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Response Functions
probes of structure and dynamics
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TABLE I. The condensate fraction, n p, and related quantities.

Temperature (K) p, (A ') fL p

1.00
1.1
2.12

1.3 + O. l 0.079+ 0.007
1.25+ 0.1 0.069+ 0.008
1.1+0.3 0.029+ 0.011

0.49+ 0.07 0.03+ 0.01 0.146+ 0.035
0.44+ 0.07' 0.04+ 0.01 0.109+0.027
0.36+ 0.19 3+ 1 0.008 ~ 0.006

Based on the results of Ref. 13.

where

e = 4n J (n(p) -n+(p)] p'dp, (3)

&c
p=4m f n+(p)p'dp.

Here p, is the cutoff point of the broadened con-
densate peak which we take to be the point where
the integrand in (3) goes to zero.
In using the 2.27-K results for n*(p), we have

neglected the fact that, below T~, n*(p) is singu-
lar as p —0 with the asymptotic behavior"

n*(p)=n, (ap '+&p '+. . .],

(4)

(5)

where a =mk, T/8m'h'pn, and b =mc/16m'hp (c is
the sound velocity and n, the superfluid fraction,
p, /p). This singular behavior enhances the ap-
parent value of n, as given by (2), and to correct
for this enhancement we must replace (2) by

n. = ~/(1 0+r)- (6)
To evaluate y precisel. y, one must know in detail.
how n*(p) is modified below Tz, and this is not
known at present. It is clear, however, that
there is a substantial enhancement for tempera-
tures near 7'» where n, is small, and a much
smaller enhancement for T =1.0 K. This ex-
plains why n(p) for 2.12 K already exhibits an in-
crease at small p which is about half the total in-
crease shown by n(p) for 1.00 K (see Fig. 1).
To obtain a rough estimate for y, we assume

that the ap ' and bp ' terms in (5) are of impor-
tance up to a momentum p' which we take to be
the lesser of p, or the value p, = a/& at which the
two terms are equal. Integration then gives
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has an almost negligible effect near 1.0 K, but a
very large effect near T),.
In Fig. 2 we show n(p) for 1.00 K (filled circles)

and the quantity (1-n,)n*(p) (open eireles) where
n, = 0.146. The difference between the filled and
open circles represents the broadened condensate
peak [see Eq. (1)]. To determine the intrinsic
FWHM, bp, of this peak we must correct for in-
strumental resolution and the correction depends
on the assumed shape of the peak. Averaging over
the three temperatures studied, we find that, for
a Gaussian shape, b p = 0.97+ 0.18 A ' giving o
=44+8 A', and, for a I.orentizian shape, bp =0.68
+ 0.21 A ' giving 0 = 31+ 10A'. The good agree-
ment with the known" value, 35+ 2 A', for our Q
range strongly supports our procedure for ex-
tracting the condensate component from n(p). The
n(p) for T = 0 (solid curve in Fig. 2) obtained by
Whitlock eI, a/. ' from a Monte Carlo calculation
appears to be slightly broader than the experi-
mental distribution.
Figure 3 shows a comparison of our new values

(filled symbols) for n, with the values (open sym-
bols) obtained"" "from g'(r) via the method of
Hy1. and, Rowlands, and Cummings. ' There is

y = 4n(ap'+-,'bp"),
which, for the case p'=p„becomes

(7)

(8)

The values of p, , s, p, y, and n, for 1.00, 1.1,
and 2.12 K are listed in Table I. In Ref. 13 it was,
in effect, assumed that n, =&, but we see that P
is indeed important at all temperatures while y

0.00:====--=-3 0
p (A')

FIG. 2. Comparison of n{p) {filled circles) and {1
—no) n "{p) {open circles) at 1.00 K. The horizontal bar
shows the resolution FWHM. The curve is from a cal-
culation for T = 0 (Ref. 8).
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Extraction of condensate 
fraction in liquid He

Sears, et al, PRL, 1982

EXCITATIONS IN LIQUID He

have the correct limiting behavior. "A more direct way
of seeing the result is to look at (21) )or (20)j when k
is very small. The correlation term g(r;;) is significant
only when atoms i and j are fairly close. But in this
case exp(iit. ri) and exp(sk. r;) are almost equal because
k is small, and hence the correlation terms cancel
almost completely because g is odd. Thus, (21) is
almost the same as (5) for small k, and leads to the
same energy.
For high k, E&(k)/E&(k) approaches unity because

the approximation exp/i P g(r, ;)$ 1+t' P g(r;,) fails
badly. Ke noted earlier that if we could compute with
the wave function (20), the interference between terms
with different s wouM vanish when k is large. If Es(k)
is the energy arising from (20), we should find that for
large k,

Es(k)/Ei(k) =0.65,

Fzo. 6.The energy
spectrum of excita-
tions. Curve A is the
spectrum Z2(k} com-
puted from Eq. (61).
Curve 8 is the spec-
'truI11 Eg (0) com-
puted with the sim-
pler wave function
(5). Curve C is the
Landau-type spec-
trum used by de-
Klerk et ul. 4 to Gt the
second sound and
specific heat data.
Curve D is a Landau-
type spectrum with
p0 taken the same as
in A, and p and d,
chosen to fit the
specific heat data.
For small k, all
curves are asymp-
totic to the line
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as in the foreign atom problem. It is amusing to con-
jecture on how much Es(k) might lie below Es(k)
when k= j..8 A '. The accuracy of the approximation
exp(i P g) = 1+iP g in the foreign atom problem (see
reference 11) suggests that Es may be 0.5' less.
The energy spectrum Es(k) is shown in Fig. 6 as

curve A. We have also plotted B:E&(k)=h'k'/2tNS(k);
C: de Klerk, Hudson, and Pellam's spectrum fEq.
(4)j; D: spectrum of the form (2), with 6/a=9. 6',
ps/A=1. 85 A ' and p chosen so that p&ps' has the
same value as in C. (The specific heat depends on p
and Ps only through the product li&Ps'. ) From the
curvatures of A, C, and D it is clear that our spectrum
Es(k) predicts too small a value of Ii. In a computation
of this sort, however, it is doubtful that the curvature
has much significance.
Curve A brings out the fact that the "hump" between

the phonon and roton regions is not nearly so high as
one might expect from (1). Consequently, when com-
puting the speci6c heat or normal Quid density at
temperatures high enough to excite rotons, it is probably
also necessary to take into account the deviations of the
phonon spectrum from linearity (and also the devia-
tions of the roton spectrum from pure parabolic be-
havior). Qualitatively, it appears that such corrections
might improve the agreement between the theoretical
spectrum and the speci6c heat and second sound data.

V. DISCUSSION OF ACCURACY

Initially, the major potential sources of error in this
computation were (a) the absence of information about
the true form of ps(1,2,3); (b) absence of information
about p4(1,2,3,4); (c) uncertainties in the data for Si(k)
at large k (see Appendix A).
The uncertainty caused by (a) has, we think, been

minimized. by the introduction of a correction to the
Kirkwood approximation. The errors remaining in I3
"If g(r) falls off sharply at large r, the analysis is simple. In

our case the analysis is complicated by the slowness with which
Is r/r' falls off, but the ultimate result is the desired one.

and I9 after the correction are probably less than three
percent; the resultant error in 5/~ is less than ().3'.
The approximation (59), which gives rise to the

error (b), ought to be about as accurate as the approxi-
mation I~Is„since both approximations are based
on the same oscillation argument. The latter approxi-
mation was found accurate to better than 10% in the
roton region. A ten percent change in I~0 would alter
the value of 6/~ by 0.2'; we regard this number as a
fair estimate of the error caused by (b).
Considerable pains were taken to arrange the nu-

merical work in such a way that the answers are
insensitive to the behavior of Si(k) for large k. The
residual error due to (c) is found mainly in the coef-
ficient of A' in the numerator of (61). This coefficient
may be in error by 5%, and the resulting error in 6/&
might be as much as 0.4'.
We consider the value d/s=11. 5' to be accurate

within 0.6', i.e., the lowest energy computable with the
wave function (21) is between 10.9' and 12.1'.
A wave function which gives a good value of the

energy may, of course, be inaccurate for calculation of
other properties of the system. Gn the other hand this
function was chosen by a physical argument, and
achieved a very considerable increase in the accuracy
of the energy, without in fact using any variable
parameters. It might be argued that some of this
increase should be associated simply with the fact that
we have one extra parameter A to vary. But had we
used the A determined by the physical argument (—3.6)
we would have obtained practically the same energy as
if we let it vary.
For this reason we believe that the wave function

(20) Lor for practical calculations (21)$ not only gives
the energy well but is a reasonably accurate physical
description of the excitations. On the basis of this
optimistic hope, (21) is currently being employed in the
calculation of other properties of helium.

phonon-roton 
spectrum in liquid He

Feynman PRL, 1952

S(Q) and g(r) for Simple Liquids

• Note that S(Q) and g(r)/ρ both tend to unity at large values of their arguments
• The peaks in g(r) represent atoms in “coordination shells”
• g(r) is expected to be zero for r < particle diameter – ripples are truncation 

errors from Fourier transform of S(Q)S(Q) and g(r) for Simple Liquids
The 1994 Nobel Prize – 
Shull & Brockhouse

more examples:
High Tc

Cold Atomic Gases, ...



