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• Nuclei and light-cone physics are both challenging in lattice QCD

• Demonstrating such an iconic effect from QCD would be a major 
achievement

• Can it be done?

EMC effect

Nuclei Light-cone



Nuclei



• Lattice QCD: quarks and gluons

• Formulate problem as functional integral 
over gluonic degrees of freedom on R4

• Discretise and compactify system 

• Integrate via importance sampling
(average over important gluon cfgs)

• Undo the harm done in previous steps

• Major computational challenge ...

Quantum chromodynamics



QCD: meson/baryon spectrum

Ground state B=0,1 spectrum of QCD

[A Kronfeld, 1209.3468]
points correspond to different sets of calculations

B - 4 GeV
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We report the first lattice QCD calculation using the almost physical pion mass m⇡ = 149 MeV
that agrees with experiment for four fundamental isovector observables characterizing the gross
structure of the nucleon: the Dirac and Pauli radii, the magnetic moment, and the quark momentum
fraction. The key to this success is excluding the contributions of excited states. An analogous
calculation of the nucleon axial charge governing beta decay fails to agree with experiment, and we
discuss possible sources of error.
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INTRODUCTION

Lattice QCD is the only known rigorous framework
for ab-initio calculation of the structure of protons and
neutrons with controllable errors. It can provide quanti-
tative answers to both fundamental questions such as the
quark and gluon composition of the nucleon spin and phe-
nomenological questions such as the sensitivity of modern
detectors to physics beyond the Standard Model (BSM),
to fundamental symmetry violations, and to hypothetical
dark matter particles [1–3]. However, with current com-
puter resources, its predictive power is limited by uncer-
tainties arising from heavier than physical quark masses,
finite lattice spacing and volume, incomplete removal of
excited states, and omission of disconnected contractions.
Therefore, until exhaustive lattice calculations remove
these uncertainties, reproducing several well-known ex-
perimental observables is an important way to increase
confidence in lattice QCD predictions.

Significant e↵ort has been focused on lattice calcula-
tions of several isovector quantities1 such as the Dirac
and Pauli radii (r2

1,2)
v, the axial charge gA, and the quark

momentum fraction hxiu�d:
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So-called disconnected contractions, which are expensive to com-

pute, cancel in isovector observables, making them ideal for ver-

ifying lattice QCD.

where Q

2 = �q

2 = �(p0 � p)2 and up, up0 are nucleon
spinors. Although some success has been achieved [4–
9], past results rely heavily on large extrapolations using
Chiral Perturbation Theory (ChPT) yielding potentially
uncontrollable corrections. This is particularly problem-
atic for some observables, e.g., (r2

1,2)
v and hxiu�d, for

which ChPT predicts rapid change towards the chiral
regime, making extrapolations very di�cult. For ex-
ample, in typical lattice calculations with pion masses
& 250 MeV, prior to extrapolation to m

phys

⇡ ⇡ 135 MeV,
(r2

1

)v is underestimated by ⇡ 50% [6–8, 10], hxiu�d over-
estimated by 30�60% [5, 11, 12], and gA underestimated
by ⇡ 10% [4, 13, 14], compared with experiment. These
glaring discrepancies and the dependence on large extrap-
olations clearly indicate the need for calculations near the
physical pion mass. Moreover, it has recently been found
that excited-state e↵ects become worse with decreasing
pion mass [15], and their careful analysis is required be-
fore even attempting extrapolations in the pion mass to-
wards the physical point using ChPT.

In this paper, we report the first lattice QCD calcu-
lation of nucleon structure using pion masses as light as
m⇡ = 149 MeV and thus very close to the physical value;
therefore, our results rely much less on ChPT extrapo-
lations than previous calculations. For each ensemble,
we remove excited-state contaminations by varying the
source-sink separation in the range ⇡ 0.9 . . . 1.4 fm and
apply the summation method [16] to extract the ground
state matrix elements. We observe remarkable agreement
with experiment of the isovector Dirac and Pauli radii,
the anomalous magnetic moment, and the quark momen-
tum fraction, all computed with the same methodology.
However, as we will see later, the axial charge gA is still
underpredicted and requires further studies.
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FIG. 1. Isovector Dirac radius (r2
1

)v. Fits to the blue solid
square and diamond points are described in Tab. II, and the
same fits applied to the full set of solid points are shown for
comparison. The two experimental points are from PDG [24]
and the µp Lamb shift [23]. The series of open symbols show
data before the removal of excited states, with fixed source-
sink separation �t increasing from right to left. Their error
bars reflect only statistical errors, which grow with �t.
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FIG. 2. Isovector anomalous magnetic moment 

v. See
caption of Fig. 1.

0  Q

2  0.5 GeV2.

