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Bertsch’s Many-Body X challenge, Seattle, 1999 

What are the ground state properties of the many-body system 
composed of spin ½ fermions interacting via a zero-range, infinite 
scattering length contact interaction.  

This is a slightly idealized model for dilute neutron matter with an attractive  
two-body interaction. In neutron star crust kF|a| = O(10) and |a|/r0 ≈ O(10) and  
this is a strongly interactive Fermi system and naïve models fail. 

 

r0      n−1/3 ≈ π
kF

    a

σ (k) = 4πa2

1+ k2a2 ≈ 4
πn2/3

Why would one want to study a unitary gas? 

One reason: for the nerds, I mean the hard-core 
theorists, not the phenomenologists.  





At the crossroads of: 
 
-  Atomic physics 
-  Atomic traps 
-  Laser physics 
-  Few body physics 
-  Condensed matter physics 
-  Low temperature physics 
-  Nuclear physics 
-  Neutron stars 
-  Relativistic heavy-ion physics 
-  Conformal field theory  
-  Effective field theory 



What are the scattering length and the effective range? 

   

k  cotan δ0 = − 1
a
+ 1

2
r0k

2 +

σ = 4π
k 2 sin2δ0 += 4πa2 +

If the energy is small, only the s-wave scattering is relevant. 



Let us consider a very old and simple example:  
 
                        The hydrogen atom. 
 
The ground state energy could only be a function of: 
 
ü    Electron charge 
ü    Electron mass 
ü    Planck’s constant 

and then trivial dimensional arguments lead to 
 
 
 
 
 
Only the factor ½ requires some hard work. 

   
Egs =

e4m
2 × 1

2



   

Egs = F(N ,V ,,m) = 3
5
ε F N ×  ξ

if ξ > 0  - the system is a gas with positive presure
if ξ < 0  - the system collapses, since presure is negative

            ε F =
2kF

2

2m
,     n = N

V
=

kF
3

3π 2

Let us turn now to dilute fermion matter 
The ground state energy is given by a function: 

   
Egs = f (N ,V ,,m,a,r0 )

Taking the scattering length to infinity and the range   
of the interaction to zero, we are left with: Pure number 

George actually wanted to know the sign of ξ. 



In 1999 we did not know the sign of ξ! 
 
There were a number of papers making opposite claims around that time. 
 
Ø  G.A. Baker, Jr (LANL) won the $600 prize  
($300 from George + $300 from V.A. Khodel) 
     Phys. Rev. C 60, 064901 (1999) 
The	
  Bertsch,	
  nonparametric	
  model	
  of	
  neutron	
  ma5er	
  is	
  analyzed	
  and	
  strong	
  indica9ons	
  are	
  found	
  that,	
  	
  
in	
  the	
  infinite	
  system	
  limit,	
  the	
  ground	
  state	
  is	
  a	
  Fermi	
  liquid	
  with	
  an	
  effec9ve	
  mass,	
  except	
  for	
  a	
  set	
  of	
  	
  
measure	
  zero. 
Ø  H. Heiselberg, second runner-up 
     Phys. Rev. A 63, 043606 (2001) 
Ground-­‐state	
  energies	
  and	
  superfluid	
  gaps	
  are	
  calculated	
  for	
  degenerate	
  Fermi	
  systems	
  interac7ng	
  via	
  	
  
long	
  a9rac7ve	
  sca9ering	
  lengths	
  such	
  as	
  cold	
  atomic	
  gases,	
  neutron,	
  and	
  nuclear	
  ma9er.	
  In	
  the	
  	
  
Intermediate	
  region	
  of	
  densi7es,	
  where	
  the	
  interpar7cle	
  spacing	
  (∼1/kF)	
  is	
  longer	
  than	
  the	
  range	
  of	
  the	
  	
  
interac7on	
  but	
  shorter	
  than	
  the	
  sca9ering	
  length,	
  the	
  superfluid	
  gaps	
  and	
  the	
  energy	
  per	
  par7cle	
  are	
  
	
  found	
  to	
  be	
  propor7onal	
  to	
  the	
  Fermi	
  energy	
  and	
  thus	
  differ	
  from	
  the	
  dilute	
  and	
  high-­‐density	
  limits.	
  The	
  	
  
a9rac7ve	
  poten7al	
  increase	
  linearly	
  with	
  the	
  spin-­‐isospin	
  or	
  hyperspin	
  sta7s7cal	
  factor	
  such	
  that,	
  e.g.,	
  	
  
symmetric	
  nuclear	
  ma9er	
  undergoes	
  spinodal	
  decomposi7on	
  and	
  collapses	
  whereas	
  neutron	
  ma9er	
  and	
  	