(e, e′) Inclusive Response: Scaling Analysis

Donnelly and Sick (1999)

3He 4He

Scaling variables: ψ′ ! y/kF and fL,T = kF RL,T /GL,T

Data at variance with PWIA expectation that fL ! fT

Excess strength, especially for 4He, in transverse response

14

Single nucleon couplings factored out
Momenta of order inverse internucleon spacing:
Large enhancement of transverse over longitudinal response
Requires beyond single nucleon physics



duce large effects in combination with ground-state
wave functions calculated including the short-range n-p
correlations. As most previous calculations were based
on independent-particle-type wave functions, the small-
ness of the resulting MEC contributions is thus under-
stood. To verify this point further, Carlson et al. have
repeated their calculation using the same operators, but
with a Fermi-gas wave function. Instead of an enhance-
ment factor of 1.47 coming from MEC at !q !
=600 MeV/c, they find a factor of 1.06 only, i.e., an eight
times smaller MEC effect.

The results of Carlson et al. also show, somewhat sur-
prisingly, that the MEC contribution is large at low mo-
mentum transfer. It decreases toward the larger Q2, in
agreement with the expectation that at very large Q2 it
falls "Sargsian, 2001# like Q−4 relative to quasielastic
scattering.

From the above discussion it becomes clear that the
Euclidean response, despite inherent drawbacks, is a
valuable quantity. Since the final continuum state does
not have to be treated explicitly, calculations of much
higher quality can be performed than for the response,
and the role of two-body currents can be treated quan-
titatively. Comparison between data and calculation has
shown in particular that for a successful prediction of
MEC, correlated wave functions for the ground state are
needed; such wave functions today are available up to
A$12 and for A=!. Unfortunately, the usage of the
Euclidean response for the time being is restricted to a
regime in which relativistic effects are not too large,
such that they can be included as corrections.

X. L ÕT SEPARATION AND COULOMB SUM RULE

In the impulse approximation, and when neglecting
the "small# contribution from nucleonic convection cur-
rents, the longitudinal and transverse response functions
RL and RT contain the same information and have the
same size. This has sometimes been called scaling of the
zeroth kind "see Sec. VII#. It was realized early on, how-
ever, that the transverse response receives significant
contributions from meson exchange currents and " ex-
citation "which are of a largely transverse nature#. It is
therefore clear that there is a high premium on separat-
ing the L and T responses, both because the L response
is easier to interpret and because of the additional infor-
mation contained in the T response.

The separation of the L and T responses is performed
using the Rosenbluth technique, which is justified only
in the single-photon exchange approximation. The cross
section, divided by a number of kinematical factors

d#

d$d%

&

#Mott

!q!4

Q4 = &RL"!q!,%# +
!q!2

2Q2RT"!q!,%# = ' ,

"65#

is a linear function of the virtual photon polarization

& = %1 +
2!q!2

Q2 tan2(

2
&−1

"66#

with q "Q# being the 3- "4-# momentum transfer and &
varying from 0 to 1 for scattering angles ( between 180°
and 0°. The slope of the linear function yields RL and
the intercept at &=0 yields RT. Figure 30 shows an early
example for an L /T separation, and demonstrates the
excess observed for the transverse strength.

While conceptually very straightforward, this L/T
separation is difficult in practice. It involves data taking
at the same !q!, but varying &, i.e., varying beam energy.
For an accurate separation of RL and RT, obviously the
largest possible range in &, hence beam energy, is re-
quired. As data are usually not taken at constant !q!, but
at a given beam energy and variable energy loss, obtain-
ing the responses at constant !q! involves interpolations
of the data. We show in Fig. 31 two examples for a
Rosenbluth separation, performed on the low- and
large-% side of the quasielastic peak, which also illus-
trate the importance of the forward angle "high-energy#
data for the determination of RL, i.e., the slope of the fit.

The Rosenbluth technique is applicable in the plane-
wave Born approximation, and fails once Coulomb dis-
tortion of the electron waves is present. Neglect of dis-
tortion is justified for the lightest nuclei alone, and only
if RT is not much bigger "or much smaller# than RL.
When one of the two contributions gets too small, even
minor corrections due to Coulomb distortion can have
large effects. At large !q!, for instance, even the determi-
nation of the proton charge form factor via the Rosen-
bluth technique is significantly affected by Coulomb cor-
rections "Arrington and Sick, 2004#. In order to extract
RL and RT in the presence of Coulomb distortion, the
data must first be corrected for these effects; this is dis-
cussed in Sec. XI.

Here we concentrate on the discussion of the longitu-

FIG. 30. Longitudinal "lower data set# and transverse re-
sponses of 12C "Finn et al., 1984#, plotted in terms of the scaling
function F"y#.

214 Benhar, Day, and Sick: Inclusive quasielastic electron-nucleus …

Rev. Mod. Phys., Vol. 80, No. 1, January–March 2008

Longitudinal/Transverse separation in 12C

from Benhar, Day, Sick, RMP 2008
data Finn, et al 1984



Nuclear Interactions:

AV18 :  excellent fit of NN data
           pion exchange plus phenomenology
TNI:  Two-pion exchange plus three-pion-exchange
           plus phenomenological short-range repulsion

Chiral Interactions:  LO, NLO, N2LO, N3LO
            increasing order results in better fits to data
            uncertainty estimates
      Consistency of two plus three nucleon interactions
New local interactions at LO..N2LO
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FIG. 1. (Color online) Neutron-proton phase shifts as a function of laboratory energy Elab = 2p2/m in the 1S0, 3P0, 3P1, and
3P2 partial waves (from left to right) in comparison to the Nijmegen partial-wave analysis (PWA) [43]. The LO, NLO, and

N2LO bands are obtained by varying R0 between 0.8 − 1.2 fm (with a spectral-function cutoff Λ̃ = 800MeV).

and provide a measure of the theoretical uncertainty. For
the R0 = 1.2 fm N2LO NN potential, we list the low-
energy couplings at LO, NLO, and N2LO in Table I. At
N2LO, an isospin-symmetry-breaking contact interaction
(Cnn for neutrons) is added in the spin S = 0 channel (to
CS−3CT ), which is fit to a scattering length of −18.8 fm.
As shown in Fig. 1, the comparison with NN phase shifts
is very good for Elab ! 150MeV. This is similar for
higher partial waves and isospin T = 0 channels, which
will be reported in a later paper that will also study im-
proved fits. In cases where there are deviations for higher
energies (such as in the 3P2 channel of Fig. 1), the width
of the band signals significant theoretical uncertainties
due to the chiral EFT truncation at N2LO. The NLO
and N2LO bands nicely overlap (as shown for the cases
in Fig. 1), or are very close, but it is also apparent that
the N2LO bands are of a similar size as at NLO. This is
because the width of the bands at both NLO and N2LO
shows effects of the neglected order-Q4 contact interac-
tions.

Finally, we emphasize that the newly introduced local
chiral EFT potentials include the same physics as the
momentum-space versions. This is especially clear when
antisymmetrizing. Besides the new idea of removing the
k2 terms, there are no conceptual differences between the
two ways of regularizing (see also the early work [44]).

