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Iwo-Particle Energy Levels
in Lattice QCD : Luscher
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Bound-States in Motion

Consider an s-wave bound state :
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Bound-States in Motion
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Zohreh Davoudi and MJS , Phys.Rev. D84 (2011) 114502 , arXiv:1108.5371
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Bound-States in Motion
Deuteron

100

S0+

100 —75 50 25 0
—K (MeV)

Friday, November 1, 2013


http://inspirehep.net/author/profile/Savage%2C%20Martin%20J.?recid=925444&ln=en
http://inspirehep.net/author/profile/Savage%2C%20Martin%20J.?recid=925444&ln=en
http://arXiv.org/abs/arXiv:1108.5371
http://arXiv.org/abs/arXiv:1108.5371

Bound-States in Motion
Deuteron - Exponential Improvement

Zohreh Davoudi and MJS , Phys.Rev. D84 (2011) 114502 , arXiv:1108.5371
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Twisted BC'’s - History

January 28 2004

Aharonov-Bohm effect and nucleon-nucleon phase shifts on
the lattice

Paulo F. Bedaque®*
? Lauvence-Berkeley Laboratory, Berkeley, CA 94720

We propose a method for the lattice QCD computation of mudeon-nucloon low-cnergy interactions.
It consists in simulating QCD in the background of a "eloctromagnetic”™ fickd whose potential is non-
vanishing, but whose fiokd strength is zero, By tuning the background fiokd, phase-shifts at any (but
small) momenta can be determined by measuring the shift of the ground state energy. Lattice sizes
as small as 5 Formi can be sufficient for the calculation of phase shifts up to momenta of order of
m, /2.

One of the central goals of nuclear physics is to relate the suocessful phenomenological models developed throughout
the years with the underlying fundamental theory of the strong interactions, QCD. Effective field theories are an
important step in this direction, but they are inherently limited by the existence of low energy constants whose
values are not determined by symmetries and have to be fit 1o experiment. The need is then obvious for a fully non-
perturbative method that can determine the interaction between nucleons (or alternatively, the Jow energy constants
of the effective theory) directly from QCD. At present, lattice QCD is the only such method.

Most phenomenclogical models of nuclei are based on non-relativistic two(and three) nucleon potentials. However,
since nucleons are not infinitely heavy, the inter-nuckeon potential is not a well defined quantity that can be measured
on the lattice, even in principle. Instead, the connection between QCD and nuclear physics should be established
through observables like scattering amplitudes and phase shifts, etc.. That brings out a problem: lattice calculations
are done in euclidean space and analytic continuation of the euclidean correlation functions at infinite volume to
Minkowski space is, in practice, impossible. This observation, formalized in (1], scems to restrict lattice QCD to
observables like masses, decays constants and amplitudes at kinematical thresholds. Phase shifts at some special FIG. 1: The lattice with periodic boundary conditions (and two dimensions suppressed) is represented by the surfoce of the
values of the momenta can however be obtained by measuring the shifts in the low lying two-particle states due to the 0.0 torye The fictitious solenoid (inner ring) generates a magnetic vector potential A along direction z (wrapped around the

fmitcvolumeﬂ,&a.ubqudwhuioesiuLiluguthmlmpion(bmp&onn\tlcngtb(uptooomﬁomol - - - . . ..
¢~™L). This can be intuitively un 0od by resiising that the baryon nemiber two ssstor of QD af racasents. torus). The magnetic field is confined inside the ring and vanishes at the surface of the torus, where the lattice is.

smaller than the pion mass reduces to a non relativistic quantum mechanical system with two nucleons interacting
through contact interactions. At momenta Q much smaller than the ~ 1/a, where a is the nucleon-nucleon scattering
length, this contact interaction is perturbative but it becomes strong at Q ~ 1/a. In particular, for lattices with size
L much larger than the scattering length a the low lying states have typical momenta Q satisfying Q << 1/a, and
Luscher derived the formula relating the shifts in the energy levels and a as an expansion in powers of a/L. This
method has been used to obtain pion-pion scattering phase shifts [5) but in the two nucleon sector | am sware of oaly
ounly ome quenched calculation performed with a large pion mass |6

In the two-nucleon case the condition L » a can hardly be satisfied since the scattering lengths between two

14 Feb 2004

arXiv:nucl-th/0402051v1

Paulo Bedaque, 2004 .
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On the discretization of physical momenta in
lattice QCD

G.M. de Divitiis* R. Petronzio® N. Tantalo*

* Undversity of Rome “Tor Vergata®™ and INFN ser. Romall, Via della Ricerca
Scientifica I, [-00133 Howe