The Dirac radius (r2
1

)v is shown in Fig. 1. We compare
it to the experimental value (r2

1

)v = (r2
1

)p � (r2
1

)n, where
(r2

1

)p,n = (r2E)p,n � 3p,n

2M2

p,n
, with the error bar dominated

by the uncertainty in (r2E)p, the proton electric charge
radius. We show two experimental values for (r2

1

)v in
Fig. 1, which correspond to two inconsistent values for
(r2E)p: the PDG value [24] and the recent and controver-
sial result from measurement of the µp Lamb shift [23].
Relative to the lattice uncertainty, the extrapolated value
deviates from the µp Lamb shift value by �0.07� and

0.10 0.15 0.20 0.25 0.30 0.35 0.40
m

�

[GeV]
0

1

2

3

4

5

6

�
v

·(
r2 2

)v
[fm

2
]

HBChPT+�

32c64 fine
32c96 coarse
24c24 coarse
24c48 coarse
32c48 coarse
48c48 coarse
PDG 2012

FIG. 3. Isovector Pauli radius v(r2
2

)v. See caption of Fig. 1.
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FIG. 4. Isovector quark momentum fraction hxiu�d. See
caption of Fig. 1.

from the PDG value by �2.17�. In addition, we check
the low-energy QCD dynamics by repeating the ChPT
fit without the �-resonance, shown as the dotted lines
in Fig. 1. In this case, we observe somewhat worse fit
quality (see Tab. II, line 2), especially when the full m⇡

range is included in the fit, demonstrating the relevance
of the �-resonance.

In a similar fashion, we extract the isovector anoma-
lous magnetic moment 
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p�

n and the Pauli radius
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n) from the Pauli form
factor F
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(Q2). In this case the results are less precise

because the forward values F

2
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are extrapo-

lated using the dipole form F
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> 0 scales roughly as Q
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s
,

the Q

2 fits are less precise on lattices with smaller spa-
tial volumes. This explains the significant increase of
error bars in Figs. 2, 3 going from 323 to 243 lattices
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from the PDG value by �2.17�. In addition, we check
the low-energy QCD dynamics by repeating the ChPT
fit without the �-resonance, shown as the dotted lines
in Fig. 1. In this case, we observe somewhat worse fit
quality (see Tab. II, line 2), especially when the full m⇡

range is included in the fit, demonstrating the relevance
of the �-resonance.

In a similar fashion, we extract the isovector anoma-
lous magnetic moment 
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QCD matrix elements
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Abstract

The axial charge of the nucleon gA and the pion decay constant fπ are computed in two-flavor

lattice QCD. The simulations are carried out on lattices of various volumes and lattice spacings.

Results are reported for pion masses as low as mπ = 130MeV. The volume dependence of gA and

fπ can be understood quantitatively in terms of lattice ChPT. At the physical pion mass we find

gA = 1.24(4) and fπ = 89±1.1±1.8MeV, using r0 = 0.50(1) fm to set the scale, in good agreement

with experiment. As a by-product we obtain the low-energy constant l̄4 = 4.2(1).
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• Measure correlator (χ = object with q# of hadron)

• Unitarity: 

•  Hamiltonian evolution

• Long times only ground state survives

QCD Spectroscopy

t!1�! e�E0(0)t|h0; 0|�(x0, t)|0i|2 = Z e�E0(0)t

C2(t) =
X

x

h0|�(x, t)�(0, 0)|0i

=
X

x

X

n

h0|�(x, t)|nihn|�(0, 0)|0i

=
X

x

X

n

e�Enteipn·xh0|�(0, 0)|nihn|�(0, 0)|0i

P
n |nihn| = 1

t

�(x) = u(x)�5d(x)



Effective mass

• Construct 

• Plateau corresponds to energy of ground state

• Fancier techniques able to resolve multiple eigenstates

M(t) = ln [C2(t)/C2(t + 1)] t!1�! M
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Nuclei: an (exponentially hard)2 problem

• Nuclear spectroscopy?

• Complexity:  number of
Wick contractions = (A+Z)!(2A-Z)!

• Dynamical range of scales 
(numerical precision)

• Small energy splittings

• Importance sampling: statistical 
noise exponentially increases with A

keV

73Ge

ΛQCD

Mp

1/a
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0.25

0.94

3

200

GeV

0.005 mq

h0|Tq1(t) . . . q624(t)q1(0) . . . q624(0)|0i
t!1�! # exp(�MPbt)



The trouble with baryons

• Importance sampling of QCD functional integrals 
➤ correlators determined stochastically 

• Proton 

• Variance determined by 

• For nucleus A:

N

N✝

π

π

π

[Lepage ’89]

�2(C) = hCC†i � |hCi|2

signal

noise

⇠ exp [�(MN � 3/2m⇡)t]

signal

noise

⇠ exp [�A(MN � 3/2m⇡)t]

noise ⇠
q
hCC†i ⇠ exp[�3/2M⇡t]

signal ⇠ hCi ⇠ exp[�MN t] N



The trouble with baryons
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Phys. Rev D80, 074501, 2009

High statistics study using anisotropic lattices (fine temporal resolution)

Golden window of 
time-slices where 
signal/noise const

No?

