting < resum certain classes of diagrams!

Full dibaryon propagators

e T e o
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Resummations

Power counting < resum certain classes of diagrams!

Full dibaryon propagators

Scattering amplitude

S ~ S Z ~ --- all of same order — Integral equation!

Lippmann—Schwinger equation ~~ solve numerically!
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Charged-particle sector

What about Coulomb effects?

Proton—deuteron scattering lengths in pionless effective field theory — p. 11



Charged-particle sector

What about Coulomb effects?

2-body sector

@ p—p scattering Kong, Ravndal 1999, 2000

o ... at h|gher Order Ando, Shin, Hyun, Hong 2007

3-body sector

@ p—d quartet-channel scattering Rupak, Kong 2003
@ 3He binding energy (LO only) Ando, Birse 2010
e p—d scattering (quartet + doublet) and 3He SK, Hammer, 2011
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Coulomb contributions

E NS T . i .
Coulomb photons: ~ (ie) -3 (ie) — (ie) PYESY) (ie)

O(«) diagrams

Coulomb peak

~55553500556355565.
00000000
550

K(k,p)

Il
100 200
p (MeV)

— re-shuffle mesh points!
SK, Hammer, 2011
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Coulomb contributions

Coulomb peak
! o G o
Jaasss 5

3 f&f = generated by dibaryon kinetic term!
= i C _ D2 _
g N L£od" iDg 4+ —— | |d’
e T G )
100 200

p (MeV)
— re-shuffle mesh points!
SK, Hammer, 2011

< range correction!
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Part 1l
Coulomb-modified effective range expansion

o Coulomb-subtracted phase shifts
o Modified effective range expansion

@ The Gamow factor
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Coulomb-subtracted phase shifts

Coulomb force

@ long (infinite) range — very strong at small momentum transfer

@ pure Coulomb scattering can be solved analytically

< use Coulomb wave functions as reference states!
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Coulomb-subtracted phase shifts

Coulomb force

@ long (infinite) range — very strong at small momentum transfer

@ pure Coulomb scattering can be solved analytically

< use Coulomb wave functions as reference states!

="+ +F
+ X < (_+T+3)

— full amplitude Trun

— Coulomb amplitude 7¢
5(k) = dair (k) = Sean (k) — 0c(k)

i Il Il
20 40 60 80 100
E (MeV)
Rupak, Kong (2001); SK, Hammer (2011)
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Modified effective range expansion

Ordinary effective range expansion

a = scattering length

_ 1 TO 2
kcoto(k) = . + Ek o r = effective range
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Modified effective range expansion

Ordinary effective range expansion

a = scattering length
r = effective range

Gamow factor

o _ 2mm
n,0 — e2m™ _ 1
n=au/k
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Modified effective range expansion

Ordinary effective range expansion

k ot 3(k) = 1 LM = scatte.ring length
ay 2 r = effective range

e ; : mow f; r
Modified effective range expansion Gamow facto
1 C2y= 2T _
0370 k cot 6diff(k) = —— e n,0 e2m™ _ 1
ag
n=ou/k
T S5068eTTTT 0.007
— 5001 0® oot i 0.006F
T: o° 00051
£ 1000 © ]
= ° = 0004F
= -15001 1 = . .
< ol X ooy = finite value
s 7 0.002
"‘.< -2500 b 0.001
2 2‘,5 g 3‘,5 4 2 25 3 35 4
k (MeV) k (MeV)
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The Gamow factor

But we have a screened Coulomb potential!
1 e—)\r
>
q2 + \2 7

2mn
2
07770 T oe2mm 1
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The Gamow factor

But we have a screened Coulomb potential!
1 e—>\’l“
>
g%+ \? T

2mn
2
07770 T oe2mm 1

2
e note: C7 j = ‘wl(f)(r = 0)‘
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The Gamow factor

But we have a screened Coulomb potential!
1 e—>\’l“
>
g%+ \? r

2mn
2
07770 T oe2mm 1

2
e note: C7 j = ‘wl(f)(r = 0)‘
[~ ] |Fg(k‘)|_2k2e+1 (COt (Sé\/[(k') — 1) + Mg(k) = —1/(1% + e van Haeringen, Kok 1982
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The Gamow factor

But we have a screened Coulomb potential!