  
Fermionic	
  atomic	
  gases	
  with	
  two	
  hyperspin	
  states	
  are	
  mechanically	
  stable	
  in	
  the	
  intermediate	
  density	
  	
  
region.	
  The	
  regions	
  of	
  spinodal	
  instabili7es	
  in	
  the	
  resul7ng	
  phase	
  diagram	
  are	
  reduced	
  and	
  do	
  not	
  prevent	
  	
  
a	
  superfluid	
  transi7on. 
 



Observation of a Strongly Interacting Degenerate Fermi Gas of Atoms 
O’Hara, Hemmer, Gehm, Granade, and Thomas 
Science, 298, 2179 (2002) 
  

The atomic cloud expansion is similar to that observed in  
RHIC heavy-ion collisions. 



Superfluid Fermi Gases with Large Scattering Length 
Carlson, Chang, Pandharipande, and Schmidt 
Phys. Rev. Lett. 91, 050401 (2003) 
We	
  report	
  quantum	
  Monte	
  Carlo	
  calcula9ons	
  of	
  superfluid	
  Fermi	
  gases	
  with	
  short-­‐range	
  two-­‐body	
  
a5rac9ve	
  interac9ons	
  with	
  infinite	
  sca5ering	
  length.	
  The	
  energy	
  of	
  such	
  gases	
  is	
  es9mated	
  to	
  be	
  
	
  0:44	
  ±0:01	
  9mes	
  that	
  of	
  the	
  non-­‐interac9ng	
  gas,	
  and	
  their	
  pairing	
  gap	
  is	
  approximately	
  twice	
  the	
  
energy	
  per	
  par9cle. 

 
EFG = E

N
= 32kF

2

10m
,      n = N

V
= kF

3

3π 2



ü    Dilute atomic Fermi gases                   Tc ≈  10-­‐9	
  eV  
 
ü    Liquid  3He                                             Tc ≈   10-7 eV 
 
ü    Metals, composite materials                Tc ≈ 10-3 – 10-2 eV 
 
ü    Nuclei, neutron stars                            Tc ≈ 105 – 106 eV 
 
•    QCD color superconductivity                Tc ≈ 107 – 108 eV  

Superconductivity (which turned 100 years old on April 8th, 
2011) and superfluidity in Fermi systems are manifestations 
of quantum coherence at a macroscopic level 

 units (1 eV ≈ 104 K)  

Why	
  should	
  one	
  study	
  fermionic	
  superfluidity?	
  



Vortices and Superfludity in a strongly interacting Fermi gas 
Zwierlein, Abo-Shaeer, Schirotzek, Schunck, and Ketterle, Nature 435, 1047(2005) 



 
EFG = E

N
= 32kF

2

10m
,      n = N

V
= kF

3

3π 2

Superfluid pairing in neutrons and cold atoms 
Carlson, Gandolfi, and Gezerlis, arXiv:1204.2596 



1/a 

T	
  

             a<0 
no 2-body bound state 

              a>0 
shallow 2-body bound state 

BCS Superfluid  

	
  	
  	
  	
  	
  

	
  
High T, normal atomic (plus a few molecules) phase  
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Molecular BEC and 
Atomic+Molecular 
Superfluids 

Phases of a two species dilute Fermi system  
in the BCS-BEC crossover  

weak interaction 
between fermions 

weak interaction 
between bosonic dimers 

Strong interaction 



Solid line with open circles – Chang et al. PRA, 70, 043602 (2004) 
Dashed line with squares  - Astrakharchik et al. PRL 93, 200404 (2004) 

BEC side BCS side 
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Experiment (MIT)
BDM, Nx=8
Nx=10
Nx=12
Nx=14
Van Houcke et al.
Goulko & Wingate
Burovski et al.
Haussmann et al.