We then apply the developed local LO, NLO, and
N2LO chiral EFT interactions in systematic QMC cal-
culations for the first time. Since nuclear forces con-
tain quadratic spin, isospin, and tensor operators (of the
form σ

α
i Aαβ

ij σ
β
j ), the many-body wave function cannot

be expressed as a product of single-particle spin-isospin
states. All possible spin-isospin nucleon-pair states need
to be explicitly accounted for, leading to an exponential
increase in the number of possible states. As a result,
Green’s Function Monte Carlo (GFMC) calculations are
presently limited to 12 nucleons and 16 neutrons [30]. In
this Letter, we would like to simulate O(100) neutrons
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FIG. 2. (Color online) Neutron matter energy per particle
E/N as a function of density n calculated using AFDMC
with chiral EFT NN interactions at LO, NLO, and N2LO.
The statistical errors are smaller than the points shown. The
lines give the range of the energy band obtained by varying
R0 between 0.8 − 1.2 fm (as for the phase shifts in Fig. 1),
which provides an estimate of the theoretical uncertainty at
each order. The N2LO band is comparable to the one at NLO
due to the large ci couplings in the N2LO two-pion exchange.

to access the thermodynamic limit. We therefore turn
to the auxiliary-field diffusion Monte Carlo (AFDMC)
method [45], which is capable of efficiently handling spin-
dependent Hamiltonians.
Schematically, AFDMC rewrites the Green’s function

by applying a Hubbard-Stratonovich transformation us-
ing auxiliary fields to change the quadratic spin-isospin
operator dependences to linear. As a result, when applied
to a wave function that is a product of single-particle

Gezerlis, et al.,
PRL 2013



 0 = exp [�H⌧ ]  T

Basic Idea: project specific low-lying states from
            initial guess (or source)

Use Feynman path integrals to compute propagator
exp [�H⌧ ] =

Y
exp[�H�⌧ ]

Applications:   condensed matter (Helium, electronic systems, ...
                     nuclear physics (light nuclei, neutron matter, SMMC...)
                     atomic physics (cold atoms,...)

Various formulations:  DMC/GFMC,  AFMC,  AFDMC, Lattice

QMC methods

exp[�H�⌧ ] ⇡ exp[�T �⌧ ] exp[�V �⌧ ]

diffusion branching



MIRA – ARGONNE’S IBM BLUE GENE Q

• 48 racks of nodes
• 1024 nodes per rack: 49,152 nodes
• 16 Gbytes memory per node: 768 Tbytes
• 16 cores per node: 786,432 cores
• 4 threads per core: 3,145,728 threads
• 1.6 GHz clock; 4 multiply-add per cycle
• 12.8 GFLOP/core: 205 GFLOP per node,

10 PFLOP
• 5-D torus network: 1.8 GByte/s bandwidth

• 19.6 Pbytes (22⇥1015) disk
Filesystem 1K-blocks ...
/dev/mira-fs0 20406463365120 ...

• 240 Gbyte/sec bandwidth
• 80 watt/node: 3.9 Mwatt for nodes
• 2.5 GFLOP per watt
• water cooled - 20–30 gpm per rack:

1,000 gpm for nodes

1/3 of Mira – one row (16 racks) of three

Advancing from Blue Gene P to Blue Gene Q
ADVANCING FROM THE IBM BG/P TO THE BG/Q

• ADLB under UNEDF resulted in code working well on BG/P:
– 2 Gbytes and 4 cores (each one thread) per node
– 12C(0+) needs 2 Gbytes so OpenMP used for the 4 cores (threads)
– ADLB gives excellent scaling to 32,768 nodes

• BG/Q offers new possibilities and challenges
– 16 Gbytes, 16 cores (each 4 threads) per node
– 48 ⇥ 1024 nodes
– 12C(0+): 8 ranks/node (8 threads each) or 4, 2, or 1 (64 threads)
– Other 12C states need much more memory/rank (T=1: 14 Gbytes)

• Early Science grant gave access to machine as it was still being installed
– One must be patient!

• Conversion went very well
– ADLB performance even better on BG/Q with no modifications!
– OpenMP scales well to more threads

GFMC Algorithm:
  Branching random walk in 3A (36 for 12C) dimensions
  Asynchronous Dynamic Load Balancing (ADLB) Library
  Each step moves A particles and updates
 2A ⇥ (

A

Z
) complex amplitudes (2 GB for 12C gs)

significant linear algebra for each step
tuned by physicists and math/CS staff at ANL

Similar branching random walks with linear algebra
used in condensed matter physics (lattice calculations)

up to
~2M threads

Other methods: NCSM, Coupled Cluster, ...



Spectra of Light Nuclei
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Spectra must be correct to describe 
low-energy transitions, reactions, etc.



12C CONVERGENCE AS A FUNCTION OF IMAGINARY TIME (⌧ )
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12C − 0+ states − AV18+IL7 − RMS r(p) − 16 Jun 2011

g.s.; 6-state corr 18
g.s.; O: 4+5 state

2nd 0+; corr 4+2 G2
2nd 0+; corr 6+5 P2

g.s. energy 2nd 0+ E⇤

VMC GFMC Expt. VMC GFMC Expt.

AV18 –44.9(2) –73.2(5) 10.0(3) 7.9(6)

AV18+IL7 –65.7(2) –93.3(4) –92.16 14.7(2) 10.4(5) 7.65

Energy RMS radius

Ground and Hoyle State
AV18 + IL7 interaction

0+ excited state near triple-alpha threshhold
postulated by Fred Hoyle to explain nuclear abundances

Pieper, Carlson, Lusk, ... see also papers by D. Lee, Meissner, et al

Carbon-12



12C Electromagnetic Charge Form Factor
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Results - Longitudinal form factor

• Experimental data are well 
reproduced by theory over 
the whole range of 
momentum transfers;

• Two-body terms become 
appreciable only for q > 3 
fm−1, where they interfere 
destructively with the one-
body contributions bringing 
theory into closer 
agreement with experiment.

Monday, June 24, 13

Small role for two-nucleon currents
Excellent agreement with data

Lovato, Gandolfi, Butler,
Carlson, Lusk, Pieper, Schiavilla

PRL 2013



12C(G.S.) ! 12C(0+
2 ) ftr FORM FACTOR
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tion has been carried out in time-ordered perturba-
tion theory[6] with non-relativistic Hamiltonians de-
rived from the chiral Lagrangians of Refs. [2, 8, 9].
The strong and electromagnetic interaction Hamilto-
nians required to evaluate the EM current operator
up to N3LO accuracy—that is eQ in the chiral ex-
pansion, Q denoting the low momentum scale, and e
being the electric charge—are listed in Ref. [6, 7].

In Fig. 1 we show the contributions to the current
operator up to N2LO (eQ0). The LO (eQ−2) term
is given by a one-body contribution, consisting of the
standard convection and spin-magnetization nucleon
currents, while pion-exchange currents occur at NLO
(eQ−1). The N2LO term is due to (Q/M)2 relativistic
corrections—where M denotes the nucleon mass—to
the LO one-body current.

In Fig. 2 we list the N3LO contributions, which
can be separated into three classes: i) one-loop
two-pion exchange terms, represented by diagrams
(a)-(i); ii) tree-level term involving the nuclear-
electromagnetic Hamiltonian of order eQ2 at the ver-
tex illustrated by a full circle in diagram (j); and iii)
contact currents of minimal and non-minimal nature,
illustrated by diagram (k).

The last two contributions involve unknown
LECs. In particular, the tree-level current of the type
shown in panel (j), depends on three LECs, two of
them multiply isovector structures and the remain-
ing one multiplies an isoscalar structure. Incidentally,
the isovector part of this tree-level current has the

same structure as the current involving the excita-
tion of a delta-isobar[6]. This resonance saturation
argument is exploited to infer the ratio between the
two LECs multiplying the isovector terms in the cur-
rent of diagram (j) (see below). Contact currents of
non-minimal character, panel (k) in Fig. 1, depend on
two additional unknown LECs, multiplying respec-
tively an isoscalar and an isovector structure, while
those obtained via minimal substitution are expressed
in terms of LECs entering the contact two-nucleon
chiral potential of order Q2 (or N2LO) [7]. The two-
nucleon potential has been derived in Ref. [7] up to
N2LO and these LECs have been fixed by fitting the
np S- and P-wave phase shifts up to 100 MeV lab-
oratory energies[7]. Thus total number of unknown
LECs to be determined is reduced to four.

LO : eQ−2

NLO : eQ−1

N2LO : eQ0

Fig. 1. Diagrams illustrating one- and two-

body currents up to N2LO (eQ0). Nucle-

ons, pions, and photons are denoted by solid,

dashed, and wavy lines, respectively. The

square represents the relativistic correction to

the LO one-body current. Only one among

the possible time orderings is shown for the

NLO diagrams.

(a) (b) (c) (d) (f) (g) (h) (i) (j)(e) (k)

Fig. 2. Diagrams illustrating two-body currents entering at N3LO (eQ), notation as in Fig. 1. Only one

among the possible time orderings is shown for diagrams (a)-(j).

