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       Signatures of Efimov Physics,!
       Four- and More-bodies universal states,!
       New families of universal states, 

From the theoretical side:

       clean and accurate experiments!
       CONTROL of interactions (B-field or E-field)!
       can explore the universal regime (low T!
       and strong interactions)

From the experimental side:

      Approaching a quantitative level (exps.)
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We report on the measurement of four-body recombination rate coefficients in an atomic gas. Our

results obtained with an ultracold sample of cesium atoms at negative scattering lengths show a resonant

enhancement of losses and provide strong evidence for the existence of a pair of four-body states, which is

strictly connected to Efimov trimers via universal relations. Our findings confirm recent theoretical

predictions and demonstrate the enrichment of the Efimov scenario when a fourth particle is added to the

generic three-body problem.DOI: 10.1103/PhysRevLett.102.140401

PACS numbers: 03.75.!b, 21.45.!v, 34.50.Cx, 67.85.!d

Few-body physics produces bizarre and counterintuitive

phenomena, with the Efimov effect representing the major

paradigm of the field [1]. Early in the 1970s, Efimov found

a solution to the quantum three-body problem, predicting

the existence of an infinite series of universal weakly

bound three-body states. Surprisingly, these Efimov

trimers can even exist under conditions where a weakly

bound dimer state is absent [2–4]. An essential prerequisite

for the Efimov effect is a large two-body scattering length

a, far exceeding the characteristic range of the interaction

potential. Ultracold atomic systems with tunable interac-

tions [5] have opened up unprecedented possibilities to

explore such few-body quantum systems under well con-

trollable experimental conditions. In particular, a can be

made much larger than the van der Waals length rvdW [6],

the range of the interatomic interaction.

In the past few years, signatures of Efimov states have

been observed in ultracold atomic and molecular gases of

cesium atoms [7,8], and recently in three-component Fermi

gases of 6Li [9,10], in a Bose gas of 39K atoms [11], and in

mixtures of 41K and 87Rb atoms [12]. In all these experi-

ments, Efimov states manifest themselves as resonantly en-

hanced losses, either in atomic three-body recombination

or in atom-dimer relaxation processes.

As a next step in complexity, a system of four identical

bosons with resonant two-body interaction challenges our

understanding of few-body physics. The extension of uni-

versality to four-body systems has been attracting increas-

ing interest both in theory [13–18] and experiment [19]. A

particular question under debate is the possible relation

between universal three- and four-body states [13–16,18].

In this context, Hammer and Platter predicted the four-

body system to support universal tetramer states in close

connection with Efimov trimers [16].
Recently, von Stecher, D’Incao, and Greene presented

key predictions for universal four-body states [18]. For

each Efimov trimer, they demonstrate the existence of a

pair of universal tetramer states according to the conjecture

of Ref. [16]. Such tetramer states are tied to the corre-

sponding trimer through simple universal relations that do

not invoke any four-body parameter [13,15,18]. The au-

thors of Ref. [18] suggest resonantly enhanced four-body

recombination in an atomic gas as a probe for such univer-

sal tetramer states. They also find hints on the existence of

one of the predicted four-body resonances by reinterpret-

ing our earlier recombination measurements on 133Cs

atoms at large negative scattering lengths [7]. In this

Letter, we present new measurements on the Cs system

dedicated to four-body recombination in the particular

region of interest near a triatomic Efimov resonance. Our

FIG. 1 (color online). Extended Efimov scenario describing a

universal system of four identical bosons. Energies are plotted as

a function of the inverse scattering length. The red solid lines

illustrate the pairs of universal tetramer states (Tetra1 and

Tetra2) associated with each Efimov trimer (T). For illustrative

purposes, we have artificially reduced the universal Efimov

scaling factor from 22.7 to about 2. The shaded regions indicate

the scattering continuum associated with the relevant dissocia-

tion threshold. The four-body threshold is at zero energy and

refers to four free atoms (Aþ Aþ Aþ A). In the a > 0 region,

the dimer-atom-atom threshold (Dþ Aþ A) and the dimer-

dimer threshold (DþD) are also depicted. The weakly bound

dimer, only existing for a # rvdW > 0, has universal halo char-

acter and its binding energy is given by @2=ðma2Þ [2,19]. The

open arrow marks the intersection of the first Efimov trimer (T)

with the atomic threshold, while the filled arrows indicate the

corresponding locations of the two universal tetramer states.
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Observation of an Efimov spectrum in an

atomic system
M. Zaccanti 1*, B. Deissler 1, C. D’Errico 1, M. Fattori 1,2, M. Jona-Lasinio 1, S. Müller 3, G. Roati 1,

M. Inguscio 1and G. Modugno 1

In 1970, Vitaly Efimov predicted that three quantum particles subjected to a resonant pair-wise interaction can join into an

infinite number of loosely bound states, even if each pair of particles cannot bind. The properties of these aggregates, such

as the peculiar geometric scaling of their energy spectrum, are universal, that is, independent of the microscopic details of

their components. Despite an extensive search in many different physical systems, including atoms, molecules and nuclei, the

characteristic spectrum of Efimov trimer states has not been observed so far. Here, we report on the discovery of two bound

trimer states of potassium atoms very close to the Efimov scenario, which we reveal by studying three-particle collisions in

an ultracold gas. Our observation provides the first evidence of an Efimov spectrum and enables a direct test of its scaling

behaviour, providing potentially general insights into the physics of few-body systems.

F rom nuclei, atoms and molecules up to galaxies, our complex

world is made up of many kinds of aggregate for which

the properties depend on the details of the interactions

between their components. This scenario may drastically change

as one moves to the world of few neutral quantum particles.

The physics of these systems is typically dominated by two-body

interactions, which in the limit of vanishing collision energies can

be described by a single parameter, namely the s-wave scattering

length, independently from the nature of the particles and of the

microscopic shape of their interaction 1,2. If the two-body scattering

length becomes resonantly large, the binding of few such particles

into larger aggregates is predicted to become universal, in the sense

that its properties depend only on the scattering length and few

other global parameters 3.