@ mπ = 390 MeV

Interpolator choice can be used to suppress noise



Multi-baryon systems

• Scattering/bound systems

• Focus on (strong interaction) bound states

• Dibaryons : H, deuteron, ΞΞ

• 3H, 4He and hypernuclei: 4HeΛ, 4HeΛΛ ,...

• Correlators for significantly larger A

• Caveat: at unphysical quark masses 
and no electroweak interactions



Dibaryons

• H dibaryon, di-neutron and deuteron

• More exotic channels also considered (ΞΞ and ΩΩ)

• Clearly more work needed at lighter masses
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• Many baryon correlator construction is messy 
and expensive

• Techniques learnt in many-pion studies
[WD & M. Savage; WD,, K Orginos, Z. Shi]

• New tricks 
[T. Doi & M. Endres.; WD, K Orginos]

• Enables study of few (and many) baryon systems

• NPLQCD collaboration study

• Unphysical SU(3) symmetric world @ msphys

• Multiple big volumes, single lattice spacing

Many baryon systems

. . 
. . 

. .

. . 
. . 

. .



Nuclei (A=3,4)

NPLQCD arXiv:1206.5219
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NPLQCD arXiv:1206.5219

L + L + p + p
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pp + L + L

pLH1s0L + p + L
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FIG. 17: The bound-state energy levels in the J⇡ = 0+ 4

⇤⇤

He ( 4

⇤⇤

H and nn⇤⇤) sector. The
points and their associated uncertainties correspond to the energies of the states extracted from
the correlation functions with the quantum numbers of the ground state of 4

⇤⇤

He. The excited
state of the 4

⇤⇤

He , in the 28, has the same energy as the ground state of 4He. The locations of
the energy-levels associated with non-interacting ⇤-3

⇤

He, N⇤-N⇤, H-dibaryon-di-nucleon, N⇤-N-⇤,
di-nucleon-⇤-⇤, H-dibaryon-N-N, and ⇤-⇤-N-N continuum states, determined from the two-body
binding energies given in Table VII and the three-body energies given in eq. (9) and eq. (12), are
shown.

identify this as the ground state of the 4

⇤⇤

He, 4

⇤⇤

H, nn⇤⇤ isotriplet. However, it is possible
that this is an excited state of the nucleus, with irreps other than the 28 and 27 containing
a lower energy state. Further, it is also possible that this state is a continuum scattering
state associated with N+ 3

⇤⇤

H. Clearly, further calculations are required to unambiguously
distinguish the energy of the 27 ground state from that of the 28 excited state.

VII. FIVE-BODY SYSTEMS

There are a plethora of five-body systems that can be explored theoretically at the SU(3)
symmetric point, dictated, in part, by the product of five 8’s,

8⌦ 8⌦ 8⌦ 8⌦ 8 = 32 1� 145 8� 100 10� 100 10� 180 27� 20 28� 20 28

� 100 35� 100 35� 94 64� 5 80� 5 80� 36 81� 36 81

� 20 125� 4 154� 4 154� 216 . (17)

25
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FIG. 13: The bound-state energy levels in the J⇡ = 3

2

+

3

⌃

He sector. The points and their associated
uncertainties correspond to the energies of the states extracted from the correlation functions with
the quantum numbers of the ground state of 3

⌃

He. The locations of the energy-levels associated
with non-interacting continuum states, determined from the two-body binding energies given in
Table VII, are shown.

which greatly reduces the complexity of individual correlation functions. In order to restrict
ourselves to systems that are currently of phenomenological importance, we explore systems
containing up to two strange quarks only, the isosinglet 4He, the iso-doublet 4

⇤

H and 4

⇤

He,
the isosinglet 4

⇤⇤

H and the isotriplet 4

⇤⇤

He, 4

⇤⇤

H, and nn⇤⇤.