2w
n 1 e—>\’l“

“
q2 + \2 r

c2 =1
7,0 e2m _ 1

2
e note: C7 j = ‘wl(f)(r = 0)‘
[~ ] |fg(k)|_2k2e+1 (Cot 5?/[(]{?) — 1) + Mg(k) = —1/(1% + e van Haeringen, Kok 1982

2
) 2 21 ZoT (Esp, k) _
@ furthermore: 1/} ( ) ?5“3 —p) m , B = E(k)
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The Gamow factor

But we have a screened Coulomb potential!
2 271-77 1 e—>\7‘

n0 = q2mn _
e -
q? + A2 r

2
e note: C7 j = ‘dﬁ(f) (r= 0)‘
"] |Fg(k)|72k2l+1 (COt 6%(}47) — l) + Mg(k) = —1/04?4 —+ - van Haeringen, Kok 1982

2
) (+) . 2 2,”4 ZOT(E7p7 k) _
o furthermore: ¥ (p) = ?5(16 -p)— k2 —p? i E=E(k)

Soluti %:i+i
olution +%X(i+j)

A 2 2
2M d
2 ‘1 | 2My / DD T (B k)

Ay =
A -
K 3m2 p? — k2 —ie
< consistent extraction from numerical calculation!
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Part Il
Quartet channel

e Convergence pattern
@ Fully perturbative calculation
o Results
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Quartet-channel scattering length

mod. ERE function

-0.1182;

-0.1184F

LO, A = 140 MeV -

-0.1186F

-0.1188f

-0.1190F

-0.1192}

-0.1194F

-0.1196F

L0.1198F o A0y

-0.1200F £ 3205 ey ,
012025 6001~ 0.0002 00003 0.0004

k? (fm™?)
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Convergence pattern

12 =
11F -
_10F 1
£ 9t
=
= 8F 3
7 LO
- - NLO
6 — N0 <
1

@ right order of magnitude v’
@ nice (weak) photon-mass dependence v/
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Convergence pattern

12 b =
11F -
10 -
£ 9t
=
w@z. 8k 5
7 LO
- - NLO
6F — N0 -
1 1 1 1 1

@ right order of magnitude v’
@ nice (weak) photon-mass dependence v/

@ but: strange convergence pattern!
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Convergence pattern

12 - oF ‘ -
f | E
10 -20 o E :{ Exp.
L a o p-dExp
= L == n-d N°LO 1
i‘i of 15_,5 -40
S ~ -60F
w8k 3 S
7L LO 80
—— NLO 1005
6F — NLO - i i | | |
| | | | | 20 40 60 80 100
0 02 04 06 08 1 & (MeV)

@ right order of magnitude v’
@ nice (weak) photon-mass dependence v/

@ but: strange convergence pattern!
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Fully perturbative calculation (1)

Partial-resummation approach Bedagque, GrieBhammer, Hammer, Rupak
® Tlo=Kio+Tio ® (DLoKLo)
® Tnio = Knro + Tnro ® (DnioKnio)

@ etc. < resums certain higher-order corrections!

Better (cleaner) approach

Fully perturbative calculation see, e.g., Ji, Phillips 2012
® Tnio =Tio+ATuo  © Ao = Tlo®(DWKio)®Tio+- -
o 5(k) =060 50 ...
e complicated at N2LO!
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Fully perturbative calculation (1)

Partial-resummation approach Bedagque, GrieBhammer, Hammer, Rupak
® Tlo=Kio+Tio ® (DLoKLo)
® Tnio = Knro + Tnro ® (DnioKnio)

@ etc. < resums certain higher-order corrections!

Better (cleaner) approach

Fully perturbative calculation see, e.g., Ji, Phillips 2012
® Tnio =Tio+ATuo  © Ao = Tlo®(DWKio)®Tio+- -
o 5(k) =060 50 ...
e complicated at N2LO!

