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Separate off center of mass, focus on relative Hamiltonian (N Jacobi vectors 
each in d dimensions), and recast in terms of hyperspherical coordinates. 

Divide and conquer 

Expand solutions in product of radial and so called channel functions.  The 
hyperradius R is our adiabatic parameter. 

Channel functions are orthogonal over the hyperangles (at a fixed R) and 
solve the adiabatic Hamiltonian. 



Divide and conquer 
Expansion results in (an infinite number of) coupled 1-D PDE’s in R. 

coupling 

Couplings come from imperfect separability in R and Ω; called P and Q matrices. 



Basis to solve adiabatic Hamiltonian 

Interactions break separability, so let’s choose a basis. 
For simplicity, unsymmetrized spherical explicitly correlated Gaussians (ECG). 

Mitroy et al., Rev. Mod. Phys. 85, 693 (2013) 

x here is a vector of Jacobi vectors, A the correlation matrix. 



Matrix element strategy:  
brute force approach 

1. Switch to coordinates that diagonalize A+A’. 
2. Integrate over trivial polar angles, e.g. 3-D sin(θj)dθjdφj. 

Example: overlap integral of two spherical Gaussians 
 
 
 
 
 
 
 
 
 
 

3. Perform one more integration analytically. 
4. Perform N-2 remaining numerical integrations. 

von Stecher and Greene, Phys. Rev. A 80, 022504 (2009); 
Rittenhouse et. al., J. Phys. B: At. Mol. Opt. Phys. 44 172001 (2011);  
Rakshit and Blume, Phys. Rev. A 86, 062513 (2012);  

Volume element of d-dimensional sphere to Nth power 



First use of HECG: Gaussian interactions 

as=100r0 

von Stecher and Greene, Phys. Rev. A 80, 022504 (2009) 

as∞ 



Matrix element strategy: new approach 
(same example as last slide) 

Switch to coordinates  
that diagonalize A+A’ 

Trick #1 

Trick #2 

Daily and Greene PRA.89.012503.2014 



Matrix element strategy: final tricks 

If d is even, then can use contour integration. 

For any d, can use convolution theorem. 

t=R0
2 

Integration range restricted 
due to range of t=R0

2 



Tricks vs technique 
After all convolutions we have… 

where the weight Cs is just a polynomial: 

No t-dependence in the remaining polynomial and positive definite terms! 

Volume element of Nd-dimensional sphere 

N>3 almost 1F1 function 



Can “translate” matrix 
elements that have already 
been calculated using the 
traditional ECG method. 

Puts HECG method on 
approximately equal footing 
with tradiational ECG. 

Suzuki and Varga, Stochastic Variational 
Approach to Quantum-Mechanical Few-Body 
Problems, 1998.  
Mitroy et al., Rev. Mod. Phys. 85, 693 (2013) 
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• o-Ps (S=1): 142ns   3 gamma rays (C=-1) 

• p-Ps (S=0): 125ps   2 gamma rays (C=+1) 

Fig 8.1 from SV monograph Cassidy and Mills, Nat. Lett. 449, 060904 (2009) 



Examples of polyelectronic complexes 

Mitroy et al., Rev. Mod. Phys. 85, 693 (2013) 

σ=1: equal mass 
σ=0: mh >> me 



(+)1(-)2: (S+,S-)=(1/2,0)  



(+)1(-)2: (S+,S-)=(1/2,1)  



4-body: (+)2(-)2 



5-body: (+)2(-)3 



(+)2(-)2: (S+,S-)=(0,0) and C=+1  
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(+)2(-)2: (S+,S-)=(0,0) and C=-1  
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(+)2(-)2: (S+,S-)=(1,1) and C=+1  
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Preliminary scattering data 

Ivanov, Mitroy, Varga, Phys. Rev. A 65, 022704 (2002). 

A
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N=1 

N=2 

N=3 

E/Eh 

We understand our 
deviations at small 
scattering energies and can 
correct them. 

N=2 

E/Eh 

Triplet Singlet 



Outlook  

• More thorough study of elastic and inelastic 
scattering. 

• We can treat ion dissociation on equal 
footing to other processes.  

• Ion pair formation rates. 

• What can we learn about H2 this way? 

• 2-D studies, e.g. Hall physics, “dropletons”, 
etc. 