A. I = 0 : 4He

In nature, the 4He nucleus is anomalously deeply bound when compared to nuclei nearby
in the periodic table due to its closed shell structure, with a total binding energy of B↵ ⇠
28 MeV, or a binding energy per nucleon of B/A ⇠ 7 MeV. We anticipate that at the SU(3)
symmetric point, the binding energy of 4He will be even deeper given the bindings of the
deuteron and di-neutron found in the two-body sector. Two of the 4He correlation functions,
resulting from di↵erent source structures defined by s = 0, I = 0 and J⇡ = 0+ quantum
numbers, transform as an element of the 28 irrep of SU(3), as determined by the action of
the SU(3) Casimir operators presented in Appendix A. 8 EMP’s of one of these correlation
functions are shown in fig. 14, from which the energies of the lowest lying states have been

8 The 28 is the only allowed I = 0, s = 0, A=4 irrep.
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• Empirically investigate volume dependence

• Need to ask if this is a 2+1 or 3+1 or 2+2 etc scattering state

Nuclei (A=3,4)



Nuclei (A=2,3,4)

see also Yamazaki et al. 1207.4277

NPLQCD arXiv:1206.5219

NB: SU(3) symmetry leads to unphysical degeneracies



Nuclei (A=4,...)
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Quark-quark determinant based contraction method

(low statistics, single volume)



Phase shifts

• Measurement of multiple energy 
levels allows extraction of phase 
shifts

• Ex: 3S1 phase shift at mπ=800 MeV

• c.f. fine-tuning of NN at physical 
mass

• Wigner SU(4) symmetry

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
-50

0

50

100

150

200

kêmp

dH3 S
1
L Hde

gr
ee
sL Experimental

Levinson's Theorem
L=32 , »P»=1L=24 , »P»=1L=32 , »P»=0L=24 , »P»=0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
-50

0

50

100

150

200

kêmp

dH3 S
1
L Hde

gr
ee
sL Experimental

Levinson's Theorem
L=32 , »P»=1L=24 , »P»=1L=32 , »P»=0L=24 , »P»=0

FIG. 10: The phase shift in the 3S1 channel. The left panel is a two-parameter fit to the ERE, while
the right panel is a three-parameter fit to the ERE, as described in the text. The inner (outer)
shaded region corresponds to the statistical uncertainty (statistical and systematic uncertainties
combined in quadrature) in two- and three-parameter ERE fit to the results of the Lattice QCD
calculation. The vertical (red) dashed line corresponds to the start of the t-channel cut and the
upper limit of the range of validity of the ERE. The light (green) dashed line corresponds to the
phase shift at the physical pion mass from the Nijmegen phase-shift analysis [38].

V. NUCLEON-NUCLEON EFFECTIVE RANGES

Unlike the scattering length, the size of the e↵ective range and the higher-order contributions
to the ERE are set by the range of the interaction. The leading estimate of the e↵ective range
for light quarks is r ⇠ 1/m

⇡

, and higher order contributions are expected to be suppressed
by further powers of the light-quark masses. It is natural to consider an expansion of the
product m

⇡

r in the light-quark masses. While the most general form of the expansion
contains terms that are non-analytic in the pion mass [40–43], for instance of the form
m

q

logm
q

, with determinations at only two pion masses (including the experimental value)
a polynomial fit function is chosen,

m

⇡

r = A + B m

⇡

+ ... . (7)

In fig. 11, the results of our LQCD calculations of m
⇡

r are shown, along with the experi-
mental value in each channel and a fit to the form given in eq. (7). While the uncertainties
in the lattice determinations are somewhat large compared to those of the experimental de-
termination, it appears that there is modest dependence upon the light-quark masses. The
fit values are

A

(1S0) = 1.348+0.080
�0.080

+0.079
�0.083 , B

(1S0) = 4.23+0.55
�0.56

+0.59
�0.57 GeV�1

A

(3S1) = 0.726+0.065
�0.059

+0.072
�0.059 , B

(3S1) = 3.70+0.42
�0.47

+0.42
�0.52 GeV�1

. (8)

The two-parameter fit is clearly over simplistic and more precise LQCD calculations are
required at smaller light-quark masses to better constrain the light-quark mass dependence
of the e↵ective ranges.
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In fig. 8, the extracted values of k cot �/m
⇡

given in Table III and from the deuteron
binding energy are shown as a function of |k|2/m2

⇡

. Following the procedure used to analyze
the results in the 1

S0-channel, again with three points to fit, two-parameter (left panel) and
three-parameter (right panel) fits to the ERE of k cot �/m

⇡

are performed and shown as
the shaded regions in fig. 8. The scattering length and e↵ective range determined from the
two-parameter fit are

m

⇡

a

(3S1) = 7.45+0.57
�0.53

+0.71
�0.49 , m

⇡

r

(3S1) = 3.71+0.28
�0.31

+0.28
�0.35 , (5)

corresponding to

a

(3S1) = 1.82+0.14
�0.13

+0.17
�0.12 fm , r

(3S1) = 0.906+0.068
�0.075

+0.068
�0.084 fm , (6)

and fig. 9 shows the 68% confidence region for the extracted values of a(
3
S1) and r

(3S1). The
shape parameter obtained from the three parameter fit to the ERE expansion is consistent
with zero: Pm

3
⇡

= 2+5
�6

+5
�6. Again the scattering length and e↵ective range extracted from the

three-parameter fit are consistent with the two-parameter fit, but with larger uncertainties.
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FIG. 9: The 68% confidence region associated with m
⇡

a(
3
S1) and m

⇡

r(
3
S1) in the 3S1 channel. The

inner region corresponds to statistical uncertainties and the outer region corresponds to statistical
and systematic uncertainties combined in quadrature.