Theory	
  versus	
  experiment	
  for	
  Equa*on	
  of	
  State	
  

Ku,	
  Sommer,	
  Cheuk,	
  and	
  Zwierlein,	
  Science,	
  335,	
  563	
  (2012)	
  
Bulgac,	
  Drut,	
  and	
  Magierski	
  –	
  (BDM,	
  Nx=	
  8),	
  Phys.	
  Rev.	
  Le[.	
  96,	
  090404	
  (2006)	
  
Burovski,	
  Prokofiev,	
  Svistunov,	
  and	
  Troyer,	
  Phys.	
  Rev.	
  Le[.	
  96,	
  160502	
  (2006)	
  
Drut,	
  Lahde,	
  Wlazlowski,	
  and	
  Magierski	
  –	
  (Nx=	
  10,	
  12,	
  14),	
  Phys.	
  Rev.	
  A	
  80,	
  051601(R)	
  	
  (2012)	
  
Goulko	
  and	
  Wingate,	
  Phys.	
  Rev.	
  A	
  82,	
  053621	
  (2010)	
  
Van	
  Houcke,	
  …	
  ,	
  Zwierlein,	
  Nature	
  Physics,	
  8,	
  366	
  (2012)	
  	
  	
  
Haussmann	
  and	
  Zwerger,	
  Phys.	
  Rev.	
  A	
  78,	
  063602	
  (2008)	
  



Turlapov, JETP Lett. 95, 96 (2012) 



Data	
  from	
  Fischer	
  et	
  al,	
  Rev.	
  Mod.	
  Phys.	
  79,	
  353	
  (2007)	
  

Unitary	
  Fermi	
  gases	
  are	
  unconven*onal	
  fermionic	
  superfluids	
  	
  



Chen,	
  Stajic,	
  Tan,	
  and	
  Levin,	
  Phys.	
  Rep.	
  412,	
  1	
  (2005)	
  

T>Tc	
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Magierski, Wlazlowski, Bulgac, and Drut 
Phys. Rev. Lett. 103, 210403 (2009), arXiv:0801.1504 

The pseudo-gap vanishes at T0 

Tc 



Using photoemission spectroscopy to probe  a strongly interacting Fermi gas 
Stewart, Gaebler, and Jin, Nature, 454,  744 (2008) 

   
E(N )+ hν = E(N −1)+ Ek +

2k 2

2m
+φ



The onset of the pseudo-gap phase in ultracold Fermi gases 
Magierski, Wlazlowski, and  Bulgac,  Phys. Rev. Lett. 107, 145304 (2011) 



Wlazlowski,	
  Magierski,	
  and	
  Drut,	
  Phys.	
  Rev.	
  Le[.	
  109,	
  020406	
  	
  (2012)	
  
Enss,	
  Haussmann,	
  and	
  Zwerger,	
  Ann.	
  Phys.	
  326,	
  770	
  (2011)	
  
Kovtun,	
  Son,	
  and	
  Starinets	
  (KSS),	
  Phys.	
  Rev.	
  Le[.	
  94,	
  111601	
  (2005)	
  

Shear viscosity of a unitary Fermi gas 
(the only complete ab initio calculation in a Fermi system) 

Lower limit for “perfect liquid” 

Schaefer	
  and	
  Chafin,	
  chapter	
  in	
  BCS-­‐BEC	
  
crossover	
  and	
  Unitary	
  Fermi	
  Gas,	
  Lect.	
  
Notes	
  in	
  Phys.	
  ed.	
  Zwerger,	
  Springer	
  (2012)	
  



Bulgac	
  and	
  Yoon,	
  Phys.	
  Rev.	
  Le[.	
  	