An important aspect of the derivation of the EM
currents (and two-nucleon potential) is to retain both
irreducible diagrams and recoil-corrected reducible
ones[6]. The latter arise from expanding the energy
denominators (in reducible diagrams) in powers of
nucleon kinetic energy differences to pion energies
(these ratios are of oder Q). Partial cancellations
occur between the irreducible and recoil-corrected re-
ducible contributions both at N2LO and N3LO[6]. We
also note that this approach leads to N3LO EM cur-
rents that satisfy the continuity equation with the
corresponding N2LO two-body potential[6]. The ex-
pressions for the two-pion-exchange N3LO currents

in panels (a)-(i) of Fig. 2 are in agreement with those
obtained by Kölling et al. in Ref. [10] by the method
of the unitary transformations. However, they are
different from those derived by Park et al. in Ref. [5]
in covariant perturbation theory, since these authors
include irreducible contributions only.

We now present a study of the nd and n3He ra-
diative capture at thermal neutron energies within
the hybrid approach, where the EM χEFT current
operator described above is used to evaluate transi-
tion matrix elements between nuclear wave functions
obtained with realistic Hamiltonian with two– and
three–body potentials. In order to study the model
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of the unitary transformations. However, they are
different from those derived by Park et al. in Ref. [5]
in covariant perturbation theory, since these authors
include irreducible contributions only.

We now present a study of the nd and n3He ra-
diative capture at thermal neutron energies within
the hybrid approach, where the EM χEFT current
operator described above is used to evaluate transi-
tion matrix elements between nuclear wave functions
obtained with realistic Hamiltonian with two– and
three–body potentials. In order to study the model
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within the experimental error band. These reactions
are known to be dominated by many-body compo-
nents of the current operator, which provide most of
the calculated cross section[17]. This trend is con-
firmed here: the LO contribution to the cross sec-
tions is highly suppressed, and provides only about
46% (18%) of the total calculated nd (n3He) value.
What is more interesting though, is the large contri-
bution associated with the N3LO(LECs) currents in
both these reactions. These currents are crucial for
bringing theory into agreement with experiment.

We are presently in the process of extending these
hybrid studies to different realistic Hamiltonian mod-
els, with the goal of quantifying the sensitivity of the
cross sections to the wave functions employed in the
calculations. Obviously, our ultimate objective is to
perform a fully consistent χEFT calculation, using
the N2LO potential derived in Ref. [7], along with

the EM currents we presented here. In Ref. [7] we
show the deuteron wave functions obtained with the
N2LO chiral potential and compare them with those
corresponding to the AV18. The two sets of wave
functions display a different behavior at short range,
in particular the N2LO D-wave component is signifi-
cantly smaller than the AV18. From this perspective,
it will be interesting to establish whether these chiral
potential and currents lead to a satisfactory descrip-
tion of the nd and n 3He captures.
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Ray L, van Kolck U. Phys. Rev. C, 1996, 53: 2086
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dependence of the calculated observables, we use two
different combinations of two– and three–body po-
tential, namely the Argonne v18

[11] with the Urbana-
IX[12] three–nucleon potential (AV18/UIX), and the
N3LO[13] and N2LO[14] chiral two– and three–nucleon
potentials (N3LO/N2LO). We study the sensitivity
of the observables to variations of the cutoff Λ, in-
troduced to regularize the EM current operator via
the momentum cutoff CΛ(k)= exp(−k4/Λ4). In our
study, Λ varies from 500 to 700 MeV which corre-
sponds to “removing” short-range physics at distance
scales less 1/(3mπ).
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Fig. 3. Cumulative LO, NLO, N2LO, and

N3LO(S-L) contributions for the deuteron and

trinucleon isoscalar and isovector magnetic

moments, and np radiative capture.

Out of the four unknown LECs entering the EM
current operator, two multiply isoscalar structures
and two multiply isovector operator structures. We
fix these LECs by reproducing the experimental val-
ues of two isoscalar observables, i.e. the deuteron
[µd] and the isoscalar [µS(3He/3H)] combination of
the trinucleon magnetic moments, and two isovector
observables, i. e. the isovector [µV (3He/3H)] combi-
nation of the trinucleon magnetic moments and the
np cross section [σγ

np] at thermal neutron energies.
The results are shown in Fig. 3 where the cumulative
contributions at LO, NLO, N2LO, and N3LO(S-L) are
represented. The cumulative contribution N3LO(S-L)
is given by the terms up to N2LO plus the N3LO con-
tributions associated with pion loops (represented in
panels (a)-(i) of Fig. 2), which depend on the (known)
nucleon axial coupling constant, pion decay ampli-
tude, and pion mass, as well as with contact currents,
which depend on the LECs obtained from the fits to
the np phase shifts.

The LECs entering the complete current, denoted
in what follows as N3LO(LECs), are fixed, for each
value of the cutoff Λ, so as to reproduce the experi-
mental values which in Fig. 3 are represented by the

black band, including experimental errors. The sen-
sitivity of the results to the two Hamiltonian models
utilized (AV18/UIX and the N3LO/N2LO) is repre-
sented by the thickness of the color bands. We note
that the sign of the N2LO and N3LO(S-L) contribu-
tions is opposite to that of the LO and NLO contribu-
tions. This increases the discrepancy between theory
and experiment.
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Having fixed all the LECs, we are left with a com-
pletely determined EM current operator which can
now be used to make predictions for the n(d,γ)3H
and n(3He,γ)4He reactions’ cross sections—denoted
as σγ

nd and σγ

n3He respectively—and the circular po-
larization factor Rc associated with the capture of po-
larized neutrons on deuterons. In this calculation we
have used the AV18/UIX (N3LO/N2LO) combina-
tion of two- and three-nucleon potentials for the A=3
(A=4) processes; calculations with the N3LO/N2LO
(AV18/UIX) potential models are in progress. The
predictions are represented in Fig. 4 along with the
experimental data, shown in black, which are from
Ref. [15] for nd and Ref. [16] for n3He. The com-
plete N3LO(LECs) current is shown in Fig. 4 by the
orange lines. The calculated nd cross section is in
excellent agreement with the measured value and is
weakly dependent on the cutoff. The cross section
for the n 3He reaction undergoes a 5% variation when
the cutoff changes from 500 to 700 MeV, but is still

Coupling constants adjusted to
μ(D), μs(A=3) : isoscalar
np capture, μv(A=3): isovector

M. Piarulli, L. Girlanda, L. E. Marcucci, S. Pastore,
R. Schiavilla, and M. Viviani, Phys. Rev. C 87, 014006
(2013).



A ≤ 10 Magnetic Moments with Chiral EFT currents

A ≤ 10 MAGNETIC MOMENTS W/ χEFT EXCHANGE CURRENTS

Hybrid calculations using AV18+IL7 wave functions and χEFT exchange currents developed in:
Pastore, Schiavilla, & Goity, PRC 78, 064002 (2008) ; Pastore, et al., PRC 80, 034004 (2009)
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A ≤ 9 M1 TRANSITIONS W/
χEFT EXCHANGE CURRENTS

• dominant contribution is from OPE

• five LECs at N3LO

• dV
2 and dV

1 are fixed assuming ∆ reso-
nance saturation

• dS and cS are fit to experimental µd

and µS(3H/3He)

• cV is fit to experimental µV (3H/3He)

• Λ = 600 MeV
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0 1 2 3

Ratio to experiment

EXPT

6Li(0+ → 1+) B(M1)

7Li(1/2- → 3/2-) B(M1)

7Li(1/2- → 3/2-) B(E2)

7Be(1/2- → 3/2-) B(M1)

8Li(1+ → 2+) B(M1)

8Li(3+ → 2+) B(M1)

8B(1+ → 2+) B(M1)

8B(3+ → 2+) B(M1)

9Be(5/2- → 3/2-) B(M1)

9Be(5/2- → 3/2-) B(E2)

GFMC(IA) GFMC(TOT)

A ≤ 9 M1 TRANSITIONS W/
χEFT EXCHANGE CURRENTS

• dominant contribution is from OPE

• five LECs at N3LO

• dV
2 and dV

1 are fixed assuming ∆ reso-
nance saturation

• dS and cS are fit to experimental µd

and µS(3H/3He)

• cV is fit to experimental µV (3H/3He)

• Λ = 600 MeV

Pastore, Pieper, Schiavilla & Wiringa

PRC 87, 035503 (2013)
0 1 2 3

Ratio to experiment

EXPT

6Li(0+ → 1+) B(M1)

7Li(1/2- → 3/2-) B(M1)

7Li(1/2- → 3/2-) B(E2)

7Be(1/2- → 3/2-) B(M1)

8Li(1+ → 2+) B(M1)

8Li(3+ → 2+) B(M1)

8B(1+ → 2+) B(M1)

8B(3+ → 2+) B(M1)

9Be(5/2- → 3/2-) B(M1)

9Be(5/2- → 3/2-) B(E2)