The phase shift below the t-channel cut can be determined from these fit parameters, and
is shown in fig. 10, along with the results of the LQCD calculations and the phase shift at
the physical point. As in the 1

S0 channel, the phase shift predicted by the ERE is expected
to deviate significantly from the true phase shift near the t-channel cut, and this is seen in
fig. 10. Like the 3

S1 phase shift at the physical point, and the phase shift we have obtained
in the 1

S0 channel, the phase shift at the SU(3) symmetric point is found to change sign at
larger momenta, consistent with the presence of a repulsive hard core in the NN interaction.
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isospin violating e↵ects due to light-quark mass di↵erences and electromagnetism. However,
given the experimental determinations of the nn, np and pp scattering lengths, these e↵ects
are expected to be small.

It is interesting to note that the ratio of the scattering length to the e↵ective range in
the two channels have very similar values at the quark masses used in this work:

a

(3S1)
/r

(3S1) = 2.06+0.22
�0.18

+0.25
�0.19 , a

(1S0)
/r

(1S0) = 2.02+0.23
�0.19

+0.29
�0.18 , (9)

and that the scattering lengths in the two channels, and also the e↵ective ranges, are within
⇠ 20% of each other. In the large-N

c

limit of QCD, the nuclear forces in the two spin
channels are equal up to corrections suppressed by O(1/N2

c

) [52], and the two channels
transform in the 6 of the Wigner SU(4) symmetry. In addition, inequalities for the binding
energies of light nuclei in the Wigner-symmetry limit have been found in Ref. [53]. The
closeness of the values of the scattering parameters at m

⇡

⇠ 800 MeV is consistent with the
expectations of the large-N

c

limit of QCD.

VII. CONCLUSIONS AND DISCUSSIONS

We have presented the results of Lattice QCD calculations of low-energy NN scattering
phase-shifts and scattering parameters at the SU(3) symmetric point with a pion mass
of m

⇡

⇠ 800 MeV. For the first time, the e↵ective ranges of the NN interactions have
been determined using lattice QCD. The calculated scattering lengths and e↵ective ranges
indicate that the pion is not the dominant contribution to the long range part of the nuclear
force at these large light-quark masses, as anticipated from the single-hadron spectrum. In
both spin channels, the NN phase shifts change sign at higher momentum, near the start
of the t-channel cut, indicating that the nuclear interactions have a repulsive core even
for heavier quark masses. This suggests that the form of the nuclear interactions, and the
e↵ective potentials that will reproduce the scattering amplitude below the inelastic threshold,
is qualitatively similar to the phenomenological potentials that describe the experimental
scattering data at the physical pion mass.

Both spin channels are, in a sense, more natural at m
⇡

⇠ 800 MeV, where both satisfy
a/r ⇠ +2.0, than at the physical pion mass where a

(1S0)
/r

(1S0) ⇠ �8.7 and a

(3S1)
/r

(3S1) ⇠
+3.1. The relatively large size of the deuteron compared with the range of the nuclear forces
may persist over a large range of light-quark masses, and therefore might, in fact, not be
usefully regarded as a fine-tuning in n

f

= 2+ 1 QCD, but rather a generic feature. The 1
S0

channel, in contrast, is finely tuned at the physical light-quark masses and it remains to be
seen over what range of masses this persists.

Our calculations were performed at a single pion mass with one lattice spacing and in the
absence of electromagnetic interactions. It should be stressed that in the presence of fine-
tuning, as in the 1

S0 channel at the physical point, lattice-spacing artifacts can be enhanced
with respect to expectations based on naive dimensional analysis and scaling arguments. In
order to fully explore the behavior of the scattering phase shifts and scattering parameters
with fully quantified uncertainties, along with the issues of spin-flavor symmetry and fine
tunings, calculations at multiple lattice spacings and smaller light-quark masses are essential
and are planned for the future.
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In fig. 8, the extracted values of k cot �/m
⇡

given in Table III and from the deuteron
binding energy are shown as a function of |k|2/m2

⇡

. Following the procedure used to analyze
the results in the 1

S0-channel, again with three points to fit, two-parameter (left panel) and
three-parameter (right panel) fits to the ERE of k cot �/m