Abstract

The sdoption of two distinet boundary conditions for two fermions spocios on a Sinite
Iattico allows 1o deal with acbitrary reative mosestum betwoen the two particle
specien, in spite of the momentuss quastization rule due Lo & Emitad physical box
size. We test the plysical sigaificasce of this topological momentum by checking
in the contizasss Hmit the wlidity of the expected encrgy-momentum dispendon
relations,

1 Imtroduction

Amoceg the restrictions of fiedd theory formulations on a lattice, the finite
volume momentum quantization represents a severe limitation in various phe-
nomenoclogical applications. For example, in & two body hadron decay where
the energies of the decay products, related by 4 momentum conservatica to

the muews of the narticls imnhwd rannnt seaime their nbaodenl wdies nn.

arXiv:hep-lat/0405002v2 8 Jun 2004

LENL- 56758
Twisted valence quarks and hadron interactions on the lattice

Pazlo F. Bedagque'
Lawrence-Berkeley Loboratory, Berbeley, CA %720, USA

Jraan-Wel Chea'
Degartment of Physics and National Center for Theoretical Sciences at Toipes,
National Teivan Unsversity, Totped Teswan 10617

Abstract
We comasider QUD with valence and sea guacks obeylng different boundary conditions. We polst
out that the energy of low lying two hadron states do 20t depend on the bomndary condition of the
soa quarks (up to exponestially small corrections). Thus, the advantages in usdng twisted bosndary
condaions oa the lattico QCD extraction of neclecn-meclecn phase shifts caa be galsed withost
the need of new gauge condgurations, even In felly saquendched calculations

arXiv:hep-lat0412023v2 3 Mar 2005

Partially- Twisteo

arXiv:hep-lat/0411033v]l 23 Nov 2004

Twisted Boundary Conditions in Lattice Simulations

C.T. Sachrajda® and G. Villadoro'

* School of Plysios and Astronomy, Univ. of Southampton,
Southampton, SOIT 1BJ, UK,

* Dip. di Fisica, Univ. di Roma “La Saplenza® and INFN,
Sewione di Roms, Ple A, Moro 2, 100185 Rosse, Maly.

Abstract

By imposing twisted boundary conditices on quark felds it i possible 1o acoms comp of La
other than steger multiples of 27/L cn » Iattice with spetial volume L, We use Chiral Perturbation
Theoey o sudy Baitevolume effocts with twistad bousdary conditions for quantities without Ssal-state
Interactions, such as meson masses, decay comstants and semlileptonic form factors, aad confirm that
they remain exponentially small with the volume. Wo show that this & also the case for pertially fwisted
boundary coaditions, in which (some of) the valence quarks satisly twisted boundary conditicas bt the
sen quarks satlsfly periodic boundary conditioms. This observation lmplies that It Is not necessary to
generate sew gluon configurations for every choloe of the twist angle, making the method much more
peacticable. For K — wx decays we show that the beeaking of isospim symmetry by the twisted boundary
conditicns mphes that the amplitedes cannct be detersined in general (on this point we disagree with
a recent clalm).

BC’s also

have desirable properties

12
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Twisted BC’s - Pre-History

cond-mat/0101339v1 [cond-mat.stat-mech] 22 Jan 2001

arxiv

Twist-averaged Boundary Conditions in Continuum Quantum Monte Carlo

C. Lin, F.-H. Zong and D. M. Ceperley
Dept. of Physics and NCSA, University of lllinois at Urbana-Champaign, Urbara, 1L 61501

We develop and test Quantum Monte Carlo algorithms which use a®twist” or a phase in the
wave function for fermions in periodic boundary conditions. For metallic systems, averaging over
the twist results in faster convergence to the thermodynamic limit than periodic boundary conditions
for properties involving the kinetic energy with the same computational complexity. We determine
exponents for the rate of convergence to the thermodynamic limit for the components of the energy
of coulomb systems. We show results with twist avernged varintionn! Monte Carlo on free particles,
the Stoner model and the electron gas using Hartree-Fock, Slater-Jastrow, three-body and backflow
wavefunction, We also discuss the use of twist averaging in the grand canonical ensemble, and
numerical methods to accomplish the twist averaging.

PACS Numbers: 02.70.-c, 82.20.Wt, 71.15.-m

Almost all quantum Monte Carlo (QMC)calculations
in periodic boundary conditions have assumed that phase
of the wavefunction returns to the same value if a parti-
cle goes around the periodic boundaries and returns to its
original position. However, with these boundary condi-
tions, delocalized fermion systems converge slowly to the
thermodynamic limit because of shell effects in the fill-
ing of single particle states. In this paper we explore an
alternative boundary condition: one can allow particles
to pick up a phase when they wrap around the periodic
boundaries,

Wiry + LX,ra, ) = " ¥(ry,ra, ). (1)

The boundary condition @ = 0 is called periodic bound-
ary conditions (PBC), # = x anti-periodic boundary con-
ditions (ABC) and the general copdition with @ # 0,
twisted boundary conditions (TBC).