  102,	
  085302	
  (2009)	
  

The Higgs mode  
 

• 	
  All	
  these	
  modes	
  have	
  a	
  very	
  low	
  frequency	
  below	
  the	
  pairing	
  gap,	
  
a	
  very	
  large	
  amplitude	
  and	
  very	
  large	
  excita*on	
  energy	
  
	
  
• 	
  None	
  of	
  these	
  modes	
  can	
  be	
  described	
  either	
  within	
  two-­‐fluid	
  hydrodynamics	
  
or	
  Landau-­‐Ginzburg	
  like	
  approaches	
  



Real-time dynamics of quantized vortices in a unitary Fermi gas 
Bulgac,  Luo,  Magierski, Roche, and Yu, Science, 332, 1288(2011) 
and about 4 hours of video at http://www.phys.washington.edu/groups/qmbnt/UFG 

Onset of quantum turbulence in a fermionic superfluid, conjectured by Feynman (1956) 



Number density of two colliding cold Fermi gases in TDSLDA 
Bulgac, Luo, and Roche, Phys. Rev. Lett. 108, 150401 (2012) 

Observation of shock waves in a strongly interacting Fermi gas 
Joseph, Thomas, Kulkarni, and  Abanov, Phys. Rev. Lett. 106, 150401 (2011)  



Dark	
  solitons/domain	
  walls	
  and	
  shock	
  waves	
  in	
  the	
  collision	
  of	
  two	
  UFG	
  clouds	
  
(about	
  750	
  fermions,	
  TDSLDA	
  (superfluid	
  extension	
  of	
  TDDFT)	
  	
  calcula*on)	
  

Phase	
  of	
  the	
  pairing	
  gap	
  normalized	
  to	
  εF	
   Local	
  velocity	
  normalized	
  to	
  Fermi	
  velocity	
  
Bulgac, Luo, and Roche, Phys. Rev. Lett. 108, 150401 (2012) 



Bulgac, Forbes, and Schwenk, Phys. Rev. Lett. 97, 020402 (2006) 

	
  
Induced P-wave superfluidity (even though fermions interact in s-wave only) 
Two new superfluid phases where before they were not expected 

One Bose superfluid coexisting with one P-wave Fermi superfluid 
Two coexisting P-wave Fermi superfluids 

What is happening in spin imbalanced systems? 



Asymmetric Fermi gas at unitarity 

Bulgac	
  and	
  Forbes,	
  Phys.	
  Rev.	
  A	
  75,	
  031605(R)	
  (2007)	
  

P(

Ω = −VP(µ↑,µ↓ ) =
1
6π 2

2m
2

⎡
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3/2
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⎥
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P(µ↑,µ↓ ) = µ↑n↑ + µ↓n↓ − ε n↑,n↓( ) = 2
3
ε n↑,n↓( )

P(µ↑,µ↓ ) = 2
5
β µ↑h

µ↓
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⎞
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⎣
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5/2

,     β = 1
6π 2

2m
2

⎡
⎣⎢

⎤
⎦⎥

3/2

ε n↑,n↓( ) = 3
5
α n↑g

n↓
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⎛
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⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
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5/3

,      α =
6π 2( )2/3

2

2m

  h(y) =
1,             y ≤ y0 < 0
1+ y
2ξ( )3/5 ,     y1 ≤ y ≤1

⎧

⎨
⎪

⎩
⎪

 

h ''(y) ≥ 0

g(0) = 1,   g(1)= 2ξ( )3/5

g ''(x) ≥ 0

g '(0) ≤Y0,    g'(x)∈g(1) Y1

1+Y1

, 1
2

⎡

⎣
⎢

⎤

⎦
⎥

Dimensional	
  arguments	
  and	
  Legendre	
  transform	
  for	
  unitary	
  Fermi	
  gas	
  	
  	
  	
  	
  



Fully	
  polarized	
  

Unpolarized	
  SF	
  

µ↑ − µ↓

2
= Δ

PSF =
4β
5ξ 3/2

µ↑ + µ↓

2
⎛
⎝⎜

⎞
⎠⎟
5/2

From energy of one spin-down  
particle in a see of spin-ups 







What	
  is	
  Density	
  Func*onal	
  Theory	
  (DFT)?	
  	
  





	
  	
  	
  However,	
  not	
  everyone	
  is	
  normal!	
  