⇡

are performed and shown as
the shaded regions in fig. 8. The scattering length and e↵ective range determined from the
two-parameter fit are

m

⇡

a

(3S1) = 7.45+0.57
�0.53

+0.71
�0.49 , m

⇡

r

(3S1) = 3.71+0.28
�0.31

+0.28
�0.35 , (5)

corresponding to

a

(3S1) = 1.82+0.14
�0.13

+0.17
�0.12 fm , r

(3S1) = 0.906+0.068
�0.075

+0.068
�0.084 fm , (6)

and fig. 9 shows the 68% confidence region for the extracted values of a(
3
S1) and r

(3S1). The
shape parameter obtained from the three parameter fit to the ERE expansion is consistent
with zero: Pm

3
⇡

= 2+5
�6

+5
�6. Again the scattering length and e↵ective range extracted from the

three-parameter fit are consistent with the two-parameter fit, but with larger uncertainties.
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FIG. 9: The 68% confidence region associated with m
⇡

a(
3
S1) and m

⇡

r(
3
S1) in the 3S1 channel. The

inner region corresponds to statistical uncertainties and the outer region corresponds to statistical
and systematic uncertainties combined in quadrature.

The phase shift below the t-channel cut can be determined from these fit parameters, and
is shown in fig. 10, along with the results of the LQCD calculations and the phase shift at
the physical point. As in the 1

S0 channel, the phase shift predicted by the ERE is expected
to deviate significantly from the true phase shift near the t-channel cut, and this is seen in
fig. 10. Like the 3

S1 phase shift at the physical point, and the phase shift we have obtained
in the 1

S0 channel, the phase shift at the SU(3) symmetric point is found to change sign at
larger momenta, consistent with the presence of a repulsive hard core in the NN interaction.
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The phase shift below the t-channel cut can be determined from these fit parameters, and
is shown in fig. 10, along with the results of the LQCD calculations and the phase shift at
the physical point. As in the 1

S0 channel, the phase shift predicted by the ERE is expected
to deviate significantly from the true phase shift near the t-channel cut, and this is seen in
fig. 10. Like the 3

S1 phase shift at the physical point, and the phase shift we have obtained
in the 1

S0 channel, the phase shift at the SU(3) symmetric point is found to change sign at
larger momenta, consistent with the presence of a repulsive hard core in the NN interaction.
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Light-cone



Partonic structure in R4

• Lattice QCD necessarily in Euclidean space

• DIS probes light-cone distributions qH(x)

• OPE to the rescue 
Mellin moments of PDFs defined by 
forward matrix elements of local operators

• Local matrix elements can be determined from Euclidean 
calculations

• NB: renormalisation scale dependent

hxniH =
Z 1

�1
dx x

n
qH(x)

hH| �{µ0Dµ1 . . . Dµn}|Hi = p{µ0 . . . pµn}hxniH



Partonic structure in LQCD

• PDF moments intensively studied in QCD using 3-pt 
functions 

• Most studies for nucleon, but also pion, rho, ...

• So far limited to low moments by reduced lattice symmetry

• Some ideas for how to go further

C2(t,p) =
X

x

eip·xh0|�H(0)�†
H(x, t)|0i

C3(t,p) =
X

y,x

eip·xh0|�H(0)O(y, ⌧)�†
H(x, t)|0i

R =
C3(t,p)
C2(t,p)

t!1�! hH|O|Hi



The problem at high xBj

• LQCD necessarily formulated on a discrete geometry, typically 
4d hypercube: O(4)→H(4) 

• Operators classified by H(4) quantum numbers

• Finite number of irreducible representations

• Operator mixing: 

• Allows (forces) mixing with operators of lower dimension

• Coefficients scale with inverse powers of lattice cutoff 
Taking the continuum limit is difficult

Ocont

i

= Z
i

Olat

i

+
X

j

Z
ij

Olat

j

Sum over all 
operators with right 
quantum numbers

H(4) = {(a,⇡)|a 2 Z4
2, ⇡ 2 S4}



Nice example

• Continuum operator                          belongs to

• Hypercubic decomposition

• Lattice operators (symmetric traceless):

• Have same continuum limit  (63 requires p≠0)

• No operators of lower dimension (☺)

Oµ⌫ = q�{µD⌫}q�
1
2 , 1

2

�
⌦

�
1
2 , 1

2

�
= (0, 0)� [(1, 0)� (0, 1)]� (1, 1)

41 ⌦ 41 = 11 � 31 � 61 � 63

O14 +O41, O44 � 1
3

(O11 +O22 +O33)



Not-so-nice example

• Continuum operator                                lives in

• Hypercubic decomposition

• Lattice operators:

• Same continuum limit but        mixes with
and the coefficient absorbs the missing dimensions (☹)

• Always the case for all n > 4 operators

O{µ⌫⇢} = q�{µD⌫D⇢}q
�

1
2 , 1

2

�
⌦

�
1
2 , 1

2

�
⌦

�
1
2 , 1

2

�
= 4 ·

�
1
2 , 1

2

�
� 2 ·

�
3
2 , 1

2

�
� 2 ·

�
1
2 , 3

2

�
�

�
3
2 , 3

2

�

41 ⌦ 41 ⌦ 41 = 4 · 41 � 42 � 44 � 3 · 81 � 2 · 82

O111, O{123}, O{441} � 1
2 (O{221} +O{331})

O111 q�1q 2 41



Euclidean Compton tensor

• Directly study Euclidean space Compton 
tensor and extract moments via OPE

• Use fictitious heavy quark to connect currents

• Mass suppresses higher twists

• Integrated out in OPE, gives usual PDF 
moments

• Needs very fine lattice spacing: a-1 > 5 GeV

ΛQCD ! |Q|, mΨ ! a−1

[WD, CJD Lin, Phys.Rev. D73 (2006) 014501]



Lorentz symmetry restoration

• Physically: a lattice spacing  of 100 
GeV-1 should not stop study of 
PDF moments at a scale of 2 GeV

• Higher moments: more 
sophisticated operators small 
compared to the resolution scale 
(large multiplicities of irreps)

• Demonstrated to work at one-
loop in QCD

• Also requires fine lattice spacing

[Z Davoudi & M Savage, Phys.Rev. D86 (2012) 054505]

� (x + na)

� (x + na)

� (x)

na

a

Na =
1

⇤

FIG. 1. A contribution to the lattice operator defined in Eq. (1), with |n|  N . All the points
inside the three-dimensional spherical shell |na| = Na are included in the operator. The two length
scales defining the operator, the lattice spacing, a, and the operator size, Na = 1/⇤, are shown.

renormalized lattice operator are suppressed by O(↵sa
2

), (where ↵s = g2

s/(4⇡) and gs is the
strong coupling constant) provided that the gauge fields are also smeared over a physical
region similar to the matter fields. This means that the leading rotational invariance vio-
lating operators introduced by the quantum loops make subleading contributions compared
to tree-level, O(a2

). The loop contributions that scale as O(↵sa) do not violate rotational
symmetry, and hence are absorbed into the operator Z-factor.

II. OPERATORS IN SCALAR FIELD THEORY

The goal is to construct a bilinear operator of the scalar fields on a cubic lattice which has
certain properties. First of all, as it was discussed earlier, it has to be smeared over a finite
region of space. This physical region should be large compared to the lattice spacing, and,
for our purposes, small compared to typical length scale of the system to allow for a pertur-
bative analysis. The spatial extent of the operator can be identified with its renormalization
scale. Secondly, it is required to transform as a spherical tensor with well-defined angular
momentum in the continuum limit. An operator that satisfies these conditions is 2

ˆ✓L,M (x; a, N) =

3

4⇡N3

|n|NX

n

� (x)� (x+ na) YL,M (

ˆ

n) , (1)

where n denotes a triplet of integers, and it is normalized by the spatial volume of the region
over which it is distributed. �(x) is the scaler field operator, N is the maximum number
of lattice sites in the radial direction, and YLM (

ˆ

n) is a spherical harmonic evaluated at the
2 This corresponds to one particular choice of radial structure of the operator. However, the results of the

calculations and the physics conclusions presented in this work do not change qualititively when other
smooth radial structures are employed, such as a Gaussian or exponential.
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FIG. 9. The absolute value of the ratio of the tree-level coefficient, C

(1)

30;10

, of a lowest dimension
operator with L = 1 to the tree-level coefficient, C

(3)

30;30

, of the lowest dimension operator with
angular momentum, L = 3, resulting from the L = 3 operator in eq. (1), as a function of the
number of included point-shells.

contributions are either eliminated by tadpole improvement of the extended links, or are
suppressed by smearing of the gauge-field. We find that it is the physical length-scales and
continuum renormalization-scale that dictate the size of matrix elements. The leading non-
continuum corrections from the one-loop diagrams preserve angular momentum, scaling as
⇠ ↵sa for Wilson fermions, and can be absorbed by the operator Z-factor. In contrast, con-
tributions that violate rotational symmetry are suppressed by ↵sa

2 as a ! 0. While we have
chosen a specific form for the smeared operator, we expect that the results, in particular the
scaling of the violations to rotational symmetry, are general features of a smeared operator
with any (smooth) profile. Also, it is worth mentioning that although the calculations pre-
formed in this work, and the subsequent conclusions, relate operators and matrix elements
in H(3) to those in O(3), the methodology and results are expected to hold in relations
between H(4) and O(4). Instead of working with operators formed with spherical harmonics
to recover SO(3) invariance, one would work with operators formed with hyper-spherical
harmonics to recover O(4) symmetry.