These expectations have been so far verified only for two-body

bound states 2, and even the seemingly simple case of three particles

is still under investigation. In this frame, a landmark theoretical

result was obtained in 1970 by Efimov 4,5. He extended previous

studies 6 to show that three identical bosons with large two-body

scattering length
a, even without two-body bound states, can form

weakly bound trimer states with a size greatly exceeding the charac-

teristic range
r0 of the two-body potential. The binding properties

of such states follow a universal behaviour, regardless of the micro-

scopic peculiarities of their components and of their interaction.

Efimov indeed identified an effective three-particle interaction

potential of the form �(
s

2
0 +1/4)/

R

2, where
R is the overall size of

the three-body system and
s0 ⇠ 1.00624 is a universal parameter 4.

This simple potential is known to support an infinite number of

bound states for which the energy spectrum exhibits a peculiar

geometric scaling where two consecutive states are linked by the

relation
E

n =
E

n�1 exp(�2⇡/
s0 ). This perfect scaling is predicted to

apply only for the special case of a systemwith infinite
a. For finite

a,

the number of bound states becomes of the order of ln(|
a|/

r0 ), the

scaling behaviour for the energies of the ladder is only approximate,

but shows up in the relative values of
a at which the trimers dis-

sociate into unbound particles. Analogous results, differing mainly

1LENS and Physics Department, Università di Firenze, and INFM-CNR, Via Nello Carrara 1, 50019 Sesto Fiorentino, Italy, 2Museo Storico della Fisica e

Centro Studi e Ricerche ‘E. Fermi’, 00184 Roma, Italy, 35. Physikalisches Institut, Universität Stuttgart, 70550 Stuttgart, Germany.

*e-mail: zaccanti@lens.unifi.it.

because of a different value of the Efimov parameter
s0 , have

been predicted also for many combinations of three non-identical

particles with at least two resonant interactions 7.

In view of its universality, the Efimov effect has sparked a strong

interest in many fields of physics. However, despite an extensive

search among different physical systems including nuclei, atoms

and molecules 3,8–10, the peculiar Efimov spectrum has so far eluded

observation. This is mainly due to the difficulty of realizing a system

with resonant two-body interaction fulfilling the requirement

|
a|�

r0 . Ultracold atomic gases have been demonstrated to be a very

appealing system in this respect, because of their ultralow collision

energies and because Feshbach resonances 11 enable the scattering

length to be tuned over several orders of magnitude, offering

the unprecedented possibility to reproduce in a single system the

whole Efimov scenario. However, only individual Efimov states

have been found so far through the study of atomic and molecular

collisions in a system of identical bosonic atoms 9,10and in mixtures

of distinguishable particles 12–14, and doubts about the realistic

possibility of testing the scaling properties of the spectrum in

experiments have been raised 15.

Here, we report on the discovery of the first two states of an

Efimov spectrum in a system composed of ultracold potassium

atoms with resonantly tunable two-body interaction. We find that

the study of a single observable of the system, that is, the recombi-

nation of three atoms into bound states, enables us to extract more

information than expected by current theories about the Efimov

states, and provides a test of their scaling behaviour. We find a

scaling not far from the geometric universal one, despite the fact that

our system is not expected to be fully in the universal regime. Our

findings provide a test ground for advanced few-body theories, and

open a newwindow for studying universal few-body phenomena.

Geometric scaling of three-body observables

To understand the essence of our discovery, let us discuss at first

the basic aspects of an Efimov spectrum for |
a|�

r0 . In this regime,

the behaviour of the trimer states is universal, and the three-body
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to their cave sites and that starch granules got
attached to and preserved on stone tools. I can-
not prove that starch from all stone tools rep-
resents direct tool function (12, 13). Core tools
and scrapers were exposed to starches more
often than other tool types. Three-quarters of the
starch assemblage comes from chipped stone,
not ground or polished tools. African Middle
Stone Age lithic repertoires do not yield large
quantities of dedicated grinders that would dem-
onstrate the processing of seeds. These early
grinders are simply modified cobbles and core
tools (Fig. 3) (14), with a suspected use that
conforms to the technological action known as
“diffuse resting percussion” and “pounding”
(15), which allow the grinding of plant
materials. It is not clear why the tools should
be mostly coated with grass starches and not so
much with other types of starch. It is possible
that high-starch–bearing grass refuse built up

considerably in the cave’s main chamber at
times of human occupation, thus coating both
tools that were used in the processing of grass
seeds and others that were not. These data imply
that early Homo sapiens from southern Africa
consumed not just underground plant staples
(16) but above-ground resources too.
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Universality in Three- and Four-Body
Bound States of Ultracold Atoms
Scott E. Pollack,* Daniel Dries, Randall G. Hulet
Under certain circumstances, three or more interacting particles may form bound states. Although the
general few-body problem is not analytically solvable, the so-called Efimov trimers appear for a
system of three particles with resonant two-body interactions. The binding energies of these trimers are
predicted to be universally connected to each other, independent of the microscopic details of the
interaction. By exploiting a Feshbach resonance to widely tune the interactions between trapped
ultracold lithium atoms, we find evidence for two universally connected Efimov trimers and their
associated four-body bound states. A total of 11 precisely determined three- and four-body features are
found in the inelastic-loss spectrum. Their relative locations on either side of the resonance agree
well with universal theory, whereas a systematic deviation from universality is found when comparing
features across the resonance.

Oneof the most notable few-body phenome-
na is the universally connected series of
three-body bounds states first predicted

by Efimov (1) in 1970. Efimov showed that three
particles can bind in the presence of resonant
two-body interactions, even in circumstances where
any two of the particles are unable to bind.
When the two-body scattering length a is much
larger than the range of the interaction potential
r0, the three-body physics becomes independent
of the details of the short-range interaction.
Surprisingly, if one three-body bound state exists,
then another can be found by increasing a by a
universal scaling factor, and so on, resulting in an
infinite number of trimer states (2). Universality
is expected to persist with the addition of a fourth
particle (3–7), with two four-body states associated
with each trimer (5, 7). Intimately tied to the three-
body state, these tetramers do not require any
additional parameters to describe their properties.

