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§  Density Functional Theory for Nuclear Fission 
•  Brief Review of Finite Temperature Formalism 

§  Results for Thorium and Uranium Isotopes 
§  Results for the Mercury Region 
§  Early Work with Uncertainty Quantification 
§  Conclusion 
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§  Self-consistent, constrained HFB 
with Skyrme-like EDF  

§  We use the symmetry-
unrestricted DFT solver HFODD.  

    J. Dobaczewski and J. Dudek, Comput. Phys. Comm. 
102, 183 (1997). 
    N. Schunck et al, Comput. Phys. Comm. 183, 166 (2012). 

The FT-DFT Formalism for 
Nuclear Fission 

Q20 (b)
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)

  

Finite-temperature DFT for Excited Nuclei
● Finite-Temperature Hartree-Fock-Bogoliubov (FT-HFB) theory allows us to 

consider compound nuclei formed with some excitation energy

● A self-consistent mean field equation with pairing correlations

● Fission is believed to be an isentropic process.  Curves of free energy 
(F=E-TS) at constant temperature correspond exactly to curves of 
internal energy at constant entropy...

Numerical verification of correspondence
between isentropic internal energy curves
and isothermal free energy curves.
From Pei et al (2009).  
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§  Csige et al reported experimental evidence for 
third minima in 232,238U – but DFT studies 
consistently do not predict deep third minima.  
Why?   

 

Results – Thorium and Uranium 
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UNEDF1 Predicted PESs EXPLORING THE MULTIHUMPED FISSION BARRIER . . . PHYSICAL REVIEW C 87, 044321 (2013)

TABLE I. Double-humped fission barrier parameters of 238U (in
MeV) used in the calculations. The resulting photofission cross
section is indicated in Fig. 1(a) by the dashed line.

EA EII EB h̄ωA h̄ωII h̄ωB

6.3 ± 0.2 2.0 ± 0.2 5.65 ± 0.20 1.1 ± 0.1 1.0 ± 0.1 0.6 ± 0.1

The reliability of the code was tested and the relevant
model parameters were adjusted using calculations of the
total photoabsorption cross section σγ ,abs and experimental
(γ ,n) cross-section data. First, σγ ,abs had to be determined
and checked against existing experimental data. In the present
evaluation, the modified Lorentzian parametrization (MLO)
was chosen for the γ -ray strength function. Although the
experimental data of Ref. [18] are quite well reproduced [solid
line in Fig. 1(c)], the experimental results of Ref. [19] are
underestimated at lower energies. Yet, we have not attempted
to tune the MLO parameters to reproduce the experimental
data. The parametrization used is based on a global fit of
experimental data over a wide range of isotopes and excitation
energies. Attempts to reproduce this data set would have a
drastic impact on the competing reaction channels, leading
(especially for fission) to unphysical parameters. The pho-
toabsorption cross sections of Ref. [19] were inferred from the
measured energy-averaged, angle-integrated photon elastic-
scattering cross sections σγγ , employing a complex analysis
technique described in detail in Ref. [23]. In such an analysis,
the measured values are renormalized by an energy-dependent
factor to obtain the corrected photoabsorption cross section
σγ ,abs. Our calculated values are located between the measured
σγγ and the corrected σγ ,abs cross sections, perhaps indicating
systematic uncertainties in the aforementioned analysis.

The transmission coefficients for the particle emission
were determined using the global optical parameter set of
Ref. [24]. The level density parameters were taken from the
enhanced generalized superfluid model [25], adjusted to fit
the discrete level scheme of 238U. Those were taken from
the most recent reference input parameter library (RIPL3). In
the code, the optical model for fission [26–28] is applied to
calculate the fission transmission coefficients. For comparison,
both triple- and double-humped fission barriers were used in
the calculations.