GFMC(IA) GFMC(TOT)

Two-nucleon currents critical to understand 
low-energy transitions



Higher resolution: Momentum Distributions
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FIG. 7: (Color online) The proton momentum distribution in
8Be is shown by the red circles; the αα cluster distribution is
shown by the blue squares.

integrated Nαd = 0.86 is a sum of S- and D-wave parts
of 0.846 and 0.017, respectively.
The momentum distributions in 7Li are shown in

Fig. 6. The proton and neutron momentum distribu-
tions follow the standard pattern. The αt cluster distri-
bution has a node at zero momentum and a second node
at k ∼ 1.1 fm−1, indicative of the α and t clusters being
primarily in a relative 1p orbital with Nαt = 1.00.
The proton momentum distribution for 8Be is shown

in Fig. 7 along with the αα cluster distribution. Again,
at very low momenta, the nucleus can be considered to be
primarily in an αα cluster, but this probability declines
rapidly as k increases. The ραα(k) has two nodes because
the αs are in a relative 2s spatial state. The integrated
Nαα = 0.84.
The proton and neutron momentum distributions in

10Be are shown in Fig. 8. Also shown is the difference
ρn(k) − ρp(k); this difference is very much like the two
halo neutrons in 6He shown in Fig. 4, again with a dip
at zero momentum, appropriate for the p-shell and with
a dip at the usual S-wave node position, although it is
somewhat smeared out compared to the former case.
Tables and figures of the nucleon mo-

mentum distributions are provided online at
http://www.phy.anl.gov/theory/research/momenta/.
The tables give the proton momentum distribution,
with one standard deviation error bars, in T = 0
nuclei with the understanding that neutron and proton
momentum distributions are identical. For T > 0 nuclei,
both proton and neutron momentum distributions
are tabulated. Similarly, for J = 0 nuclei, only total
nucleon momentum distributions are given, but for
J > 0, the spin-up and spin-down distributions for
MJ = J states are also given. In addition, the total
normalization Nστ for each momentum distribution is
given, as are the contributions to the kinetic energy.
The corresponding spatial densities are provided online
at http://www.phy.anl.gov/theory/research/density/.
Included in the tables, but not shown here, are distri-
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FIG. 8: (Color online) The proton (neutron) momentum dis-
tribution in 10Be is shown by the red circles (blue squares);
the difference of neutron and proton densities is shown by the
cyan triangles with error bars.

butions for the ground states of 3H, 8He, 8Li, 9Li, 9Be,
and 10B. We have also made preliminary calculations of
the nucleon momentum distributions in 11B and 12C. In
these cases, the Jastrow part of the variational wave func-
tion has been made with only the most spatially symmet-
ric components, [443] and [444], respectively. The web
site will be updated when calculations are made with
more sophisticated wave functions for these and other
nuclei. Requests for momentum distributions in addi-
tional nuclei, or in excited states of the present nuclei,
are invited.
The overall evolution of the proton momentum distri-

bution in the T=0 nuclei is illustrated in Fig. 9. The
shape of the distributions shows a smooth progression
as nucleons are added. As A increases and the nuclei be-
come more tightly bound, the fraction of nucleons at zero
momentum decreases. As nucleons are added to the p-
shell, the distribution at low momenta becomes broader,
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FIG. 9: (Color online) The proton momentum distributions
in all T=0 nuclei from A=2–12.
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strength at ~ 2 fm-1 due to tensor correlations
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High momentum components dominated by two-nucleon physics
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tions is well documented (see Refs. [10, 11] and references
therein), as is the quality of the AV18/UIX Hamiltonian
in quantitatively accounting for a wide variety of light
nuclei properties, such as elastic and inelastic electro-
magnetic form factors [12], and low-energy capture re-
actions [13]. However, it is important to stress that the
large effect of tensor correlations on two-nucleon momen-
tum distributions and the resulting isospin dependence of
the latter remain valid, even if one uses a semi-realistic
Hamiltonian model. This will be shown explicitly below.

The double Fourier transform in Eq. (1) is computed
by Monte Carlo (MC) integration. A standard Metropo-
lis walk, guided by |ψJMJ

(r1, r2, r3, . . . , rA)|2, is used to
sample configurations [11]. For each configuration a two-
dimensional grid of Gauss-Legendre points, xi and Xj , is
used to compute the Fourier transform. Instead of just
moving the ψ′ position (r′12 and R′

12) away from a fixed
ψ position (r12 and R12), both positions are moved sym-
metrically away from r12 and R12, so Eq. (1) becomes

ρTMT
(q,Q) =

A(A − 1)

2 (2J + 1)

∑
MJ

∫
dr1 dr2 dr3 · · ·drA dx dXψ†

JMJ
(r12+x/2,R12+X/2, r3, . . . , rA)

× e−iq·x e−iQ·X PTMT
(12)ψJMJ

(r12−x/2,R12−X/2, r3, . . . , rA) . (3)

Here the polar angles of the x and X grids are also
sampled by MC integration, with one sample per pair.
This procedure is similar to that adopted most recently
in studies of the 3He(e, e′p)d and 4He(#e, e′#p )3H reac-
tions [14], and has the advantage of very substantially re-
ducing the statistical errors originating from the rapidly
oscillating nature of the integrand for large values of q
and Q. Indeed, earlier calculations of nucleon and cluster
momentum distributions in few-nucleon systems, which
were carried out by direct MC integration over all coordi-
nates, were very noisy for momenta beyond 2 fm−1, even
when the random walk consisted of a very large number
of configurations [2].

The present method is, however, computationally in-
tensive, because complete Gaussian integrations have to
be performed for each of the configurations sampled in
the random walk. The large range of values of x and X
required to obtain converged results, especially for 3He,
require fairly large numbers of points; we used grids of
up to 96 and 80 points for x and X , respectively. We
also sum over all pairs instead of just pair 12.

The np and pp momentum distributions in 3He, 4He,
6Li, and 8Be nuclei are shown in Fig. 1 as functions of the
relative momentum q at fixed total pair momentum Q=0,
corresponding to nucleons moving back to back. The
statistical errors due to the Monte Carlo integration are
displayed only for the pp pairs; they are negligibly small
for the np pairs. The striking features seen in all cases
are: i) the momentum distribution of np pairs is much
larger than that of pp pairs for relative momenta in the
range 1.5–3.0 fm−1, and ii) for the helium and lithium
isotopes the node in the pp momentum distribution is
absent in the np one, which instead exhibits a change of
slope at a characteristic value of p # 1.5 fm−1. The nodal
structure is much less prominent in 8Be. At small val-
ues of q the ratios of np to pp momentum distributions
are closer to those of np to pp pair numbers, which in

3He, 4He, 6Li, and 8Be are respectively 2, 4, 3, and 8/3.
Note that the np momentum distribution is given by the
linear combination ρTMT =10+ρTMT =00, while the pp mo-
mentum distribution corresponds to ρTMT =11. The wave
functions utilized in the present study are eigenstates of
total isospin (1/2 for 3He, and 0 for 4He, 6Li, and 8Be),
so the small effects of isospin-symmetry-breaking inter-
actions are ignored. As a result, in 4He, 6Li, and 8Be
the ρTMT

is independent of the isospin projection and,
in particular, the pp and T = 1 np momentum distribu-
tions are the same.

The excess strength in the np momentum distribution
is due to the strong correlations induced by tensor com-
ponents in the underlying NN potential. For Q=0, the
pair and residual (A–2) system are in a relative S-wave.
In 3He and 4He with uncorrelated wave functions, 3/4 of
the np pairs are in deuteron-like T, S=0,1 states, while
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FIG. 1: (Color online) The np (lines) and pp (symbols) mo-
mentum distributions in various nuclei as functions of the
relative momentum q at vanishing total pair momentum Q.
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back-to-back pairs in 12C

np pairs dominate 
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FIG. 11: (Color online) The proton-neutron momentum dis-
tributions in 4He as a function of q for several fixed values of
Q from 0 to 1.25 fm−1.

and develops a peak at finite k. The sharp change in
slope near k = 2 fm−1 to a broad shoulder is present in
all these nuclei and is attributable to the strong one-pion-
exchange tensor correlation induced by the two-nucleon
force.
Nucleon-pair momentum distributions ρpN (q,Q)