We conclude the paper by discussing the practicality of our result for the current LQCD
calculations as well as its connection to the infra-red (IR) rotational invariance recovery of
the lattice theories:

• It is important to understand and to quantify the violation of angular momentum
conservation in the states and matrix elements calculated using Lattice QCD with the
lattice spacings currently employed. One interesting result is that by using the tadpole-
improved operator extended over several lattice sites and built from the smeared gauge
links, the quantum corrections introduce non-continuum corrections to the tree-level
results that are suppressed by at least ↵s, i.e. they do not introduce power-divergent
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EMC effect



Many pions – a precursor to nuclei

Energy density vs Stefan-Boltzmann

[WD, Shi, Orginos1205.4224]

• Pions as a testing ground

• Systems of up to Iz=72:

• Similar many-body problems, 
but constant noise

• Contractions satisfy recursion
[WD & M Savage; Z Shi & WD]

• Systems interesting in their own right

• Use to extract 2 & 3 body interactions

• Canonical approach to QCD with 
an effective isospin chemical potential

• Explore pion BEC and crossover 
to BCS



• Now an n π+ correlator (mu=md)

Many meson correlator

C(n)(t) =

*
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• Now an n π+ correlator (mu=md)

• n!2 Wick contractions: (12!)2 ~ 1017

• Maximal isospin: only a single quark propagator

Many meson correlator

i,α
j,β

⇧ =
P

x

�5S(x, t; 0)�5S†(x, t; 0)

C3(t) = tr [⇧]3 � 3 tr [⇧] tr
⇥
⇧2

⇤
+ 2 tr

⇥
⇧3

⇤

C(n)(t) =

*
0

�����

"
X

x

d�5u(x, t)u�5d(0, 0)

#n����� 0

+

t large�!
bn

2 cX

m=0

An,me�(Em+En�m)T/2
cosh ((Em � En�m)(t� T/2))



n-meson energies

• Correlators: log[Cn(t)]

• Finite T effects  very important 

• DWF on MILC gauge 
configurations

• mπ ~ 291, 318, 352, 358, 491 
MeV

• L=2.5 fm, a=0.12 fm

• also L=3.5 fm and a=0.09 fm
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• n π+ 3-point correlator 

Many meson 3-point correlator

C(n)
3 (t; ⌧) =

*
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Excitations and thermal effects 



• n π+ 3-point correlator 

Many meson 3-point correlator

C(n)
3 (t; ⌧) =

*
0

�����

"
X

x

d�5u(x, t)u�5d(0, 0)

#n X

y

O(y, ⌧)

����� 0

+

t�⌧�0�! A e�Enthn⇡|O|n⇡i+ . . .
Excitations and thermal effects 

• Contractions performed by treating the struck meson 
as a separate species

• System looks like (n-1) pions + 1 “kaon”

• Can be written as products of traces of two matrices 
[WD & B Smigielski, arXiv:1103.4362]

⇧ =
X

x

�5S(x, t; 0)�5S
†(x, t; 0), ⇧̃⌧ =

x,y �5S(x, t;y, ⌧)�OS(y, ⌧ ; 0)�5S
†(x, t; 0)

Colour/Dirac structure of operator



Double ratio

• Define ratio to extract matrix elements

• Double ratio 

• No need to renormalise operator!

• Allows investigation of ratio of moments

• Focus on momentum fraction: O44

R(n)(t, ⌧) =
C(n)

3 (t; ⌧)

C(n)
2 (t)

t�⌧�! 1
En⇡

hn ⇡+|O44|n ⇡+i

R

(n)(t, ⌧)
R

(1)(t, ⌧)
�! m⇡ hn ⇡

+|O44|n ⇡

+i
En⇡ h⇡+|O44|⇡+i �! En⇡ hxin⇡+

m⇡hxi⇡+



Double ratio
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Pionic EMC effect

• LC momentum fraction carried by quarks in a pion in a 
dense medium c.f. in free space

Caveat:  Volume effects not completely sorted out

mΠ"490 MeV, a"0.12 fm
mΠ"290 MeV, a"0.12 fm
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Outlook

• Light nuclei can be calculated from QCD

• Work needed to get to physical masses

• Simple nuclear matrix elements are harder but not that 
much harder than spectroscopy

• High moments of PDFs: new ideas need testing 

• Ultimately I hope we can study PDFs of nuclei in QCD

• which might take a few years ...
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