The parameters of the double-humped fission barrier were
taken from the RIPL3 library and were slightly adjusted to
achieve a better description of the present data. In Fig. 1(a),
the dashed line shows the calculated (γ ,f ) cross section using
the parameters listed in Table I. The triple-humped barrier
parameters were adjusted to best describe the experimental
photofission and (γ ,n) cross sections over the entire energy
range. In Fig. 1(a), the solid line represents the best description

T1/2 fiss.
~12   µs

E  II
2.05 MeV

E  III
3.6 MeV

E(0  )+ =2.56 MeV

T    ~298 ns1/2

E  A
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γ

FIG. 2. The triple-humped fission barrier of 238U as determined in
the present study, using the parameters listed in Table II. The half-life
of the isomeric ground state at E = 2.56 MeV and the partial isomeric
fission half-life are also indicated.

with the parameters of Table II used in the calculation. The
calculated (γ ,n) cross sections are shown as the solid line
in Fig. 1(b) together with the available experimental data
[29,30]. The calculated and the experimental values are in a fair
agreement. The uncertainties of the barrier parameters were
estimated to be 200 keV for the barrier heights and 100 keV
for the curvature parameters. The triple-humped fission barrier
of 238U is plotted in Fig. 2 using the fission barrier parameters
of Table II.

The present model is capable of reproducing the sub-barrier
fission resonances empirically, while at higher excitation
energies it naturally provides the same results for the fission
barrier penetration as the classical models. Since photofission
is considered to occur only through the excitation of the
giant dipole resonance and 238U is an even-even nucleus,
one can assume that only states with J π = 1− contribute to
γ -ray induced fission. This is true at low energies, but when
(γ ,γ ′f ) processes become significant, states with different
quantum numbers get involved. The discrete transition states
are rotational levels characterized by a given set of quantum
numbers (angular momentum J , parity π , and angular mo-
mentum projection on the nuclear symmetry axis K) built
on vibrational or noncollective band heads. For an even-even
nucleus the band heads with Kπ = 0+, 2+, 0−, and 1− are
usually considered. In this case, J π = 1− rotational levels
belong both to Kπ = 0− and 1−. In Table III, the energies of
the discrete transition band heads (εA, εB , and εC) are listed
that were used in the calculations.

The damping of the vibrational states within the strongly
deformed potential wells has been simulated by introducing a
negative imaginary potential in the corresponding deformation
ranges. These potentials are assumed to be quadratic functions

TABLE II. Triple-humped fission barrier parameters of 238U (all in MeV) used in the calculation, represented by the
solid line in Fig. 1(a).

EA EII EB EIII EC h̄ωA h̄ωII h̄ωB h̄ωIII h̄ωC

4.3 ± 0.2 2.05 ± 0.20 5.6 ± 0.2 3.6 ± 0.2 5.6 ± 0.2 0.4 ± 0.1 1.0 ± 0.1 0.7 ± 0.1 1.0 ± 0.1 0.7 ± 0.1

044321-3

Csige et al, Phys. Rev. C 87, 
044321 (2013). 

Experimentally Inferred PES, 238U 
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§  Despite the lack of a third hump, we do see the 
formation of well-developed pre-fragments. 

Results - Thorium and Uranium 
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§  Resonances Caused by Richer Level Structure, 
Rather than Three Humps 
•  The di-molecular pictures suggests some stabilizing 

effect. 
•  Explore with Generator Coordinate Method 

§  A non-phenomenological (non-Skyrme, non-
Gogny) EDF Might Yield Three Humps 

Third Minima – Further Exploration 
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§  The asymmetric fission of 180Hg (pictured on 
right) reveals that “simple” arguments based on 
magic numbers do not determine fragmentation.   

Results – Mercury Region 

100b 

150b 

200b 
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§  Experimentalists 
discovered 
asymmetric fission of 
180Hg at low energy 
– what happens at 
higher energies? 

§  For 174,180Hg, we see 
an asymmetry that is 
robust through 
E*=0-30MeV.   

§  For the heavier 
isotopes, the favored 
mass distribution is 
more symmetric. 

Results - Mercury Region 
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§  This important study of an “unusual” case of 
fission presents a key test of the predictive 
power of the DFT approach to fission.  

§  We turn now to a discussion of uncertainty 
quantification, to gauge the reliability of our 
predictions beyond known data. 

Results – Mercury Region 
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§  Many methods 
in similar 
ballpark – can 
we rely on 
extrapolation? 