In periodic boundary conditions, the Hamiltonian is
invariant with respect to translating any particle around
the periodic boundaries. According to Bloch's theorem,
this implies that any solution can be characterized by
a given twist angle. The twist angle also has a physi-
cal origin: co a toroidal geometry. One can either
rotate the tor go into rotating coordinates, or
add a magnetic fl to the center of the torus. The
physical properties will be unchanged. In both cases one
can transform away the perturbation by applying TBC
with the twist angle given by # = m/?y/h for rotation
and 0 = eg/(ch) for magnetic flux. A torus is topologi-
cally equivalent to periodic boundary conditions, so that
a non-zero twist will be allowed in periodic boundaries.
The twist is a degree of freedom, or boundary condition,
that can be varied to enable a finite system to approach
the thermadunamis limit mare sniekle ar tn make doo

can be restricted to be in the range:
-m<@; <. (2)

For systems with a real potential (e.g. no magnetic field),
one can further restrict the twist to be in the range [0, 7.

For a degenerate Fermi liquid, finite-size shell effects
are much reduced if the twist angle is averaged over. Wi
call this twist averaged boundary conditions (TABC)
This is particularly important in computing properties
that are sensitive to the single particle energies such
as the kinetic energy and the magnetic susceptibility.
By reducing shell effects, much more accurate estima-
tions of the thermodynamic limit of these properties can
be made. What makes this even more important Is
that the most accurate quantum methods have compu-
tational demands which increase rapidly with the num-
ber of fermio Examples of such methods are exact
dlagonalizatlom (exponential increase in CPU time with
N), variational Monte CarloZ(VMC) wiph wavefunctions
having backfiow and three-body t (increases as
N1, and transient-estimate and released-node Diffusion
Monte Carlo met (exponential increase with N).
Methods which can extrapolate more rapidly to the ther-
modynamic limit are crucial in obtaining high accuracy.
Twist averaging is especially advantageous for stochas-
tic methods (i.e. QMC) because the averaging does not
necessarily slow down the evaluation of averages, except
for the necessity of doing complex rather than real arith-
metic.

The use of twisted boundary conditions is common-
place for the solution of the band structure problem for
a periodic solid. Band structure methods begin by as-

wuming the wavefunction fasase intn ginels narticls ar

13

Friday, November 1, 2013



BC’s ) @

£ )

Twisted

ol N

r |fm x |fm

qgi(x + L,y+ L,z+ L) = ei“biei"b@ez‘}s;qz(a: Y, 2)

KL=21mTn+ o

P = =1 radian

14

Friday, November 1, 2013



Twisted BC’s
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By choosing a particular ¢ can put levels in “desired place”
- dial kinematics
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Twisted BC'’s

KL=21Tn+¢

dk ! )
/ o T(R) = 7 > [ 7m+¢) e \/olume Corrections present

n€Z ® Multiple "runs” required to
systematically reduce

dk do 1 2
/_ f{k) / % L gz:l f( 7m+¢) ® No Volume Corrections

L
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Twisted BC’s
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s equivalent to integrating over K
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Nucleon Mass in FV
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Nucleon Mass in FV

S.R. Beane, Phys.Rev. D70 (2004) 034507, hep-lat/0403015
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F.-J. Jiang, B.C. Tiburzi . Phys.Rev. D78 (2008) 114505 , arXiv:0810.1495
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Nucleon Mass in FV
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leading FV contribution

‘Nice’ linear example
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Sound-States

. (o)
Raul A. Briceno, Zohreh Davoudi, Thomas C. Luu Phys.Rev. D88 (2013) 034502

Two-Nucleon Systems in a Finite Volume:

(11) 3S1-3D1 Coupled Channels and the Deuteron
Raul A. Briceno, Zohreh Davoudi, Thomas Luu, MJS,

arXiv:1309.3556

Mass density of
deuteron at rest
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Two-Nucleon Systems in a Finite Volume:

(11) 3S1-3D1 Coupled Channels and the Deuteron
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f both particles have the same twist then
NO change in relative momenta
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Sound-States
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Transcendental equation provides the
two-body binding energy

® [wist averaging
® will not give the infinite-volume binding
® much closer 2
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Two-Body Bound-States

— Twisted Deuteron
Raul A. Briceno, Zohreh Davoudi, Thomgs Luu, MJS
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| Two-Body Bound-States
R — Twisted-Averaged Deuteron
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Summary
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® Periodic BC’s have FV effects

® can be large
® can require multiple "runs” to systematically reduce

NP

® Free to Include arbitrary twist to BC’s to modify FV effects

heoretical guidance to choose ¢ to minimize

-\ effects

® [wist averaging can eliminate FV effects in some cases

® cxponentially reduce FV effects in deuteron

® |inear quantities
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