Ultracold atoms are ideal systems for exploring
these weakly bound few-body states because of
their inherent sensitivity to low-energy phenome-
na, as well as the ability afforded by Feshbach
resonances to continuously tune the interatomic
interactions. Pioneering experiments with trapped,
ultracold atoms have obtained signatures of
individual Efimov states (8–12)—as well as two
successive Efimov states (13, 14)—via their
effect on inelastic collisions that lead to trap
loss. Evidence of tetramer states associated with
the trimers has also been found (13, 15). Al-
though the locations of successive features are
consistent with the predicted universal scaling,
systematic deviations as large as 60% were
observed and attributed to nonuniversal short-
range physics (13). In the work presented here, we
use a Feshbach resonance in 7Li for which a/r0
can be tuned over a range spanning three
decades (16). This enables the observation of
multiple features that are compared to universal
theory.

We confine 7Li in the |F = 1, mF = 1〉 (where F
is the total spin quantum number and mF is its
projection) hyperfine state in an elongated, cylin-

drically symmetric, hybrid magnetic—plus—
optical dipole trap, as described previously (16).
A set of Helmholtz coils provides an axially
oriented magnetic bias field that we used to tune
the two-body scattering length a via a Feshbach
resonance located near 737 G (17). For a > 0,
efficient evaporative cooling is achieved by
setting the bias field to 717 G, where a ~
200a0 (a0 is the Bohr radius), and reducing the
optical-trap intensity. Depending on the final trap
depth, we create either an ultracold thermal gas
just above the condensation temperature TC or a
Bose-Einstein condensate (BEC) with >90%
condensate fraction. For investigations with a <
0, we first set the field to 762Gwhere a ~ −200a0
and proceed with optical-trap evaporation, which
is stopped at a temperature T slightly above TC.
In both cases the field is then adiabatically
ramped to a final value and held for a variable
hold time. The fraction of atoms remaining at
each time is measured via in situ polarization
phase-contrast imaging (18) for clouds where
the density is high, or absorption imaging in the
case of lower densities.

Analyzing the time evolution of the number
of atoms in the trap determines the three-body
loss coefficient L3 (8, 13, 19), as well as the
four-body loss coefficient L4 (15). Recombination
into a dimer is a three-body process because a
third atom is needed to conserve both momentum
and energy. For a > 0, the dimer can be weakly
bound with binding energy e = ħ2/(ma2) (where
m is the atomic mass and ħ is Planck’s constant
h divided by 2p), whereas for a < 0 there are
only deeply bound molecular dimers. The
recombination energy released in the collision
is sufficient to eject all three atoms from the trap
for a < 0, as well as for a > 0 whene ≳ U (where
U is the trap depth). In the case of the BEC data,
this latter condition holds for a ≲ 5000a0. None-
theless, we assume that all three atoms are lost for
any recombination event because, even for a
larger than 5000a0, we observe rapid three-body
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Signatures of universal four-body phenomena and

their relation to the Efimov effect

J. von Stecher, J. P. D’Incao and Chris H. Greene*

The problem of three interacting quantal bodies, in its

various guises, seems deceptively simple, but it has also

provided striking surprises, such as the Efimov effect 1,2, which

was confirmed experimentally 3
only more than 35 years

after its initial prediction. The importance of understanding

the three-body problem was magnified by the explosion of

ultracold science following the formation of Bose–Einstein

condensates in 1995 (ref. 4). For ultracold gases, three-body

recombination (where B + B + B collide to form B2 +B) was

quickly recognized as the main loss process and connected 5–8

with the Efimov effect in the ‘universal’ realm of very

large atom–atom scattering lengths a. The problem of four

interacting bodies challenges theory far more than the

three-body quantal problem. Some key insights have been

achieved in recent years 9–16. Here, we present a major

extension of our understanding of the four-body problem in

the universal large-a regime. Our results support a previous

conjecture 10
that two resonantly bound four-body states are

attached to every universal three-body Efimov resonance

and they improve the calculated accuracy of their universal

properties. A hitherto unanalysed feature found in ultracold-

gas experiments 3
supports this universal prediction, and it

provides the first evidence of four-body recombination (where

B+B+B+B form B3 +B, B2 +B+B or B2 +B2 ).

The experiment 3 that observed strong evidence for the

long-predicted Efimov effect 1,2 has spawned a new level of confi-

dence in our theoretical understanding of the three-body problem

with short-range forces. However, even though in some respects

the three-body problem is beginning to seem ‘almost solved’, the

next step in complexity—to four interacting particles—remains at

a primitive stage, comparatively speaking. Although a few studies

have been pursued 9–12, the non-perturbative four-boson problem is

still largely uncharted territory, especially for processes that begin

or end with three or four free particles. Our present study relates

most to the pioneering work of Hammer, Platter and Meißner 9,10,

and of Yamashita
e

t

a

l

.

11. It concerns a key question in strongly

interacting few-body systems: are universal principles of Efimov

physics relevant for the four-boson problem? In the early 1970s,

the nuclear physicist Vitaly Efimov1,2 predicted on very general

grounds that three neutral bosons, whose mutual interaction is

characterized by a large value for the two-body
s-wave scattering

length
a, can form a large number of weakly bound states whenever

|
a| �

r0 , where
r0 is the characteristic range of the interaction.

Surprisingly, this could happen even when none of the pairs

can bind (
a < 0). Here we provide an analysis that convincingly

demonstrates the existence of a class of universal four-boson

states that are intimately related to the Efimov effect. Our results

connect with and extend previous analyses 9–11 and provide a more

complete landscape of the universal four-boson phenomena. In

addition, we demonstrate how four-boson universal states can

Department of Physics and JILA, University of Colorado, Boulder, Colorado 80309-0440, USA. *e-mail: chris.greene@colorado.edu.

be seen (and in retrospect, apparently have already been seen) in

ultracold-gas experiments.

