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Three-Body Sector: 
Partial Waves & Mixing

Jd

JBd



Boosts

• diboson is boosted: 
• Bd is unboosted: 

Symmetry is reduced:

“lab” frame “Effective” View

Jd = {0, 2, 4, . . .}

Boson-diboson Boosted:
•  

Bour et al. (2011), Davoudi & Savage (2011), Fu (2012): 
Boosted two-particle system with different masses

Boson-diboson CM: + + ...

JBd = {0, 4, 6, . . .}

JBd = {0, 1, 2, . . .}

Jd

JBd

Must generalize 
dimer formalism
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Why NN?
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FIG. 2: “Survivability bands” for carbon-oxygen based life from
Eq. (4), due to 1% and 5% changes in mq in terms of the param-
eters Ās and Āt. The most up-to-date NNLO analysis of Ās,t is
depicted by the data point with horizontal and vertical error bars.

Q(ε) = 3.99(9) MeV. For fixed mq, a variation of αem by
±100 keV/Q(ε) ≈ 2.5% would thus be compatible with the
formation of carbon and oxygen in our Universe. This is con-
sistent with the " 4% bound reported in Ref. [4].

In summary, we have presented ab initio lattice calculations
of the dependence of the triple-alpha process upon the light
quark masses and the EM fine structure constant. The posi-
tion of the 8Be ground state relative to the 2–α threshold, as
well as that of the Hoyle state relative to the 3–α threshold,
appears strongly correlated with the binding energy of the α–
particle. We also find that the formation of carbon and oxy-
gen in our Universe would survive a change of " 2% in mq

or " 2% in αem. Beyond such relatively small changes, the
anthropic principle appears necessary at this time to explain
the observed reaction rate of the triple-alpha process. In order
to make more definitive statements about carbon and oxygen
production for larger changes in the fundamental parameters,
a more precise determination of Ās and Āt is needed from
future lattice QCD simulations.

Acknowledgments

We are grateful to Silas Beane for useful comments and a
careful reading of the manuscript. We thank Andreas Nogga
for providing an updated analysis of the 4He nucleus. Par-
tial financial support from the Deutsche Forschungsgemein-
schaft (Sino-German CRC 110), the Helmholtz Association
(contract number VH-VI-417), BMBF (grant 06BN9006),
and the U.S. Department of Energy (DE-FG02-03ER41260)
is acknowledged. This work was further supported by
the EU HadronPhysics3 project, and funds provided by the
ERC project 259218 NUCLEAREFT. The computational re-
sources were provided by the Jülich Supercomputing Centre
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The left panel of fig. 12 gives the ratio of the scattering length to effective range in the
3S1 channel as a function of the pion mass. As the effective range is a measure of the

range of the interaction, this figure reveals that the deuteron is becoming more natural at

heavier light-quark masses. In the right panel of fig. 12, the deuteron binding momentum

γd (related to the binding energy by Bd = γ2
d/MN) normalized to the pion mass is shown

as a function of the pion mass. In the chiral regime one would expect that that γd scales

as m2
π as suggested by effective field theory [44–51]. However, at the heavy up and down

quark masses used here, naive expectations based on the uncertainty principle suggest that

the deuteron binding momentum, if natural, would scale roughly as the inverse of the range

of the interaction. As the ratio of γd to mπ as a function of mπ is not constant, but rather

is falling, we conclude that pion exchange is no longer the only significant contribution to

the long-range component of the nuclear force, consistent with the meson spectrum found

at these quark masses.

While more precise calculations at these quark masses are desirable, and LQCD cal-

culations at other light-quark masses and at other lattice spacings are required to make

definitive statements, the present calculations suggest that the deuteron remains unnatural

over a large range of light-quark masses. This would imply that the unnaturalness of the

deuteron binding energy at the physical point is a generic feature of QCD with three light

quarks and does not result from a fine-tuning of their masses. If subsequently confirmed,

this would be a very interesting result.
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FIG. 13: The left panel shows the ratio of the scattering length to effective range in the 1S0

channel. The right panel shows the normalized di-neutron binding momentum versus the pion
mass [8, 11, 13, 14].