H = T (i)
i

N

∑ + U (ij)
i< j

N

∑ + U (ijk)
i< j<k

N

∑ + ...+ Vext
i

N

∑ (i)

HΨ0 (1,2,...N ) = E0Ψ0 (1,2,...N )

n(r ) = Ψ0 δ (r − ri )
i

N

∑ Ψ0

Ψ0 (1,2,...N )  ⇔   Vext (
r )  ⇔   n(r )

E0 = minn( r )
d 3r∫

2

2m*(r )
τ (r ) + ε n(r )⎡⎣ ⎤⎦ +Vext (

r )n(r )
⎧
⎨
⎩

⎫
⎬
⎭

n(r ) = ϕi (
r )

2
,       

i

N

∑ τ (r ) =

∇ϕi (

r )
2

i

N

∑
Universal	
  func*onal	
  of	
  	
  par*cle	
  density	
  alone	
  
Independent	
  of	
  external	
  poten*al	
  

Kohn-­‐Sham	
  theorem	
  (1965)	
  

Injec*ve	
  map	
  
(one-­‐to-­‐one)	
  

Normal	
  Fermi	
  systems	
  only!	
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m
(α − 1)


j 2(

r )
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r ) = 2 v

k
(
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0<Ek <Ec

∑ 2
,   τ

c
(

r ) = 2


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k
(

r )

0<Ek <Ec

∑
2
,    

ν
c
(

r ) = u

k
(

r )v

k
*(

r )

0<E<Ec

∑

The	
  SLDA	
  (DFT)	
  energy	
  density	
  func*onal	
  at	
  unitarity	
  
for	
  equal	
  numbers	
  of	
  spin-­‐up	
  and	
  spin-­‐down	
  fermions	
  	
  

Three	
  dimensionless	
  constants	
  α,	
  β,	
  and	
  γ	
  determining	
  the	
  func*onal	
  are	
  	
  
extracted	
  from	
  QMC	
  for	
  homogeneous	
  systems	
  by	
  fixing	
  the	
  total	
  energy,	
  	
  
the	
  pairing	
  gap	
  and	
  the	
  effec*ve	
  mass	
  

Dimensional arguments, renormalizability, and Galilean invariance  
determine the functional (energy density) 



Formalism for Time-Dependent Phenomena  
“The time-dependent density functional theory is viewed in general as a 
reformulation of the exact quantum mechanical time evolution of a many-body 
system when only one-body properties are considered.”                

A.K. Rajagopal and J. Callaway, Phys. Rev. B 7, 1912 (1973) 
V. Peuckert, J. Phys. C 11, 4945 (1978)  
E. Runge and E.K.U. Gross, Phys. Rev. Lett. 52, 997 (1984) 
 
http://www.tddft.org	
  

   

E(t) = d 3∫ r  ε⎡⎣ (n(r ,t),τ (r ,t),ν(r ,t),

j(r ,t))+Vext (

r ,t)n(r ,t)+ ...⎤⎦

[h(r ,t)+Vext (

r ,t)− µ]ui(


r ,t)+ [Δ(r ,t)+ Δext (


r ,t)]vi(


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∂ui(
r ,t)

∂t

[Δ*(r ,t)+ Δext
* (r ,t)]ui(

r ,t)− [h(r ,t)+Vext (
r ,t)− µ]vi(

r ,t) = i
∂vi(
r ,t)

∂t

⎧

⎨
⎪
⎪

⎩
⎪
⎪

   

For time-dependent phenomena one has to add currents. 
Galilean invariance determines the dependence on currents. 



solid/dotted blue line        - SLDA based on homogeneous GFMC due to Carlson et al  
red circles                          - GFMC due to Carlson and Reddy  
dashed blue line                - SLDA, homogeneous MC due to Juillet 
black dashed-dotted line – meanfield at unitarity   

Quasiparticle spectrum in homogeneous matter 

Bulgac,	
  PRA	
  	
  76,	
  040502(R)	
  (2007)	
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Asymmetric Superfluid Local Density Approximation 
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EOS for spin polarized systems 
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Black line:       normal part of the energy density   
Blue points:    DMC calculations for normal state, Lobo et al, PRL  97, 200403 (2006) 
Gray crosses:  experimental EOS due to Shin, Phys. Rev. A 77, 041603(R) (2008) 

Bulgac and Forbes,  
Phys. Rev. Lett.  101, 215301 (2008) 

Red line: Larkin-Ovchinnikov phase (unitary Fermi supersolid) 



A Unitary Fermi Supersolid: the Larkin-Ovchinnikov phase     
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NB  This is a gas system at the same time! 

Second order 
phase transition 

First order 
phase transition 
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