Our theoretical model hinges on the tunable interaction strength

achievable in ultracold-gas experiments. For alkali atoms, when

an external
B field is placed near a Fano–Feshbach resonance 17 a

small change of
B can cause

a to vary from �1 to 1, allowing

for the exploration of a vast range of interatomic interaction

strengths. We mimic such variations in
a by explicitly modifying

the interatomic interactions 5. In our framework, the solution of

the four-body problem culminates with the solution of the ‘hyper-

radial’ Schrödinger equation:� ~ 2
2
m

d2

d
R

2 F⌫ (
R)+ X

⌫ 0
W

⌫⌫ 0(
R)
F⌫ 0(

R)=
E

F⌫ (
R)

(1)

where the hyper-radius
R describes the overall size of the system.

Here,
m is the atomic mass,

E the total energy and
F⌫ (

R) the

hyper-radial wavefunction, with ⌫ representing the set of quantum

numbers needed to label each channel. In the hyperspherical

adiabatic representation, 5,18most of the complexity of the problem

arises in solving the hyperangular equations to determine the

effective potentials
W

⌫⌫ (
R) and couplings

W

⌫⌫ 0(
R), in this case using

a correlated Gaussian hyperspherical approach 19. The reduction

of the problem to the hyper-radial Schrödinger equation (1) then

leads to a simple, intuitive picture: the effective potentials
W

⌫⌫ (
R)

support all bound and quasibound states of the system, and the off-

diagonal non-adiabatic couplings
W

⌫⌫ 0(
R) drive inelastic transitions

among different channels.

We explore the universality of the four-boson system and its

relation to Efimov physics by solving the Schrödinger equation (1)

for different model potentials using two complementary numerical

techniques: the adiabatic hyperspherical approximation 18,20, and

the correlated Gaussian basis set expansion 14,21. We base our

conclusions on the analysis of energies, potential curves and

wavefunctions that describe ground and excited states (see

Supplementary Information for details) in the universal regime

|
a| �

r0 , where
r0 is the characteristic length scale of the two-body

interaction, usually associated with the van der Waals length.

Figure 1a shows the ‘generalized Efimov plot’ 10, with all important

features that relate two-, three- and four-body physics. Figure 1a

shows our numerical results for the four-boson energies (solid black

lines) alongwith the dimer–dimer and dimer–atom–atombreak-up

thresholds for
a> 0 (solid red lines) and the energies of the Efimov

states (dashed green lines) representing the atom–trimer break-up

threshold. Figure 1c,d conveys the geometrical nature of the four-

body states taking into account the extremely ‘floppy’ nature of the

Efimov trimer states, in which all possible triangular shapes, and

even linear configurations, are comparably probable 22,23.

Figure 1a implies that the four-boson spectrum, throughout the

range
r0/|

a| ⌧ 1, is characterized by precisely two tetramer states
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Observation of Universality in Ultracold 7Li Three-Body Recombination
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We report on experimental evidence of universality in ultracold 7Li atoms’ three-body recombination

loss in the vicinity of a Feshbach resonance. We observe a recombination minimum and an Efimov

resonance in regions of positive and negative scattering lengths, respectively, which are connected through

the pole of the Feshbach resonance. Both observed features lie deeply within the range of validity of the

universal theory, and we find that the relations between their properties, i.e., widths and locations, are in

excellent agreement with the theoretical predictions.

DOI: 10.1103/PhysRevLett.103.163202

PACS numbers: 34.50.!s, 21.45.!v, 67.85.!d

Few-body physics is universal when interparticle inter-

actions are insensitive to the microscopic details of the

short-range interaction potentials and can be characterized

by only one or few universal parameters [1]. In the limit of

zero collision energy, the two-body interactions are deter-

mined by a single parameter, the s-wave scattering length

a. Universality requires a to greatly exceed the two-body

potential range. This can be achieved by a resonant en-

hancement of a, yielding the appearance of the peculiar

quantum states known as quantum halos whose wave func-

tion acquires long-range properties and gives rise to

loosely bound states of size "a [2]. In the case of three

interacting bosons, universality means that the three-body

observables show log-periodic behavior that depends only

on the scattering length a and on a three-body parameter

which serve as boundary conditions for the short-range

physics. Such a behavior is associated with so called

Efimov physics. In a series of theoretical papers, Efimov

predicted and characterized an infinite set of weakly bound

triatomic states (Efimov trimers) whose binding energies

(in the limit of a ! #1) are related in powers of a

universal scaling factor expð!2!=s0 Þ & 1=515 where

s0 ¼ 1:00624 [1,3]. Efimov trimers resisted experimental

observation for nearly 35 years remaining an elusive and a

long-term goal in a number of physical systems [2]. Only

recently have they been experimentally discovered in a gas

of ultracold cesium atoms [4,5].

Ultracold atoms provide an excellent playground to

study universality. The characteristic range of the two-

body interaction potential r0 , basically equivalent to the

van der Waals length r0 ’ ðmC
6=16@ 2Þ1=4 [6], usually does

not exceed 100a0 , where a0 is the Bohr radius. The scat-

tering length a can be easily and precisely tuned to much

higher values by means of Feshbach resonances which are

present in most of the ultracold atomic species [7]. Efimov

physics is not revealed by direct observation of Efimov

trimers but rather through their influence on a three-body

observable—the recombination loss of atoms from a trap.

For positive scattering lengths, effective field theory pre-

dicts log-periodic oscillations of the loss rate coefficient

with zeros as minima (for the ideal, zero energy system)

which can be interpreted as destructive interference effects

between two possible decay pathways [1,8]. For negative

scattering lengths, the loss rate coefficient exhibits a reso-

nance enhancement each time an Efimov trimer state in-

tersects with the continuum threshold. Positions of the

minima and the maxima are expected to be universally

related [1] when regions of a > 0 and a < 0 are connected

through a resonance (a ! #1). Despite the dramatic suc-

cess in the experimental demonstration of an Efimov state

in Ref. [4], difficulties arose in matching between the two

regions of universality, that of positive and negative a [4,5].

