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Periodic Boundary Conditions 
and Images
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δE = 2
�

p2 + m2 − 2m

Two-Particle Energy Levels 
in Lattice QCD : Luscher 

UV regulator 

Below Inelastic Thresholds : 
Measure on lattice

Gives the scattering amplitude at          δE 3
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Luscher’s Eigenvalue Relation

Non-interacting particles

E < 0 E > 0 Bound-state or 
Scattering state ?

V = 0 → a = r = 0
S =∞

k =
2π

L
n

n = (nx, ny, nz)

A1+

Bound-state 
branch
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lattice energy-levels

Scattering Phase-Shift
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Bound-States in Motion

P

Consider an s-wave bound state : 
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Gottlieb + Rummukainen and Kim, Sachrajda + Sharpe)
equal mass

Bour + Konig + Lee + Hammer + Meissner - NRQM   
and    

Davoudi + MJS  - QFT

Bound-States in Motion  

7

Friday, November 1, 2013



Bound-States in Motion  
Equal Masses
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Bound-States in Motion 
Deuteron
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Bound-States in Motion 
Deuteron - Exponential Improvement
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Twisted BC’s - History 

11Paulo Bedaque, 2004
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Partially-Twisted BC’s also 
have desirable properties

Twisted BC’s - History 
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Twisted BC’s - Pre-History 
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Twisted BC’s 

 ϕ = 0  ϕ = 1 radian

k L = 2 π n + ϕ
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Twisted BC’s 

By choosing a particular ϕ can put levels in ``desired place’’ 
- dial kinematics
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Twisted BC’s 

k L = 2 π n + ϕ

• Volume Corrections present
• Multiple ``runs’’ required to                 
systematically reduce

• No Volume Corrections
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Twisted BC’s 

k L = 2 π n + ϕ

ϕ

Summing over n and integrating over ϕ 
is equivalent to integrating over k
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Nucleon Mass in FV
Lattice QCD Calculations
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Nucleon Mass in FV

FV effects
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Nucleon Mass in FV

Twist Averaging

or choose twists to eliminate/suppress the 
leading FV contribution

`Nice’ linear example
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Two-Body Bound-States 
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T1

Two-Nucleon Systems in a Finite Volume: 
(II) 3S1-3D1 Coupled Channels and the Deuteron 
Raul A. Briceno, Zohreh Davoudi, Thomas Luu, MJS, 
arXiv:1309.3556

Two-Nucleon Systems in a Finite Volume: (I) Quantization Conditions 
Raul A. Briceno, Zohreh Davoudi, Thomas C. Luu,  Phys.Rev. D88 (2013) 034502 

Mass density of 
deuteron at rest
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Two-Body Bound-States 
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Mass density of 
boosted deuteron

d=(0,0,1) 
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Two-Body Bound-States 
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Two-Body Bound-States 

m1 = m2  ,  α = 0 

m1 = m2  ,  α = 0 , ϕ1 = ϕ2

If both particles have the same twist then 
no change in relative momenta
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Two-Body Bound-States 

Transcendental equation provides the 
two-body binding energy

• Twist averaging 
• will not give the infinite-volume binding
• much closer 25
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Two-Body Bound-States 
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Two-Body Bound-States 
Twisted-Averaged Deuteron

100 random twists
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Summary

• Periodic BC’s have FV effects 
• can be large
• can require multiple ``runs’’ to systematically reduce  

• Free to include arbitrary twist to BC’s to modify FV effects

• Theoretical guidance to choose ϕ to minimize FV effects

• Twist averaging can eliminate FV effects in some cases
• linear quantities
• exponentially reduce FV effects in deuteron Raul A. Briceno, Zohreh Davoudi, Thomas Luu, MJS 
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The END
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