Much more efficient calculation with re-shuffling of terms!
Vanasse 2013
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Fully perturbative calculation (I1)

7ol = KO + 730 11 @ DY K©
7;&}3 KO+ 7)) @ [0 KU+ D kO] + () @ DY K©
T

ull —

Tol © [DY) KO+ D K]
+ Tl ® (D K + DY KO] + i) @ DY K©

SN et SRR
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Fully perturbative calculation (I1)

7}1111 =K+ T ® D 0) g (0)
Tal = KU+ 70 @ [0 KW+ DY KO] + 7)) 0 D KO
7;u]1 = 71][1)1) [Dfil) KO 4 D((f) K(O)]

+ Tl © [DF) KO+ D) KO + 730 © DY KO

SN SR WL

2m o +ik

[k cot 5dm](0) =——%
g TS;[%

1) (1)
[k cot 8gia] D = %Temﬁo) x {216 Taa_ ]

0) (0
@’

R (1)\2 _ 5:5(2)
[k cot 6aia] @ = 72/—7e2i”é0) X {7(5 ) — 2

0
i
Lo(1 1 2 1
20T + TS (Tfm%ﬁ]
(TS (TS
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Fully perturbative calculation (I1)

7}ull =K+ 7} 0@ D( K©
T = K78 o [0 KO + D k0] + 78 Y 0

© 1 2
7;u 11— 7?1111) |:D£i ) K(l) + D((i : K(O)]
+ 7 o [P K0+ D kO] + 75 @ D) KO
]5( )
[I cot 6] ) = = ;<o> ik
SR Scattering lenth
[k cot 64inr] ) = ,Temc x { © ﬁ] !
2 g0 dl& )2 d‘zﬂ'm) C; 5 [k cot daige (k)] + 7 h(n) = ——— o O(k?)
i @) 2T il | 2(0c )T — 210 T
[k cot dairr] . { 70 Combine with Cf, [02 }(O) + [Cz ](1) +-
ey
(T2 (Ti)?
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Fully perturbative result

12 ' ' j ! T T 7: HRK”
11 W fg
10.9 4 0.4 fm T
10 ]
ER ; as Q/A correction
18 ' | k
1 1 “ "
- LO-RK e O(a)
.= .- LO-O(a) ]
6F ——-NLO RK E §
— — NLO-0(a) ]
sETT e L already at LO
0 02 04 06 08 1 y

A (MeV)

Proton—deuteron scattering lengths in pionless effective field theory — p. 22



Fully perturbative result

12 T T T T T T ,: “RK”
11 e e e e, : %
10.9 £ 0.4 fm ]
10 E
7 ] as /A correction
I8 ]
3 1 " ”
TE - LO-RK E O(a)
= LO-0(a) ] fg
6 F ——- NLO-RK E
— — NLO-O(w) ]
— N2LO E
SET T ] already at LO

0 0.2 0.4 0.6 0.8 1

Older experimental determinations More recent result
(] a,4_ =11.88+0.4 fm Arvieux (1973)
vd ay g =14.7+23 fm
° a;ﬁ_d =11.1 fm Huttel et al. (1983)

Black et al. (1999)
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Part IV
Doublet channel

o Coupled channels
@ Three-nucleon forces

e Results (preliminary)
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Complications

1. coupled channels! % _ I N % N m
X SCL SO
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Complications

1. coupled channels! % _ I N % N m
X SCL L

2. strong cutoff dependence!

— renormalize with leading order 3N-force force (SU(4)-symmetric)

Bedaque, Hammer, van Kolck 1999

‘‘‘‘‘‘‘‘‘‘

...fix H(A) with three-body input — triton binding energy, 2a,,_4
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Coulomb effects in the proton—proton channel

In doublet channel, the singlet dibaryon can be in a pure p — p state

D-( OO+

200000 + 0o{PPoo + co o oo + -

1 aMN

A ~ = ! —i\/p2/4— M i

()~ ) RS g P ivp?/ Npo — i
Kong, Ravndal 1999

— Coulomb-modified effective range expansion Bethe 1949

cf. Ando, Birse 2010
The third nucleon neccessarily has to be a neutron!

— no additional Coulomb-photon exchange!
— 3-channel integral equation
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Full doublet-channel integral equation

Include all O(a) Coulomb diagrams. ..



He-3 binding energy (LO)

bound-sate regime: % ~ y% + regular terms

E+ Ep
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He-3 binding energy (LO)

bound-sate regime: % ~ y% + regular terms

E+ Ep
< predict *He binding energy!
r — T T — T T T
r exp. Ep(*H) |
8.4
F 15
—~~ &~ T —— - ]
= 1.6 10 =
~ [ m
o 72f :
[ —— from WF (pure Coulomb) L 5
6.8 —— from WF (all contrib.) [
: [ = nonpert. calc.
F A Ando+ Birse
6.4¢ M L .