These were twofold: first, the interference minimum was

observed at a & 210a0 , only a factor of 2 higher than the r0

for cesium atoms and thus not strictly in the universal

regime; second, the two regions of universality were con-

nected through a zero crossing (a ¼ 0) which is a nonun-

iversal regime and thus questions the validity of the

universal relation between them [4,9]. In a more recent

experiment on Efimov physics in ultracold 39K atoms, the

two regions of a > 0 and a < 0 were connected through a

resonance, but still significant deviations from the univer-

sal relations have been reported [10]. These deviations

were attributed to the influence of details of the short-range

interatomic potential. Though signatures of Efimov phys-

ics have been recently observed in other ultracold atom

systems [11–13], no system has yet been able to answer the

conditions in which universal relations could be verified.

In this Letter, we report on evidence of universal three-

body physics in ultracold 7Li in the vicinity of a Feshbach

resonance based on measurements of three-body recombi-

nation. We discuss the effective range of the resonance and

show that it supports a wide region of universality extended

to tens of Gauss around the resonance center. A recombi-

nation loss minimum and an Efimov resonance are re-

vealed in the a > 0 and a < 0 regions, respectively,

which are connected through the pole of the Feshbach

resonance. The observed features lie deeply within the

universal regime and verify the predictions of the universal

theory regarding relations between their properties.
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The
field

of f
ew-

bod
y phy

sics
has

orig
inal

ly bee
n mot

ivat
ed

by und
erst

and
ing

nucl
ear

mat
ter,

but
in the

past
few

year
s

ultra
cold

gase
s with

tuna
ble

inte
ract

ions
have

eme
rged

as

mod
el syst

ems
to expe

rime
ntal

ly expl
ore

few
-bod

y qua
n-

tum
syst

ems
1–3 . Ev

en thou
gh the

ene
rgy

scal
es invo

lved
are

vast
ly d

iffer
ent

for u
ltrac

old
and

nucl
ear

mat
ter (

pico
elec

tron
-

volt
as c

omp
ared

with
meg

aele
ctro

nvo
lt),

few
-bod

y phe
nom

-

ena
acqu

ire univ
ersa

l pr
ope

rties
for

nea
r-re

sona
nt t

wo-
bod

y

inte
ract

ions
2 . So

-cal
led

Efim
ov stat

es repr
esen

t a
para

digm

for
univ

ersa
l qu

antu
m stat

es in
the

thre
e-bo

dy sect
or

4 . Af
ter

deca
des

of th
eore

tica
l wo

rk, a
first

expe
rime

ntal
sign

atur
e of

such
a wea

kly
bou

nd trim
er s

tate
was

rece
ntly

foun
d und

er

cond
ition

swh
ere a

wea
kly b

oun
ddim

er st
ate i

s ab
sent

5–7 . He
re,

we
repo

rt on a trim
er stat

e in the
opp

osit
e regi

me,
whe

re

such
a dim

er s
tate

exis
ts. T

he trim
er s

tate
man

ifes
ts itse

lf

in a re
sona

nt e
nha

ncem
ent

of in
elas

tic c
ollis

ions
in a m

ixtu
re

of a
tom

s an
d dim

ers.
Our

obse
rvat

ion
is cl

osel
y re

late
d to an

atom
–dim

er re
sona

nce
as p

redi
cted

by E
fimo

v8
–10 , bu

t occ
urs

in

the
theo

retic
ally

chal
leng

ing r
egim

ewh
ere

the
trim

er sp
ectr

um

reve
als e

ffec
ts b

eyon
d th

e un
iver

sal l
imit

.

Trim
er sta

tes a
rise a

s a n
atur

al co
nseq

uenc
e of t

wo-b
ody

bind
ing

force
s, bu

t the
gene

ral u
nder

stan
ding

of a
quan

tum
syste

m of th
ree

inter
actin

g part
icles

is a
remarka

bly
diffi

cult
task.

For
reso

nant

two-
body

inter
actio

ns,
how

ever
, the

ener
gy spec

trum
follo

ws

simple,
yet s

urpr
ising

rules
, as

manife
sted

in Efim
ov’s

scen
ario

desc
ribin

g a serie
s of

trim
er st

ates
4 . Sys

tems in
nucl

ear p
hysic

s5

and
molecu

lar p
hysic

s11
,12 wer

e con
sider

ed as
cand

idate
s for

Efim
ov

state
s, bu

t onl
y rec

ently
ultra

cold
atom

ic ga
ses h

ave o
pene

d up
the

poss
ibilit

y to r
ealiz

e and
expl

ore t
he re

quir
ed in

terac
tion

cond
ition

s

in a cont
rolle

d way
1,3 . In

view
of these

new
deve

lopm
ents

, a

part
icula

rly im
port

ant q
uesti

on is
how

idea
lized

few-
body

scen
arios

are c
onne

cted
to ne

ar-u
nive

rsal s
ystem

s exi
sting

in th
e rea

l wor
ld.

A univ
ersal

thre
e-bo

dy syste
m of iden

tical
boso

ns can
be

fully
char

acter
ized

by two
para

meters
, the

two-
body

scatt
ering

leng
th a

and
an extra

thre
e-bo

dy para
meter;

the
latte

r resu
lts

from
shor

t-ran
ge p

hysic
s2 . In

prin
ciple

, kno
wled

ge o
n on

e Efi
mov

trim
er state

, for
exam

ple
its bind

ing
ener

gy for
a given

valu
e

of a
, is

suffi
cien

t to dete
rmine

the
thre

e-bo
dy para

meter
and

thus
to pred

ict the
com

plete
spec

trum
. A

test
of univ

ersal
ity

in a real
thre

e-bo
dy

syste
m is poss

ible,
whe

n at least
two

diffe
rent

piec
es o

f inf
orm

ation
on the

trim
er sp

ectru
m beco

me

expe
rimenta

lly avail
able.