(with N=p or n) are evaluated using Eq.(3) of Ref. [2],
which is an obvious generalization of Eq.(4). Nucleon-
pair distributions with Q=0 for 3He, 4He, 6Li, and 8Be
were evaluated and shown in [2], while distributions for

finite Q ‖ q in 3He and 4He were reported in [3]. Here
we show ρpN (q,Q) for pp pairs in 4He in Fig. 10 and for
pn pairs in Fig. 11. The figures show a series of curves
as a function of q for fixed values of Q from 0 to 1.25
fm−1, averaged over all angles between Q and q (by MC
sampling).
The trends illustrated by these figures are similar to

the single-nucleon momentum distributions. The pp
pairs are primarily in relative 1S0 states, and exhibit the
usual S-wave node for total pair momenta Q=0. As Q
increases, this node begins to fill in, until it is largely
gone for Q>1 fm−1. The pn pairs are predominantly in
deuteron-like states, with the D-wave contribution filling
in the S-wave node and giving the usual broad shoulder
above 2 fm−1. The overall magnitude of the curves for
both pp and pn pairs decreases as Q increases, simply be-
cause there are fewer pairs with high total momenta. The
numerical values for these curves may be found online at
http://www.phy.anl.gov/theory/research/momenta2/,
along with similar results for 3He and Q=0 results for
additional nuclei.
In the future it may be possible to evaluate the momen-

tum distributions using the more accurate GFMC wave
functions in mixed estimates [10]. In that case, Eq.(2)
will have to be evaluated moving only r′i, which is an in-
herently noisier procedure. The most likely result from
a GFMC evaluation is a further flattening of the mo-
mentum distribution. First, the GMFC wave functions
produce more binding which will decrease somewhat the
population of nucleons at low momenta. Second, GFMC
wave functions generally have tensor correlations that are
enhanced relative to the VMC wave functions, which will
raise the broad shoulder in the 2 to 7 fm−1 region. In-
creased tensor correlations will also enhance polarization.
The GFMC kinetic energy, i.e., the second moment of the
nucleon momentum distribution, is generally higher than
the VMC kinetic energy by ∼ 10%, also indicating a shift
of nucleons to higher momenta, but still subject to the
overall normalization remaining the same.
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and develops a peak at finite k. The sharp change in
slope near k = 2 fm−1 to a broad shoulder is present in
all these nuclei and is attributable to the strong one-pion-
exchange tensor correlation induced by the two-nucleon
force.
Nucleon-pair momentum distributions ρpN (q,Q)

(with N=p or n) are evaluated using Eq.(3) of Ref. [2],
which is an obvious generalization of Eq.(4). Nucleon-
pair distributions with Q=0 for 3He, 4He, 6Li, and 8Be
were evaluated and shown in [2], while distributions for

finite Q ‖ q in 3He and 4He were reported in [3]. Here
we show ρpN (q,Q) for pp pairs in 4He in Fig. 10 and for
pn pairs in Fig. 11. The figures show a series of curves
as a function of q for fixed values of Q from 0 to 1.25
fm−1, averaged over all angles between Q and q (by MC
sampling).
The trends illustrated by these figures are similar to

the single-nucleon momentum distributions. The pp
pairs are primarily in relative 1S0 states, and exhibit the
usual S-wave node for total pair momenta Q=0. As Q
increases, this node begins to fill in, until it is largely
gone for Q>1 fm−1. The pn pairs are predominantly in
deuteron-like states, with the D-wave contribution filling
in the S-wave node and giving the usual broad shoulder
above 2 fm−1. The overall magnitude of the curves for
both pp and pn pairs decreases as Q increases, simply be-
cause there are fewer pairs with high total momenta. The
numerical values for these curves may be found online at
http://www.phy.anl.gov/theory/research/momenta2/,
along with similar results for 3He and Q=0 results for
additional nuclei.
In the future it may be possible to evaluate the momen-

tum distributions using the more accurate GFMC wave
functions in mixed estimates [10]. In that case, Eq.(2)
will have to be evaluated moving only r′i, which is an in-
herently noisier procedure. The most likely result from
a GFMC evaluation is a further flattening of the mo-
mentum distribution. First, the GMFC wave functions
produce more binding which will decrease somewhat the
population of nucleons at low momenta. Second, GFMC
wave functions generally have tensor correlations that are
enhanced relative to the VMC wave functions, which will
raise the broad shoulder in the 2 to 7 fm−1 region. In-
creased tensor correlations will also enhance polarization.
The GFMC kinetic energy, i.e., the second moment of the
nucleon momentum distribution, is generally higher than
the VMC kinetic energy by ∼ 10%, also indicating a shift
of nucleons to higher momenta, but still subject to the
overall normalization remaining the same.
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Proton-Proton pairs

Neutron-Proton pairs

⇢(p, q) = h0| exp[iq · (r � r0)] exp[iQ · (R+R0
)] |0i

Most pairs at 
high q have low

CM Q

np pairs dominate
for 4He, 12C
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RL,T (q,⇥) =
X

f

�(⇥ + E0 + Ef ) | � f |OL,T | 0 ⇥ |2

knowledge of response ➮ inclusive cross-sections
requires knowledge of all final states

Inclusive Scattering and Response Functions

Start with the deuteron, can enumerate all final states.
Use for test of Monte Carlo codes
Accurate predictions: could use to make absolute flux measurements



Electron Scattering on Deuterium2H Longitudinal and Transverse Response Functions
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ν-Deuteron Scattering up to GeV Energy

Shen et al. (2012)
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jµNC = −2 sin2θW jµγ,S + (1− 2 sin2θW ) jµγ,z + jµ5z

jµCC = jµ± + jµ5± j± = jx ± i jy
[
Ta , j

µ
γ,z

]
= i εazb j

µ
b(1)

jµCC reproduces well known weak transitions in A ≤ 7 nuclei and

µ-capture rates in d and 3He [Schiavilla and Wiringa (2002); Marcucci et al. (2012)]
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Deuterons: Neutral Current
Comparison of 1-body PW 
to isolated p + n and ratio 29
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FIG. 16: (color online) The “model” (P+N) NC cross sections for neutrino and antineutrino are compared with plane-wave
one-body (PW 1-body) results, see text for explanation. Inset: ratio of neutrino NC versus antineutrino NC cross section.
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Easy to calculate Sum Rules: ground-state observable

S(q) =

Z
d� R(q,�) = �0|O†(q) O(q)|0⇥

Heavier Nuclei (A>2)

Sum Rules are independent of final states (and FSI)

E(q) =

Z
d! ! R(q,!) = h0|O†(q)HO(q)|0i

For spin-isospin independent interactions E(q) = q2/2m

For nuclear physics E(q) > q2/2m,
     not reproduced by spectral function alone



Longitudinal and Transverse
Electromagnetic Response in A=3,4, 12

duce large effects in combination with ground-state
wave functions calculated including the short-range n-p
correlations. As most previous calculations were based
on independent-particle-type wave functions, the small-
ness of the resulting MEC contributions is thus under-
stood. To verify this point further, Carlson et al. have
repeated their calculation using the same operators, but
with a Fermi-gas wave function. Instead of an enhance-
ment factor of 1.47 coming from MEC at !q !
=600 MeV/c, they find a factor of 1.06 only, i.e., an eight
times smaller MEC effect.

The results of Carlson et al. also show, somewhat sur-
prisingly, that the MEC contribution is large at low mo-
mentum transfer. It decreases toward the larger Q2, in
agreement with the expectation that at very large Q2 it
falls "Sargsian, 2001# like Q−4 relative to quasielastic
scattering.

From the above discussion it becomes clear that the
Euclidean response, despite inherent drawbacks, is a
valuable quantity. Since the final continuum state does
not have to be treated explicitly, calculations of much
higher quality can be performed than for the response,
and the role of two-body currents can be treated quan-
titatively. Comparison between data and calculation has
shown in particular that for a successful prediction of
MEC, correlated wave functions for the ground state are
needed; such wave functions today are available up to
A$12 and for A=!. Unfortunately, the usage of the
Euclidean response for the time being is restricted to a
regime in which relativistic effects are not too large,
such that they can be included as corrections.

X. L ÕT SEPARATION AND COULOMB SUM RULE

In the impulse approximation, and when neglecting
the "small# contribution from nucleonic convection cur-
rents, the longitudinal and transverse response functions
RL and RT contain the same information and have the
same size. This has sometimes been called scaling of the
zeroth kind "see Sec. VII#. It was realized early on, how-
ever, that the transverse response receives significant
contributions from meson exchange currents and " ex-
citation "which are of a largely transverse nature#. It is
therefore clear that there is a high premium on separat-
ing the L and T responses, both because the L response
is easier to interpret and because of the additional infor-
mation contained in the T response.