1000 10000
A (MeV)
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He-3 binding energy (NLO)

At NLO, things don't work so well. ..

IRNRARRAN RRRRRN RARARS EAR
i
i

— — from WF (pure Coulolrll))
from WF (all contrib.)
nonpert. calc. |

-

...............................................................

T T T u

7000 ‘ 16000
A (MeV)

< incomplete renormalization!
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New “Coulomb” counterterm

Re-fit H(A) to 3He energy at NLO

d (deg)

-40

-50

-60

!

I

P I I

(=}
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New “Coulomb” counterterm

Re-fit H(A) to 3He energy at NLO

d (deg)

J (deg)

-40

-50

-60

Can be shown analytically!

Vanasse, Egolf, Kerin, SK, Springer 2014

!

/
I

H(A) = Hy(A)+Hy(A)+ H (A)

P I I

ps #Fre
: :

200000 |

-25000.0EL us L L L L L
= 1000 10000 1e+05 1e+06 1e+07 le+08 le+09

(=}

! ! ! A (MeV)
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Doublet-channel scattering length

Back to the fully perturbative approach. ..

o fit Hfa) (A) to 3He binding energy
@ predict doublet-channel p—d scattering length

T L — T T —]
1.40F Lo A = 200 MeV B
U ]
1.00E A = 400 MV ,f

S e e A =800 MeV ]

= 0.80F e A =1600 MeV 7;

< 0.60F E

~ L 0.40F 9

T 0200 o e o
0.00E e R e T A N R f:
-0.20F f;
040 . o .
0 0.2 0.4 0.6 0.8 1
A (MeV)
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Doublet-channel scattering length

Back to the fully perturbative approach. ..

o fit Hfa) (A) to 3He binding energy
@ predict doublet-channel p—d scattering length

1.40F 1o A = 200 MeV NLO-—--- A=200Mev

of

1.00E A= 400 MeV —= A=100Mev

- A = 800 MeV’ —— A=s0Mev ]

= 0.80F e A= 1600 MeV — = A=1600 Mev ]

= 0.60F o -

~ L 040F - - . e
T 020
0.00F

-0.20F 1

040 . o .

0 0.2 0.4 0.6 0.8 1
A (MeV)
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Doublet-channel scattering length

Back to the fully perturbative approach. ..

o fit Hfa) (A) to 3He binding energy
@ predict doublet-channel p—d scattering length

T T T T T T T T T
1.40F Lo =200 MeV NLO---- A=200Mev . .
120k A tonin o e ] Other determinations
i A =300 MeV === A =360 MeV 1
R (1)-2(0): A sy 22 e Ref. | ta,4 (fm)
g ool - ey o van Oers, Brockman (1967) | 1.2+0.2
R Arvieux (1973) 2.7340.10
Sh 0'207 - - Huttel et al. (1983) ~ 4.0
: Black et al. (1999) —0.13 £ 0.04
g-gg’ Orlov, Orevkov (2006) ~0.024
0406 L 4oy
0 0z 04 06 08 1
A (MeV)
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Summary and outlook

Coulomb effects are well under control

Clean perturbative expansion very important at low energies

Quartet-channel scattering length agrees well with older
experimental determinations

Need to go to higher orders to nail down doublet-channel
scattering length
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Summary and outlook

@ Coulomb effects are well under control

@ Clean perturbative expansion very important at low energies

@ Quartet-channel scattering length agrees well with older
experimental determinations

@ Need to go to higher orders to nail down doublet-channel
scattering length

e Outlook: N?LO doublet channel, p—d Phillips line
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Summary and outlook

@ Coulomb effects are well under control

@ Clean perturbative expansion very important at low energies

@ Quartet-channel scattering length agrees well with older
experimental determinations

@ Need to go to higher orders to nail down doublet-channel
scattering length

e Outlook: N?LO doublet channel, p—d Phillips line

X%k

Thanks for your attention!

Proton—deuteron scattering lengths in pionless effective field theory — p. 31