The
1S0 channel is unnatural at the physical point with a very large scattering length,

but the system appears to be more natural at heavier pion masses. Nonetheless, as shown in

fig. 13 (left panel), the scattering length is approximately twice the effective range at a pion

mass ofmπ ∼ 800 MeV, similar to the
3S1 channel. In the right panel of fig. 13, the di-neutron

binding momentum γnn (related to the binding energy by Bnn = γ2
nn/MN) normalized to the

pion mass is shown as a function of the pion mass. As in the
3S1 channel, it appears that

the pion is not providing the only significant contribution to the long-range component of

the nuclear force. However, in contrast to the
3S1 channel, the

1S0-channel is clearly finely-

tuned at the physical light-quark masses. The range of light-quark masses over which it is

fine-tuned requires further LQCD calculations to determine, and eventual consideration of
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Issues of Insight Pragmatic issues

current

Lüscher poles

Lellouch-Lüscher Āi ≡
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Dimer Formalism:  Scalar Sector

=
−iδl1l2δm1m2

E − P2

4m −∆l1 +
�

n=1 cl1,n
�
E − P2

4m

�n+1

(E,P ) l1m1 l2m2
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(Ek, k)

(E − Ek, P − k)

= −ig2,l1
√
4πY ∗

l1m1
(k∗) k∗l1 δ1,(−1)l1

k∗ ≡ k − P/2

=
iδl1l2δm1m2 k∗2l1

k∗2l1+1 cot δ(l1)d − ik∗2l1+1

k∗2l+1 cot δ(l)d = − 1
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ERE:

Finite volume result agrees with  Rummukainen & Gottlieb, and Kim, Sharpe & Sachra jda 

fully dressed dimer

l2m2l1m1

Galilean invariance

spherical dimer



 Nuclear Sector: Infinite Volume
Complicated by physical mixing 

[e.g. positive parity, iso-singlet sector, J<4]

M∞,π=+
S=1,I=0 =




M∞

J=1 0 0
0 M∞

J=2 0
0 0 M∞

J=3





[M∞
J=1]mjmj�

=
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MS

1mj ;1mj�
MSD

1mj ;1mj�

MDS
1mj ;1mj�

MD
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[M∞
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25 x 25

18 x 18

Rich structure MUST be 
reflected in the dimer 

formalism 



Dimer Formalism:  Nuclear Sector

convenient notation:
|νX� ≡ |XmX�Dimer operator with (J,I) 

quantum numbers
Dimer operator in the 

(l,S,I) - basis

dlSνJνI ,P =
�

ml,ms

�νJ |νlνS� dνlνSνI ,P

mixes different (l,S) states 

3S1

3D1
3S1

3S1
3S1

3D1∼ α10�ν0νS |ν1� ∼ g2110Y2m2(k̂
∗)k∗2�ν2νS |ν1�

∼ α10Y2m2(k̂
∗)k∗2�ν2νS |ν1�∼ g0110�ν0νS |ν1�

3D1

3D1

e.g. 3S1        3D1



Quantization Condition
+= V(J1, l1, S) (J2, l2, S)

det
�
(M∞)−1 + δGV

�
= 0

Scattering amplitude 
Diagonal  in J2 -basis 

mixes l states

Kinematic function of (L, EL)
Mixes angular  momentum

independent of 
dimer formalism

Holds for all partial waves,  
parity & boosts



Quantization Condition
sanity check

det
�
(M∞)−1 + δGV

�
= 0

i
�
δGV

�
νJ l;νJ� l�;SI

= −im
P ∗l�+l

4π

�

mS ,
ml,ml�

�νlνS |νJ��νJ � |νl�νS�δ(−1)l+1−I−S ,1

�
FP (P ∗2)− iP ∗�

νl,νl�

S = 0 limit

Agreement with 
Gottlieb & Rummukainen
Kim, Sachrajda,  Sharpe

S = 1/2 limit

Agreement with Göckeler et al.

P=0  case by N. Ishizuka, proceeding



Boosts & Symmetry (I)

•Oh : Octahedral 

•D4h : Tetragonal

•D2h : Orthorhombic

•D3h : Trigonal 

d= (0,0,0)

d= (0,0,1)

d= (1,1 ,0)

d= (1,1,1)



• Rotations: 

• Parity + Isospin limit: 

• Examples [J < 4]:

• Oh:

•D2h: 

Boosts & Symmetry (II)

Lüscher (1990)