The separation of the L and T responses is performed
using the Rosenbluth technique, which is justified only
in the single-photon exchange approximation. The cross
section, divided by a number of kinematical factors

d#

d$d%

&

#Mott

!q!4

Q4 = &RL"!q!,%# +
!q!2

2Q2RT"!q!,%# = ' ,

"65#

is a linear function of the virtual photon polarization

& = %1 +
2!q!2

Q2 tan2(

2
&−1

"66#

with q "Q# being the 3- "4-# momentum transfer and &
varying from 0 to 1 for scattering angles ( between 180°
and 0°. The slope of the linear function yields RL and
the intercept at &=0 yields RT. Figure 30 shows an early
example for an L /T separation, and demonstrates the
excess observed for the transverse strength.

While conceptually very straightforward, this L/T
separation is difficult in practice. It involves data taking
at the same !q!, but varying &, i.e., varying beam energy.
For an accurate separation of RL and RT, obviously the
largest possible range in &, hence beam energy, is re-
quired. As data are usually not taken at constant !q!, but
at a given beam energy and variable energy loss, obtain-
ing the responses at constant !q! involves interpolations
of the data. We show in Fig. 31 two examples for a
Rosenbluth separation, performed on the low- and
large-% side of the quasielastic peak, which also illus-
trate the importance of the forward angle "high-energy#
data for the determination of RL, i.e., the slope of the fit.

The Rosenbluth technique is applicable in the plane-
wave Born approximation, and fails once Coulomb dis-
tortion of the electron waves is present. Neglect of dis-
tortion is justified for the lightest nuclei alone, and only
if RT is not much bigger "or much smaller# than RL.
When one of the two contributions gets too small, even
minor corrections due to Coulomb distortion can have
large effects. At large !q!, for instance, even the determi-
nation of the proton charge form factor via the Rosen-
bluth technique is significantly affected by Coulomb cor-
rections "Arrington and Sick, 2004#. In order to extract
RL and RT in the presence of Coulomb distortion, the
data must first be corrected for these effects; this is dis-
cussed in Sec. XI.

Here we concentrate on the discussion of the longitu-

FIG. 30. Longitudinal "lower data set# and transverse re-
sponses of 12C "Finn et al., 1984#, plotted in terms of the scaling
function F"y#.
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Longitudinal

Transverse

(e, e′) Inclusive Response: Scaling Analysis

Donnelly and Sick (1999)

3He 4He

Scaling variables: ψ′ ! y/kF and fL,T = kF RL,T /GL,T

Data at variance with PWIA expectation that fL ! fT

Excess strength, especially for 4He, in transverse response
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Transverse / 
Longitudinal

enhancement 
requires more than 

single-nucleon physics
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• The one-body sum rule in
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the experimental values, 
including tail contributions.

• No significant quenching of 
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No evidence for in-medium 
modifications of the nucleon 
electromagnetic form factors.

Monday, June 24, 13

Carbon-12 : Electron Scattering
Longitudinal Sum Rule

new Jlab experiment soon, also neutrino experiments
again small role for two-nucleon currents

SL(q) = h0| ⇢†(q) ⇢(q) |0i

Lovato, et al, PRL 2013



Results - Transverse sum rule

•Divergent behavior at small 
q due to the normalization 
factor CT.

• Large two-body 
contribution, most likely 
from the quasi-elastic 
region, needed for a better 
agreement with 
experimental data.

• Comparison with 
experimental data made 
difficult by the     peak. �
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Sum Rules and Euclidean Response
Real-time response

R(q,!) = h0| j†(q) |fihf | j(q) |0i �(w � (Ef � E0))

Short time ‘t’ : sum rules
Long time: higher energy resolution

No general method for strongly-correlated quantum 
systems, typically use model final states

Short-time theories well known - 
operator product expansion, ....

R(q,!) =

Z
dt h0| j†(q) exp[iHt] j(q) |0i exp[i!t]
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Figure 6. The static structure factor (density-response sum rule) as a function of q. The results
have been obtained with the VMC, with and without long-range correlations in the Jastrow.

and Fermi momentum have been precisely determined theoretically and compared to experiment
across the BCS-BEC crossover. Other properties related to the contact have also been computed,
in particular the static structure factor, and the results are in very good agreement with
experimental data. Future directions include dynamic response of the unitary Fermi gas,
inhomogeneous systems and the transitions from three- to two-dimensions, and multi-component
Fermi gases.
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R(q, ⌧) = h0| j†(q) exp[�H⌧ ] j(q) |0i
Imaginary-time correlator (Euclidean Response)

duce large effects in combination with ground-state
wave functions calculated including the short-range n-p
correlations. As most previous calculations were based
on independent-particle-type wave functions, the small-
ness of the resulting MEC contributions is thus under-
stood. To verify this point further, Carlson et al. have
repeated their calculation using the same operators, but
with a Fermi-gas wave function. Instead of an enhance-
ment factor of 1.47 coming from MEC at !q !
=600 MeV/c, they find a factor of 1.06 only, i.e., an eight
times smaller MEC effect.

The results of Carlson et al. also show, somewhat sur-
prisingly, that the MEC contribution is large at low mo-
mentum transfer. It decreases toward the larger Q2, in
agreement with the expectation that at very large Q2 it
falls "Sargsian, 2001# like Q−4 relative to quasielastic
scattering.

From the above discussion it becomes clear that the
Euclidean response, despite inherent drawbacks, is a
valuable quantity. Since the final continuum state does
not have to be treated explicitly, calculations of much
higher quality can be performed than for the response,
and the role of two-body currents can be treated quan-
titatively. Comparison between data and calculation has
shown in particular that for a successful prediction of
MEC, correlated wave functions for the ground state are
needed; such wave functions today are available up to
A$12 and for A=!. Unfortunately, the usage of the
Euclidean response for the time being is restricted to a
regime in which relativistic effects are not too large,
such that they can be included as corrections.

X. L ÕT SEPARATION AND COULOMB SUM RULE

In the impulse approximation, and when neglecting
the "small# contribution from nucleonic convection cur-
rents, the longitudinal and transverse response functions
RL and RT contain the same information and have the
same size. This has sometimes been called scaling of the
zeroth kind "see Sec. VII#. It was realized early on, how-
ever, that the transverse response receives significant
contributions from meson exchange currents and " ex-
citation "which are of a largely transverse nature#. It is
therefore clear that there is a high premium on separat-
ing the L and T responses, both because the L response
is easier to interpret and because of the additional infor-
mation contained in the T response.

The separation of the L and T responses is performed
using the Rosenbluth technique, which is justified only
in the single-photon exchange approximation. The cross
section, divided by a number of kinematical factors

d#

d$d%

&

#Mott

!q!4

Q4 = &RL"!q!,%# +
!q!2

2Q2RT"!q!,%# = ' ,

"65#

is a linear function of the virtual photon polarization

& = %1 +
2!q!2

Q2 tan2(

2
&−1

"66#

with q "Q# being the 3- "4-# momentum transfer and &
varying from 0 to 1 for scattering angles ( between 180°
and 0°. The slope of the linear function yields RL and
the intercept at &=0 yields RT. Figure 30 shows an early
example for an L /T separation, and demonstrates the
excess observed for the transverse strength.

While conceptually very straightforward, this L/T
separation is difficult in practice. It involves data taking
at the same !q!, but varying &, i.e., varying beam energy.
For an accurate separation of RL and RT, obviously the
largest possible range in &, hence beam energy, is re-
quired. As data are usually not taken at constant !q!, but
at a given beam energy and variable energy loss, obtain-
ing the responses at constant !q! involves interpolations
of the data. We show in Fig. 31 two examples for a
Rosenbluth separation, performed on the low- and
large-% side of the quasielastic peak, which also illus-
trate the importance of the forward angle "high-energy#
data for the determination of RL, i.e., the slope of the fit.

The Rosenbluth technique is applicable in the plane-
wave Born approximation, and fails once Coulomb dis-
tortion of the electron waves is present. Neglect of dis-
tortion is justified for the lightest nuclei alone, and only
if RT is not much bigger "or much smaller# than RL.
When one of the two contributions gets too small, even
minor corrections due to Coulomb distortion can have
large effects. At large !q!, for instance, even the determi-
nation of the proton charge form factor via the Rosen-
bluth technique is significantly affected by Coulomb cor-
rections "Arrington and Sick, 2004#. In order to extract
RL and RT in the presence of Coulomb distortion, the
data must first be corrected for these effects; this is dis-
cussed in Sec. XI.

Here we concentrate on the discussion of the longitu-

FIG. 30. Longitudinal "lower data set# and transverse re-
sponses of 12C "Finn et al., 1984#, plotted in terms of the scaling
function F"y#.
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τ =
inverse T

Converts quantum dynamics to statistical mechanics
short time : sum rules (high energy)
long ‘time’ : low energy response (collective modes,...)