For
the

caes
ium

syste
m, inf

orm
ation

was
obta

ined
by measu

ring
thre

e-bo
dy

reco
mbina

tion
1 . The

obse
rvati

on of a
triat

omic re
sona

nce
marke

d the p
artic

ular
valu

e

of th
e neg

ative
scatt

ering
leng

th w
here

a trim
er st

ate o
f Bor

rom
ean

char
acter

5 reac
hes

the
thre

shol
d for d

issoc
iatio

n into
thre

e free

atom
s. Obse

rvati
ons

at posi
tive

scatt
ering

leng
ths

reve
aled

a

deca
y minim

um, bu
t an inter

preta
tion

in term
s of univ

ersal

1 Institut für Experimentalphysik und Zentrum für Quantenphysik, Universität Innsbruck, 6020 Innsbruck, Austria,2 Institut für Quantenoptik und

Quanteninformation, Österreichische Akademie der Wissenschaften, 6020 Innsbruck, Austria. *e-mail: steven.knoop@uibk.ac.at.

0

0

50

100

B (G)

B (G)

¬1

¬10
2

¬10
4

¬10
6

E/
h 

(H
z)

0

50

100

2

1

0

¬1

¬2a 
(1

,0
00

 a
0)

n = 1

n′ = 0

n′ = 1

Figu
re 1

| Thre
e-bo

dy s
pect

rum
of ca

esiu
m. The energies E of the

atom–dimer thresholds (blue solid curves) are shown as a function of the

magnetic field B. The red dashed lines illustrate Efimov-like trim
er states,

which are labelled by n0 and n on the left- and right-hand side of the zero

crossing of the scattering length at 17 G, respectively. For the trim
er states,

the energy dependence is not precisely known. The giant three-body loss

resonance found at 7.5 G (ref. 1) has pinpointed the intersection of an

Efimov state with the three-atom threshold (open arrow). The intersection

of an Efimov state with an atom–dimer threshold (filled arrow) leads to a

resonance in atom–dimer relaxation. Zero energy corresponds to three

atoms in the lowest spin state, labelled by the total spin quantum number

F = 3 and its projection mF = 3. The inset shows the scattering length a as a

function of the magnetic field B. The grey areas represent the non-universal

regions, where |a|<
rvdW

= 100 a0 or Eb > EvdW
= h⇥2.7 MHz.

argu
ments

is qu
estio

nabl
e be

caus
e of

ambigu
ities

conc
ernin

g th
e

origi
n of

this
featu

re
13 .

Here
, we

follo
w a ne

w expe
rimenta

l app
roac

h an
d sh

ow that
an

atom
–dim

er m
ixtur

e pro
vide

s exp
erim

enta
l acc

ess t
o the

situa
tion

whe
re a

non-
Borr

omean
trim

er st
ate c

oupl
es to

the t
hres

hold
for

disso
ciati

on in
to a f

ree a
tom

and
a dim

er. T
he p

heno
menon

that
we

obse
rve i

s a r
eson

ance
in atom

–dim
er sc

atter
ing,

whic
h manife

sts

itself
in re

sona
ntly

enha
nced

inela
stic d

ecay
. The

reso
nanc

e loc
ation

prov
ides

an unam
bigu

ous
piec

e of
infor

mation
that

com
plem

ents

the p
revio

us re
sults

on caes
ium

and
facil

itate
s a c

omparis
on with

univ
ersal

pred
ictio

ns co
ncer

ning
the s

pect
rum

of tr
imer sta

tes.

For
caes

ium
atom

s in
the l

owes
t int

erna
l sta

te (h
yper

fine
and

proj
ectio

n quan
tum

num
bers

F

= 3 and
m

F

= 3), t
he s

-wav
e

scatt
ering

leng
th a

show
s a pron

ounc
ed depe

nden
ce on

the

magne
tic field

in the
low-

field
regio

n belo
w 50G

(see
Fig.

1,

inset
). O

ver
a wide

rang
e, |a| is very

large
and

exce
eds

the
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A new research venue ?
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... angles + set of non-compact !
coordinates

For N particles ... ... the hyperspherical way !!!

hyperradius     : overall size !
(collective motion)

hyperangles          : internal motion
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... angles + set of non-compact !
coordinates

For N particles ... ... the hyperspherical way !!!

hyperradius     : overall size !
(collective motion)

hyperangles          : internal motion

Toolkit for Exploring Few-body Physics ... NIST
University of Colorado
NIST
University of Colorado

(Democratic hyperangles: !
Smith-Whitten, Johnson, Kuppermann, Aquilanti)

Fragmentation thresholds
Symmetrization is simpler

http://jilawww.colorado.edu


... angles + set of non-compact !
coordinates

For N particles ... ... the hyperspherical way !!!

hyperradius     : overall size !
(collective motion)

hyperangles          : internal motion
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University of Colorado
NIST
University of Colorado

Adiabatic representation:

(effective potential)

http://jilawww.colorado.edu


For N particles ...
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Unitary Quantum gases!
(                )



Unitary Quantum Gases (n|a|^3>>1) NIST
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Unitary Quantum Gases (n|a|^3>>1) NIST
University of Colorado
NIST
University of Colorado

Unitary Bose Gases (fundamental interest)

Unitary Fermi Gases:  BEC-BCS crossover, Superfluidity …  !
! ! ! ! ! ! !   (Duke, Innsbruck, JILA, MIT, Rice, …)

Stable and Universal state !!!!
           [see Giorgini, Pitaevskii & !
                    Stringari, RMP (2008)]

http://jilawww.colorado.edu
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+

Three-Body Losses: (three-body recombination)

Fermions: 

Bosons: 
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Attractive interactions (Bosons): infinite number of !
                    weakly bound three-body states (Efimov effect)

Repulsive Interactions (Fermions): Long lifetimes

Efimov Physics (~1970, nuclear physics)
appearance of an attractive or repulsive  three-body effective 
interaction ... in the strongly interacting regime

Unitary Bose Gases (fundamental interest)

http://jilawww.colorado.edu
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Efimov Physics (~1970, nuclear physics)
appearance of an attractive or repulsive  three-body effective 
interaction ... in the strongly interacting regime
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Efimov Physics (~1970, nuclear physics)
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interaction ... in the strongly interacting regime
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Efimov Physics (~1970, nuclear physics)
appearance of an attractive or repulsive  three-body effective 
interaction ... in the strongly interacting regime