RMS Table: 

Uncertainty Quantification –  
Actinide Fission Barriers 
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CDFT: A.V. Afanasjev (private) 
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TABLE I. RMS deviations of the first barrier height EA, the
fission isomer EII , and the second barrier height EB are given
for the selection of even-even nuclei considered.

UNEDF1 CDFT FRLDM SkM⇤ D1S
EA [MeV] 1.03 0.896 1.52 1.61 0.709
EII [MeV] 0.357 0.977 0.675 0.351 0.339
EB [MeV] 0.690 0.926 1.13 1.39 1.14

in mind, however, the large uncertainty a↵ecting the em-
pirical data, the simplifying assumptions used in reaction
models, and the systematic and statistical errors of DFT
calculations. On the DFT side, basis truncation errors
[13] and beyond mean-field corrections can modify the
potential energy surface in a non trivial way [2, 14]. If
the zero-point energy is taken into account according to
the method of Ref. [2], for example, the inner fission bar-
rier heights can be lowered by approximately 0.5MeV.
Furthermore, neutron capture leads to compound nuclei
in highly excited states. The excitation energy E⇤ has
the e↵ect of lowering the fission barriers as well [19] so
one needs to be careful when using the ground-state bar-
riers (E⇤ = 0) in estimates of (n,f) cross sections.

V. CONCLUSIONS

In this survey of fission barrier properties of even-even
actinides, we find that the recently developed UNEDF1
energy density functional as well as CDFT yield predic-

tions that agree well with experimental values and are
on a par with, or better, than predictions of other self-
consistent or macroscopic-microscopic models. While the
inner barrier heights are systematically overestimated in
UNEDF1, one also needs to bear in mind that empirical
values are subject to error that is at least 0.3MeV. As fit-
observables are selected for future optimizations, it will
be valuable to consider if additional data such as one-
neutron separation energy may help to better constrain
fission barrier heights.
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§  Can we rely on 
extrapolation?  
What happens 
in the UNEDF 
family? 

RMS Table: 

Uncertainty Quantification –  
Actinide Fission Barriers 

Experiment: RIPL2 
FRLDM: Moller et al, 2009 
D1S: Delaroche et al, 2006 
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TABLE I. For each theoretical model, the RMS deviations of the first barrier height EA, the

fission isomer EII , and the second barrier height EB are given for the selection of even-even nuclei

considered.

UNEDF2 UNEDF1 FRLDM SkM∗ D1S

EA 1.47 1.03 1.52 1.61 0.709

EII 0.515 0.357 0.675 0.351 0.339

EB 1.39 0.690 1.13 1.39 1.14

1
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§  Challenges to Address: 
•  For UNEDF1, collective inertia must be adjusted to 

obtain realistic half-lives (this adjustment is not 
necessary for SkM*) 

•  Early Indication: UNEDF2 observables do not agree 
with data as well as UNEDF1 

Uncertainty Quantification –  
Actinide Fission Barriers 
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Squares: Experiment (Holden, 
N. and D. Hoffman, 2000, Pure 
Appl. Chem. 72, 1525–1562.) 
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§  Pilot Study Applied to 
UNEDF1 
•  Response surface (based only on 

mass data) guides us toward new 
parameter sets to consider 

•  Preliminary error bars for our 
predictions for masses in a newly 
measured region 

§  Massively Parallel Approach 
•  200 Test Parameter Sets 
•  130 Nuclei (including deformed 

nuclei) 

Uncertainty Quantification –  
Early Results 
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§  In the 132Sn region, we see a (small) reduction 
in uncertainty bars due to mass measurements.   

Uncertainty Quantification –  
Early Results 
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We will study what measurements will have the greatest 
impact on reducing theoretical error bars for other 
quantities, such as fission barrier heights. 
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§  We have showcased the capabilities of nuclear 
DFT for nuclear fission 
•  We see a di-molecular configuration in Th and U 

isotopes, stabilized by something other than a third 
hump.   

•  We predict that symmetry vs. asymmetry of mass 
yields in the mercury region has a weak dependence 
on excitation energy. 

§  We have demonstrated a viable approach for 
uncertainty quantification for EDFs 

Conclusion 
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