Why do FSI add to 
high-energy response?
Longitudinal electron 

scattering

PWIA (or spectral function):
    response tied to charge propagation
    charge propagation charged to nucleon propagation
       (momentum distribution)

Full Interacting system:
     charge can propagate through pion exchange:
     faster response (low ‘mass’) adds to high-energy tail

Tail visible in longitudinal response

from superscaling

Oh et al.

Shape of quasi-elastic peak asymmetrical, far from Fermi-gas!

rarely appreciated
neglect of tail = main reason for troubles with CSR
affects other observables such as in ν-scattering



3He and 4He Transverse Euclidean Response Functions

Excess strength in quasielastic region (τ > 0.01 MeV−1)

Larger in A = 4 than in A = 3, as already inferred from ST

26

3He Transverse 4He Transverse

Towards (short-time) Dynamics: Euclidean Response

Sum Rule Low Energy



Neutrino Scattering:
2

✓
d�

d✏0d⌦

◆

⌫/⌫

=
G

2
F

2⇡2
k

0
✏

0 cos2
✓

2

"
R00 +

!

2

q

2
R

zz

� !

q

R0z +

✓
tan2

✓

2
+

Q

2

2 q2

◆
R

xx

⌥ tan
✓

2

s

tan2
✓

2
+

Q

2

q

2
R

xy

#
,

where G

F

= 1.1803 ⇥ 10�5 GeV�2 is the Fermi con-
stant [16] and the � (+) sign in the last term is rel-
ative to the ⌫ (⌫) reaction. The neutrino initial and
final four-momenta are k

µ = (✏,k) and k

µ 0 = (✏0,k0),
and its energy and momentum transfers are defined as
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0 and q = k � k0. The scattering angle and
four-momentum transfer are denoted by ✓ and Q
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where | ii and | fi represent the initial ground state
and final scattering state of the nucleus of energies m

A

and E

f

=
q
q

2 +m

2
f

; here, m
A

and m

f

denote, respec-

tively, the rest mass and internal excitation energy (in-
cluding the masses of the constituent nucleons). The
three-momentum transfer q is taken along the z-axis (i.e.,
the spin-quantization axis), and j

µ(q,!) is the NC time
component for µ = 0 or space component for µ = x, y, z.
Lastly, an average over the initial nuclear spin projections
is implied.

The NC is given by

j

µ = �2 sin2✓
W

j

µ

�,S

+ (1� 2 sin2✓
W

) jµ
�,V

+ j

µ5
V

,

where ✓

W

is the Weinberg angle (sin2✓
W

= 0.2312 [17]),
j

µ

�,S

and j

µ

�,V

denote, respectively, the isoscalar and
isovector components of the electromagnetic current, and
j

µ5
V

denotes the isovector component of the axial current.
Isoscalar contributions to j

µ associated with strange
quarks are ignored, since experiments at Bates [18–20]
and JLab [21–23] have found them to be very small.

Explicit expressions for the nuclear electromagnetic
current j

µ

�

are reported in Ref. [15]. The model is in
fact the same as that adopted in our recent study of the
charge form factor and longitudinal and transverse sum
rules of electromagnetic response functions in 12C [14]. It
will not be discussed any further here, except to note that
it leads to a satisfactory description of a variety of electro-
and photo-nuclear observables in systems with A  12,
ranging from static properties (charge radii, quadrupole
moments, and M1 transition widths) to charge and mag-
netic form factors to low-energy radiative capture cross
sections to inclusive (e, e0) scattering in quasielastic kine-
matics at intermediate energies [14, 24–28].

A realistic model for the axial weak current j

µ5
V

in-
cludes one- and two-body terms (see Ref. [15] for a recent
overview). The former follow from a non-relativistic ex-
pansion of the single-nucleon four-current, in which cor-
rections proportional to 1/m2 (m is the nucleon mass)
are retained. The time component of the two-body axial
current includes the pion-exchange term whose structure
and strength are determined by soft-pion theorem and
current algebra arguments [29]. Its space components
consist of contributions associated with ⇡- and ⇢-meson
exchanges, the axial ⇢⇡ transition mechanism, and a �
excitation term (treated in the static limit). The values
for the ⇡- and ⇢-meson coupling constants are taken from
the CD-Bonn one-boson-exchange potential [30]. Two
di↵erent sets of cuto↵ masses ⇤

⇡

and ⇤
⇢

are used to reg-
ularize the r-space representation of these operators [15]:
in the first set (Set I) the ⇤

⇡

and ⇤
⇢

values (⇤
⇡

=⇤
⇢

=1.2
GeV) are in line with those extracted from the e↵ective
⇡-like and ⇢-like exchanges implicit in the Argonne v18

(AV18) two-nucleon potential [31], while in the second
set (Set II) these are taken from the CD-Bonn potential
(⇤

⇡

=1.72 GeV and ⇤
⇢

=1.31 GeV). In the N to � cur-
rent, the value for the transition axial coupling constant
(g⇤

A

) is determined by fitting the Gamow-Teller matrix
element of tritium �-decay in a calculation [32, 33] based
on 3H/3He wave functions corresponding to the AV18
and Urbana IX (UIX) three-nucleon [34] potentials and
on the present model for the axial current (g⇤

A

=0.614 g

A

with Set I and g

⇤
A

=0.371 g

A

with Set II).

The !-dependence in the current jµ enters through the
dependence on Q

2 of the electroweak form factors of the
nucleon and N -to-� transition. It is removed by fixing !

to be the quasielastic peak energy, !qe =
p
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and by evaluating these form factors at Q2
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stant [16] and the � (+) sign in the last term is rel-
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where | ii and | fi represent the initial ground state
and final scattering state of the nucleus of energies m
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and m
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tively, the rest mass and internal excitation energy (in-
cluding the masses of the constituent nucleons). The
three-momentum transfer q is taken along the z-axis (i.e.,
the spin-quantization axis), and j

µ(q,!) is the NC time
component for µ = 0 or space component for µ = x, y, z.
Lastly, an average over the initial nuclear spin projections
is implied.

The NC is given by

j

µ = �2 sin2✓
W

j

µ

�,S

+ (1� 2 sin2✓
W

) jµ
�,V

+ j

µ5
V

,

where ✓

W

is the Weinberg angle (sin2✓
W

= 0.2312 [17]),
j

µ

�,S

and j

µ

�,V

denote, respectively, the isoscalar and
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denotes the isovector component of the axial current.
Isoscalar contributions to j

µ associated with strange
quarks are ignored, since experiments at Bates [18–20]
and JLab [21–23] have found them to be very small.

Explicit expressions for the nuclear electromagnetic
current j
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are reported in Ref. [15]. The model is in
fact the same as that adopted in our recent study of the
charge form factor and longitudinal and transverse sum
rules of electromagnetic response functions in 12C [14]. It
will not be discussed any further here, except to note that
it leads to a satisfactory description of a variety of electro-
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ranging from static properties (charge radii, quadrupole
moments, and M1 transition widths) to charge and mag-
netic form factors to low-energy radiative capture cross
sections to inclusive (e, e0) scattering in quasielastic kine-
matics at intermediate energies [14, 24–28].

A realistic model for the axial weak current j
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in-
cludes one- and two-body terms (see Ref. [15] for a recent
overview). The former follow from a non-relativistic ex-
pansion of the single-nucleon four-current, in which cor-
rections proportional to 1/m2 (m is the nucleon mass)
are retained. The time component of the two-body axial
current includes the pion-exchange term whose structure
and strength are determined by soft-pion theorem and
current algebra arguments [29]. Its space components
consist of contributions associated with ⇡- and ⇢-meson
exchanges, the axial ⇢⇡ transition mechanism, and a �
excitation term (treated in the static limit). The values
for the ⇡- and ⇢-meson coupling constants are taken from
the CD-Bonn one-boson-exchange potential [30]. Two
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Neutral current sum rules for 12C
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Present and Near Future

 Calculations of neutral and charged current scattering on the deuteron
    (neutrinos and anti-neutrinos) completed 

 Codes for neutral current and nearly charged current
    completed for use in Quantum Monte Carlo calculations

 Calculations of Sum Rules ( NC ) completed 

 Calculations for Euclidean response expected in ~ 1 year

 Studying quasi-analytic approaches to dynamic response in high 
     q, omega region

Thanks to:
ANL devoting ~50-100M core-hours to this project plus staff/postdoc time
INCITE award to NUCLEI project amount largest in country
 - neutrino scattering is an important goal
LANL support through LDRD-DR project (PI: Mauger)