D’Incao, Greene & Esry, JPB (2009)

[See Rem et. all, PRL (2013), !
D’Incao& Esry, PRL (2004)]

Unitary Bose Gases (fundamental interest)

… at finite temperatures

3-body inelasticity parameter
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appearance of an attractive or repulsive  three-body effective 
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Unitary Bose Gases (fundamental interest)

… at finite temperatures

3-body inelasticity parameter
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Unitary Bose Gases (fundamental interest)

Stability of a Unitary Bose Gas (39K) 
Fletcher, Gaunt, Navon, Smith, and Hadzibabic 
Phys. Rev. Lett. 111, 125303 (2013)

Lifetime of the Bose Gas with Resonant Interactions (7Li) 
Rem, Grier, Ferrier-Barbut, Eismann, Langen, Navon,  
Khaykovich, Werner, Petrov, Chevy, and Salomon  
Phys. Rev. Lett. 110, 163202 (2013)

Experimental Scenario
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Unitary Bose Gases (fundamental interest)

Univesal dynamics of a degenerate unitary Bose gas (85Rb) 
Makotyn, Klauss, Goldberger, Cornell, and Jin 
Nature Phys. 10, 116 (2014)

(Quench Dynamics)

Unitary Gas:!
(strong interactions)

BEC:!
(weak interactions)

Experimental Scenario
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Univesal dynamics of a degenerate unitary Bose gas (85Rb) 
Makotyn, Klauss, Goldberger, Cornell, and Jin 
Nature Phys. 10, 116 (2014)

(Quench Dynamics)

Unitary Gas:!
(strong interactions)

BEC:!
(weak interactions)
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FIG. 2. The column-integrated momentum distribution ñ(k̃) versus the transverse momentum k̃

after evolving at unitarity for time t. The distribution measured without ramping to unitarity

is shown at t = 0. For each t, the integral
∫
ñ(k̃)2πk̃dk̃ = 8π3N(t). For this data ⟨n⟩ = 5.5 ×

1012 cm−3, which corresponds to kn = 6.9 µm−1 . Each momentum distribution is obtained from

several images for each of three expansion times (7, 13, and 25 ms). The inset shows the same

data plotted on log-linear axes. The gray regions indicate the part of data that is contaminated

by initial-size effects and, therefore, does not accurately reflect the momentum distribution. We

observe the emergence of signal outside this region, and a saturation of ñ(k̃) for t >100 µs.

From images of the expanded cloud, we also obtain the number of atoms, N , which we

show in Fig. 1 as a function of t. Fitting an exponential decay to this early time data yields

a time constant of 630± 30 µs. A fact that is immediately clear from this data is that the

number loss at unitarity occurs on a timescale that is much longer than the few µs duration

of our ramps onto and away from the Feshbach resonance.

For understanding the dynamics at unitarity, it is also important to know the timescale

for changes in the spatial extent of the condensate. Specifically, exploring the possibility of

local equilibration only makes sense while the density of the gas remains largely unchanged.

The spherical aspect ratio of the trap was chosen to optimize the duration of inertial con-

finement. A priori, it is not obvious whether the BEC will expand or collapse after the

jump to unitarity. With in-situ images of the gas at unitarity, we find the cloud size remains

unchanged to within our measurement precision for ∼500 µs and then slowly increases. The

measured change in the spatial volume of the condensate is (6± 9)% during the first 500 µs

at unitarity.

5

Found:!
- Non-equilibrium dynamics!
- metastable Bose gas (strongly interacting Bose liquid)!
- dynamics at unitary (Tan’s contact interaction)!
- open new ways to explore unitary regime

Experimental Scenario

http://jilawww.colorado.edu
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is shown at t = 0. For each t, the integral
∫
ñ(k̃)2πk̃dk̃ = 8π3N(t). For this data ⟨n⟩ = 5.5 ×

1012 cm−3, which corresponds to kn = 6.9 µm−1 . Each momentum distribution is obtained from

several images for each of three expansion times (7, 13, and 25 ms). The inset shows the same

data plotted on log-linear axes. The gray regions indicate the part of data that is contaminated

by initial-size effects and, therefore, does not accurately reflect the momentum distribution. We

observe the emergence of signal outside this region, and a saturation of ñ(k̃) for t >100 µs.

From images of the expanded cloud, we also obtain the number of atoms, N , which we

show in Fig. 1 as a function of t. Fitting an exponential decay to this early time data yields

a time constant of 630± 30 µs. A fact that is immediately clear from this data is that the

number loss at unitarity occurs on a timescale that is much longer than the few µs duration

of our ramps onto and away from the Feshbach resonance.

For understanding the dynamics at unitarity, it is also important to know the timescale

for changes in the spatial extent of the condensate. Specifically, exploring the possibility of

local equilibration only makes sense while the density of the gas remains largely unchanged.

The spherical aspect ratio of the trap was chosen to optimize the duration of inertial con-

finement. A priori, it is not obvious whether the BEC will expand or collapse after the

jump to unitarity. With in-situ images of the gas at unitarity, we find the cloud size remains

unchanged to within our measurement precision for ∼500 µs and then slowly increases. The

measured change in the spatial volume of the condensate is (6± 9)% during the first 500 µs

at unitarity.

5

Key ingredient: lifetimes ~0.6ms!!!

What !?