cPlml
=

�

ml�={−l,l}

D(l)
ml,m�

l
(RX ) cPlm�

l

cPlml
= (−1)lcPlml

cP00, cP44 =

�
5

14
cP40, else cPlml

= 0

cPlml
= 0, if l or ml are odd

cPlml
= (−1)ml/2 cPl−ml

e.g. 24 relations for Oh

cPνl��
(x) =

�
1

L3

�

k

−P
�

d3k

(2π)3

� √
4πYνl�� (k̂

∗)k∗l
��

k∗2 − x



Cubic NN-Propagator
Evaluate determinant of

clm ~ Zlm

�
(M∞)−1 + δGV

�

Oh

(M∞)−1





b2 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0
m1 0 0 b2 0 0 0 0 0 0 0 0 0 z1 0 0 0 z2
0 m1 0 0 b2 0 0 0 0 0 0 0 0 0 z3 0 0 0
0 0 m1 0 0 b2 0 0 0 0 0 z2 0 0 0 z1 0 0
0 0 0 0 0 0 b3 0 0 0 z5 0 z6 0 0 0 z6 0
0 0 0 0 0 0 0 b4 0 0 0 0 0 z8 0 0 0 z9
0 0 0 0 0 0 0 0 b5 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 b4 0 −z9 0 0 0 −z8 0 0
0 0 0 0 0 0 z5 0 0 0 b3 0 −z6 0 0 0 −z6 0
0 0 0 0 0 z2 0 0 0 −z9 0 b6 0 0 0 z4 0 0
0 0 0 0 0 0 z6 0 0 0 −z6 0 b7 0 0 0 z10 0
0 0 0 z1 0 0 0 z8 0 0 0 0 0 b8 0 0 0 z4
0 0 0 0 z3 0 0 0 0 0 0 0 0 0 b9 0 0 0
0 0 0 0 0 z1 0 0 0 −z8 0 z4 0 0 0 b8 0 0
0 0 0 0 0 0 z6 0 0 0 −z6 0 z10 0 0 0 b7 0
0 0 0 z2 0 0 0 z9 0 0 0 0 0 z4 0 0 0 b60





SD



Cubic NN-PropagatorCubic NN-Propagator
Unitary transformation: 
Diagonal blocks are diagonalized: 
à  la mode de Tom & Martin (2011)

S
�
δGV

�
S†





b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0
m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 0 −z1 0 0
0 m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 0 0 z1
0 0 m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 −z1 0
0 0 0 0 0 0 b4 0 0 0 0 0 z2 0 0 0 0 0
0 0 0 0 0 0 0 b5 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 b4 0 0 0 0 0 z2 0 0 0
0 0 0 0 0 0 0 0 0 b5 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 b4 0 0 −z2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 b6 0 0 0 0 0 0
0 0 0 0 0 0 z2 0 0 0 0 0 b7 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −z2 0 0 b7 0 0 0 0
0 0 0 0 0 0 0 0 z2 0 0 0 0 0 b7 0 0 0
0 0 0 −z1 0 0 0 0 0 0 0 0 0 0 0 b8 0 0
0 0 0 0 0 −z1 0 0 0 0 0 0 0 0 0 0 b8 0
0 0 0 0 z1 0 0 0 0 0 0 0 0 0 0 0 0 b8







A2-Irrep
1

MD
J=3

+
imp

4π
= mc00 − 4

�
2

35

mc44
p4





b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0
m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 0 −z1 0 0
0 m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 0 0 z1
0 0 m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 −z1 0
0 0 0 0 0 0 b4 0 0 0 0 0 z2 0 0 0 0 0
0 0 0 0 0 0 0 b5 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 b4 0 0 0 0 0 z2 0 0 0
0 0 0 0 0 0 0 0 0 b5 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 b4 0 0 −z2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 b6 0 0 0 0 0 0
0 0 0 0 0 0 z2 0 0 0 0 0 b7 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −z2 0 0 b7 0 0 0 0
0 0 0 0 0 0 0 0 z2 0 0 0 0 0 b7 0 0 0
0 0 0 −z1 0 0 0 0 0 0 0 0 0 0 0 b8 0 0
0 0 0 0 0 −z1 0 0 0 0 0 0 0 0 0 0 b8 0
0 0 0 0 z1 0 0 0 0 0 0 0 0 0 0 0 0 b8







E-Irrep
�

1

MD
J=2

+
imp

4π
−mc00 + 4

�
2

35

mc44
p4

�2

= 0





b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0
m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 0 −z1 0 0
0 m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 0 0 z1
0 0 m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 −z1 0
0 0 0 0 0 0 b4 0 0 0 0 0 z2 0 0 0 0 0
0 0 0 0 0 0 0 b5 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 b4 0 0 0 0 0 z2 0 0 0
0 0 0 0 0 0 0 0 0 b5 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 b4 0 0 −z2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 b6 0 0 0 0 0 0
0 0 0 0 0 0 z2 0 0 0 0 0 b7 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −z2 0 0 b7 0 0 0 0
0 0 0 0 0 0 0 0 z2 0 0 0 0 0 b7 0 0 0
0 0 0 −z1 0 0 0 0 0 0 0 0 0 0 0 b8 0 0
0 0 0 0 0 −z1 0 0 0 0 0 0 0 0 0 0 b8 0
0 0 0 0 z1 0 0 0 0 0 0 0 0 0 0 0 0 b8







T2-Irrep
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MD
J=2

+ imp
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3

�
2
35
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�
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3
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35
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3

