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Relativistic Energy Density Functionals 

✔ natural inclusion of the spin degree of freedom (spin-orbit potential with empirical 
strength).

✔ unique parameterization of time-odd components (currents) of the nuclear mean-field.

✔ the distinction between scalar and vector self-energies leads to a natural saturation 
mechanism for nuclear matter.
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Relativistic energy density functionals: 

The elementary building blocks are two-fermion terms of the general type:

(⌅̄O⇤�⌅) O⇤ � {1, ⇤i} � � {1, �µ, �5, �5�µ,⇥µ⇥}

... isoscalar and isovector four-currents and scalar densities:

jµ = �⌅0|⇧�µ⇧|⌅0⇥ =
�

k

⇧k�µ⇧k ,

�jµ = �⌅0|⇧�µ�⇤⇧|⌅0⇥ =
�

k

⇧k�µ�⇤⇧k ,

⇥S = �⌅0|⇧⇧|⌅0⇥ =
�

k

⇧k⇧k ,

�⇥S = �⌅0|⇧�⇤⇧|⌅0⇥ =
�

k

⇧k�⇤⇧k

where             is the nuclear ground state.|�0�
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⇒ build four-fermion (contact) interaction terms in the various isospace-space channels:

(⇤̄⇤)2
(⇤̄�µ⇤)(⇤̄�µ⇤)
(⇤̄⌅⇥⇤) · (⇤̄⌅⇥⇤)
(⇤̄⌅⇥�µ⇤) · (⇤̄⌅⇥�µ⇤)

isoscalar-scalar:

isoscalar-vector:

isovector-scalar:

isovector-vector:

Empirical ground-state properties of finite nuclei can only determine a small set of parameters 
in the expansion of an effective Lagrangian in powers of fields and their derivatives.

Already at lowest order one finds more parameters than can be uniquely determined from data.
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L = ⌃̄(i⇥ · ⌥ �m)⌃

�1
2
�S(⌅̂)(⌃̄⌃)(⌃̄⌃)� 1

2
�V (⌅̂)(⌃̄⇥µ⌃)(⌃̄⇥µ⌃)

�1
2
�TV (⌅̂)(⌃̄�⇧⇥µ⌃)(⌃̄�⇧⇥µ⌃)

�1
2
⇤S(⌥⇥⌃̄⌃)(⌥⇥⌃̄⌃)� e⌃̄⇥ · A (1� ⇧3)

2
⌃

⇒ effective Lagrangian:

Hartree correlations

�i(⇥) = ai + (bi + cix)e�dix (i � S, V, TV ) x = ⇥/⇥sat

Only one isovector term and one gradient term can be constrained by data. 
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Semi-phenomenological functionals

... start from a favorite microscopic nuclear matter EOS. 

... the parameters of the functional are fine-tuned to data of finite nuclei.

DD-PC1

... starts from microscopic nucleon self-energies in nuclear matter.

... parameters adjusted in self-consistent mean-field calculations of masses of 64 axially deformed 
nuclei in the mass regions A ~ 150-180 and A ~ 230-250.

Monday, September 30, 13



-800

-700

-600

-500

-400

-300

-200

-100

  0

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

!
s
 (

M
e

V
)

" (fm
-3

)

(b)

  0

100

200

300

400

500

600

700

800

0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

!
0
 (

M
e

V
)

(a)DD-PC1
Idaho HF

Density dependence of the
DD-PC1 isoscalar vector and
scalar nucleon self-energies 
in symmetric nuclear matter. 

Starting approximation: 
Hartree-Fock self-energies
calculated from the Idaho 
N3LO NN-potential.
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EB = avA + asA
2/3 + a4

(N � Z)2

4A
+ · · ·

... calculated masses of finite nuclei are primarily sensitive to the three leading terms in the empirical 
mass formula:

... generate families of effective interactions characterized by different values of av, as and a4, and 
determine which parametrization minimizes the deviation from the empirical binding energies of a 
large set of deformed nuclei.
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Deformed nuclei

Z 62 64 66 68 70 72 90 92 94 96 98
Nmin 92 92 92 92 92 72 140 138 138 142 144
Nmax 96 98 102 104 108 110 144 148 150 152 152

Binding energies used to adjust the parameters of the functional:
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Surface energies of semi-infinite
nuclear matter that minimize the
deviation of the calculated binding
energies from data.
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... 48 parameterizations of the energy density functional:
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For each value〈S2〉of the symmetry energy, there is a unique 

combination of volume and surface energies that minimizes χ2!
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Monday, September 30, 13