Experimental Scenario
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Unitary Bose Gases (fundamental interest)

Theoretical Scenario

Quenching to unitarity: Quantum dynamics in a 3D Bose gas 
Sykes, Corson, D’Incao, Koller, Greene, Rey, Hazzard, Bohn, PRA 89, 021601 (2014)

Two-body and three-body Contacts for identical bosons near unitarity 
Smith, Braaten, Kang, Platter, PRL 112, 110402 (2014)

Quench dynamics of a strongly interacting resonant Bose gas 
Yin, Radzihovsky, PRA 88, 063611 (2013)

Momentum distribution of a dilute unitary Bose gas with three-body losses 
Laurent, Leyronas, Chevy, arXiv:1312.0079 (2013)

Nonequilibrium states of a quenched Bose Gas 
Ben, Ling, arXiv:1401.2390 (2014)

Equilibrating dynamics in quenched Bose gases: characterizing multiple time regimes 
Racon, Levin, arXiv:1403.0141 (2014)
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Unitary Bose Gases (fundamental interest)

Theoretical Scenario

Quenching to unitarity: Quantum dynamics in a 3D Bose gas 
Sykes, Corson, D’Incao, Koller, Greene, Rey, Hazzard, Bohn, PRA 89, 021601 (2014)

Two-body and three-body Contacts for identical bosons near unitarity 
Smith, Braaten, Kang, Platter, PRL 112, 110402 (2014)

Quench dynamics of a strongly interacting resonant Bose gas 
Yin, Radzihovsky, PRA 88, 063611 (2013)

Momentum distribution of a dilute unitary Bose gas with three-body losses 
Laurent, Leyronas, Chevy, arXiv:1312.0079 (2013)

Nonequilibrium states of a quenched Bose Gas 
Ben, Ling, arXiv:1401.2390 (2014)

Equilibrating dynamics in quenched Bose gases: characterizing multiple time regimes 
Racon, Levin, arXiv:1403.0141 (2014)
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Losses for a unitary gas:

and

Quenching to unitarity: Quantum dynamics in a 3D Bose gas 
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!!!

Losses for a unitary gas:

and

Quenching to unitarity: Quantum dynamics in a 3D Bose gas 
Sykes, Corson, D’Incao, Koller, Greene, Rey, Hazzard, Bohn 
PRA 89, 021601 (2014)

    Local properties are important !     !
    Scattering for                    ?!
    What about Efimov states ?

!!!
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Solve the three-body problem (hyperspherical) !
in a harmonic trap whose frequency is!

determined by the “local” density:

Borca, Blume & Greene, NJP (2003)	


Goral, Kohler, Gardiner, Tiesinga & Julienne, JPB (2004)
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determined by the “local” density:

Borca, Blume & Greene, NJP (2003)	


Goral, Kohler, Gardiner, Tiesinga & Julienne, JPB (2004)

Separation of timescales (universal relation)
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Solve the three-body problem (hyperspherical) !
in a harmonic trap whose frequency is!

determined by the “local” density:

Borca, Blume & Greene, NJP (2003)	


Goral, Kohler, Gardiner, Tiesinga & Julienne, JPB (2004)

Separation of timescales (universal relation)

Three-body inelasticity parameter !!!!
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Efimov states and dynamics in ultracold unitary Bose gases!
J. P. D’Incao and J. L. Bohn (in preparation)
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Efimov states and dynamics in ultracold unitary Bose gases!
J. P. D’Incao and J. L. Bohn (in preparation)

(quench)

(In the hyperspherical picture)
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Efimov states and dynamics in ultracold unitary Bose gases!
J. P. D’Incao and J. L. Bohn (in preparation)

Efimov oscillations:

(Exp.)
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Efimov states and dynamics in ultracold unitary Bose gases!
J. P. D’Incao and J. L. Bohn (in preparation)

>>> Separation of timescales

Bottom Line:

>>> Lifetime controlled by Efimov states
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Can we control Efimov state lifetime ?
(with G. Pupillo, J. Wang, C. H. Greene)
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(with G. Pupillo, J. Wang, C. H. Greene)
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Atom-Laser interaction

Blue-Shielding: !
blue-detuned Laser = coupling to a    
repulsive           interaction = prevents 
atoms to approach short distances

Schematic Two-body potentials:
(with G. Pupillo, J. Wang, C. H. Greene)
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Atom-Laser interaction

Blue-Shielding: !
blue-detuned Laser = coupling to a    
repulsive           interaction = prevents 
atoms to approach short distances

Successful for two-bodies!
Suominen, Holland, Burnett, Julienne, PRA 51, 1446 (1995); !
Weiner, Bagnato, Zilio, Julienne, RMP 71, 1 (1999); !
Gorshkov, Rabl, Pupillo, Micheli, Zoller, Lukin, Buchler, PRL 101, 073201 (2008)

Schematic Two-body potentials:
(with G. Pupillo, J. Wang, C. H. Greene)
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Atom-Laser interaction

Blue-Shielding: !
blue-detuned Laser = coupling to a    
repulsive           interaction = prevents 
atoms to approach short distances

Our model ...  

Schematic Two-body potentials:
(with G. Pupillo, J. Wang, C. H. Greene)
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Hyperspherical Three-body potentials:
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Hyperspherical Adiabatic Hamiltonian:
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(External Field)
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(Decay)

(universal)

(Efimov States)

Hyperspherical Adiabatic Hamiltonian:

(Bare Interactions)

(External Field)

[“Adiabatic Floquet Formalism for few-body systems”, 
J. P. D’Incao, in preparation]

[See  Shih-I Chu and Dmitry A. Telnov, Phys. Rep. 390, 1 (2004)]

(with G. Pupillo, J. Wang, C. H. Greene)
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Hyperspherical Dressed Three-body potentials:
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Repulsive Barrier !
(Shielding !!!)
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Hyperspherical Dressed Three-body potentials:

+

Repulsive Barrier !
(Shielding !!!)

      and      = Controllable parameters!
- needs to find an optimal detuning!
- keep Rabi frequency as low as possible

(with G. Pupillo, J. Wang, C. H. Greene)
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- Tunability of the 3BP (good)!
- 10-20% improvement on lifetime (more?)!
(Needs to explore more the parameter space)!

(with G. Pupillo, J. Wang, C. H. Greene)
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• Quench to unitary: The separation of time scales for losses 
and many-body physics is favorable and allows interesting 
regimes to explore universal few-body physics

•The use of a blue-detuned laser seems promising in order to 
allow for the control of both energy and lifetime of Efimov 
states. In particular, we expect a better control for Efimov 
states when the scattering is finite.

•Both the theoretical and experimental advances in ultracold 
quantum gases have demonstrated these systems to be ideal 
candidates to explore universal few-body physics

•Some of the physical aspects of unitary Bose gases can be  
understood from a few-body perspective
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