= 0





b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0
m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 0 −z1 0 0
0 m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 0 0 z1
0 0 m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 −z1 0
0 0 0 0 0 0 b4 0 0 0 0 0 z2 0 0 0 0 0
0 0 0 0 0 0 0 b5 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 b4 0 0 0 0 0 z2 0 0 0
0 0 0 0 0 0 0 0 0 b5 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 b4 0 0 −z2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 b6 0 0 0 0 0 0
0 0 0 0 0 0 z2 0 0 0 0 0 b7 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −z2 0 0 b7 0 0 0 0
0 0 0 0 0 0 0 0 z2 0 0 0 0 0 b7 0 0 0
0 0 0 −z1 0 0 0 0 0 0 0 0 0 0 0 b8 0 0
0 0 0 0 0 −z1 0 0 0 0 0 0 0 0 0 0 b8 0
0 0 0 0 z1 0 0 0 0 0 0 0 0 0 0 0 0 b8
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detMJ=1
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MSD
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3

= 0





b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 b1 0 0 m1 0 0 0 0 0 0 0 0 0 0 0 0
m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 0 −z1 0 0
0 m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 0 0 z1
0 0 m1 0 0 b2 0 0 0 0 0 0 0 0 0 0 −z1 0
0 0 0 0 0 0 b4 0 0 0 0 0 z2 0 0 0 0 0
0 0 0 0 0 0 0 b5 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 b4 0 0 0 0 0 z2 0 0 0
0 0 0 0 0 0 0 0 0 b5 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 b4 0 0 −z2 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 b6 0 0 0 0 0 0
0 0 0 0 0 0 z2 0 0 0 0 0 b7 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −z2 0 0 b7 0 0 0 0
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= 0

• Free states split

• In CM the SD-mixing

• Nearly uncoupled                              
at physical point

• Unphysical mπ ?

�̄SD

∼ sin(2�̄SD)



Tetragonal

7

A. Cubic, Oh, d = (0, 0, 0)

B. Tetragonal, D4h, d = (0, 0, 1)

The SD block appearing in A2

�
cos(2�̄) sin(δ1−δ2)−3 sin(δ1+δ2)−2

√
2 sin(2�̄)

3 cos(δ1+δ2)−3 cos(δ1−δ2) cos(2�̄)
sin(2�̄)−2

√
2 cos(2�̄) sin(δ1−δ2)

3(cos(δ1+δ2)−cos(δ1−δ2) cos(2�̄))
sin(2�̄)−2

√
2 cos(2�̄) sin(δ1−δ2)

3(cos(δ1+δ2)−cos(δ1−δ2) cos(2�̄)) − cos(2�̄) sin(δ1−δ2)+3 sin(δ1+δ2)−2
√
2 sin(2�̄)

3(cos(δ1+δ2)−cos(δ1−δ2) cos(2�̄))

�
(39)

The SD block appearing in E
�

cos(2�̄) sin(δ1−δ2)−3 sin(δ1+δ2)+2
√
2 sin(2�̄)

3 cos(δ1+δ2)−3 cos(δ1−δ2) cos(2�̄)
sin(2�̄)−2

√
2 cos(2�̄) sin(δ1−δ2)

3(cos(δ1+δ2)−cos(δ1−δ2) cos(2�̄))
sin(2�̄)−2

√
2 cos(2�̄) sin(δ1−δ2)

3(cos(δ1+δ2)−cos(δ1−δ2) cos(2�̄)) − cos(2�̄) sin(δ1−δ2)+3 sin(δ1+δ2)+2
√
2 sin(2�̄)

3(cos(δ1+δ2)−cos(δ1−δ2) cos(2�̄))

�
(40)

Υ(A2)
00 = I3, Υ(A2)

20 =
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√
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√
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√
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√
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√
2

7
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 (41)

Υ(E)
00 = I4, Υ(E)

20 =





1
2
√
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√
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4
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, (42)

Υ(E)
40 =





0 0 0
√
3
7 0

0 0 0
√
6
7 0

0 0 8
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�
5
√
5
�
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√
6
7 − 1

21

�
5
√
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1
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, Υ(E)
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(43)

det





− 2c20m√
5p2

+ ipm
4π − mc00 +
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√
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J=1+MD
J=1

3 detMJ=1
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√
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√
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= 0(44)

• Five irreps

• Two irreps with S-wave: A2 , E

• Quantization condition for A2 -irrep:

Physical mixing Symmetry reduction

• E-irrep is 5D: mixes J=1, 2, & 3

vs.



Conclusion   
• Generalization of dimer formalism

• Scalar/Nuclear sectors

• Quantization condition for NN in a box

• Arbitrary partial wave, parity, & boost

• Positive parity irreps for J<4 

• Boosts: (0,0,0), (0,0,1), (1,1,0), (1,1,1)

• Negative parity sector under way

• Good interporlating operators needed!



Thanks!
•Martin, David, INT
•Speakers
•Participants