-3

-2

-1

0

1

2

3

140 160 180 200 220 240 260

!
E

 (
M

e
V

)

A

(b)

Sm
Gd
Dy
Er
Yb
Hf
Th
U

Pu
Cm
Cf

-3

-2

-1

0

1

2

3

0.020 0.030 0.040 0.050 0.060

!
E

 (
M

e
V

)

"
2

(a)

av=-16.08 MeV

-3

-2

-1

0

1

2

3

140 160 180 200 220 240 260

!
E

 (
M

e
V

)

A

(b)

Sm
Gd
Dy
Er
Yb
Hf
Th
U

Pu
Cm
Cf

-3

-2

-1

0

1

2

3

0.020 0.030 0.040 0.050 0.060

!
E

 (
M

e
V

)

"
2

(a)

av=-16.10 MeV

�2 =
(N � Z)2

A2

Monday, September 30, 13



-3

-2

-1

0

1

2

3

140 160 180 200 220 240 260

!
E

 (
M

e
V

)

A

(b)

Sm
Gd
Dy
Er
Yb
Hf
Th
U

Pu
Cm
Cf

-3

-2

-1

0

1

2

3

0.020 0.030 0.040 0.050 0.060

!
E

 (
M

e
V

)

"
2

(a)

av=-16.12 MeV

-3

-2

-1

0

1

2

3

140 160 180 200 220 240 260

!
E

 (
M

e
V

)

A

(b)

Sm
Gd
Dy
Er
Yb
Hf
Th
U

Pu
Cm
Cf

-3

-2

-1

0

1

2

3

0.020 0.030 0.040 0.050 0.060

!
E

 (
M

e
V

)

"
2

(a)

av=-16.14 MeV

�2 =
(N � Z)2

A2

Monday, September 30, 13



Test: ground-state properties of actinides
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Test: “double-humped” fission barriers of actinides
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Figure 2. The potential energy curves of 241Pu, calculated by blocking different neutron levels. 16 shells

are used in the calculation.

3
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Collective correlations
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Five-dimensional collective Hamiltonian

... nuclear excitations determined by quadrupole vibrational and rotational degrees of freedom

Hcoll = Tvib(�, ⇥) + Trot(�, ⇥,�) + Vcoll(�, ⇥)

Tvib =
1
2
B�� �̇2 + �B�⇥ �̇⇥̇ +

1
2
�2B⇥⇥ ⇥̇2

Trot =
1
2

3�

k=1

Ik�2
k

The entire dynamics of the collective Hamiltonian is governed by the seven functions of the 
intrinsic deformations β and γ: the collective potential, the three mass parameters: Bββ, Bβγ, 
Bγγ, and the three moments of inertia Ik. 
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Shape transitions in superheavy nuclei
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Triaxial shapes in the α-decay chain of 298120
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Triaxial shapes in the α-decay chain of 300120
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α-decay chains of 298120 and 300120 
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Half-lives in the α-decay chains of 298120 and 300120 

282 286 290 294 298
A

-10

-8

-6

-4

-2

0

2

4

lo
g

1
0
(T

1
/2

) 
(s

ec
)

RHB Triaxial
Collective Ham.
Exp.

120118116114112

284 288 292 296 300
A

-10

-8

-6

-4

-2

0

2

4

lo
g

1
0
(T

1
/2

) 
(s

ec
)

RHB Triaxial
Collective Ham.
Exp. 

116 118 120114112

Monday, September 30, 13



α-decay chains of 287115 and 288115 
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Half-lives in the α-decay chains of 287115 and 288115 
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Transactinides 
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Transactinides 
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Octupole shape transitions in Th isotopes 

Spectroscopic properties ⇒ quadrupole-octupole sdf-IBM Hamiltonian 
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DD-PC1 original
energy surface

... mapped on the 
IBM surface.

Mapping the microscopic PES on the expectation value of the IBM Hamiltonian in the 
sdf-boson condensate state: 
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✔ unified microscopic description of the structure of stable and nuclei far 
from stability,  and reliable extrapolations toward the drip lines.

Nuclear Energy Density Functional Framework

✔ when extended to take into account collective correlations, EDFs describe 
deformations, shape-coexistence and shape-phase transition phenomena 
associated with shell evolution.

✔ Time-dependent NDFT → fully self-consistent (Q)RPA analysis of giant 
resonances, low-energy multipole response in weakly-bound nuclei, astro-
physical applications.
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