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Why	
  Density	
  FuncXonal	
  Theory	
  (DFT)?	
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   2012	
  



Near and long term goals: 
 
To describe accurately the time-dependent evolution of 
externally perturbed Fermi superfluid systems  

Tool: a DFT extension to superfluid systems and time-
dependent  phenomena (and subsequently we have to 
add quantum fluctuations and extend the theory to a 
stochastic incarnation) 



Why	
  TDDFT?	
  
(not	
  meant	
  for	
  debate	
  during	
  the	
  talk,	
  but	
  for	
  the	
  aeernoon	
  and	
  tomorrow	
  discussions)	
  
	
  
•  Unlike	
  ATDHFB,	
  TDSLDA	
  does	
  not	
  requires	
  introducXon	
  of	
  hard	
  to	
  define	
  collecXve	
  degrees	
  	
  
of	
  freedom	
  and	
  there	
  are	
  no	
  ambiguiXes	
  arising	
  from	
  defining	
  potenXal	
  energy	
  surfaces	
  (PES)	
  	
  
and	
  inerXas	
  
•  Currents	
  are	
  present	
  by	
  default,	
  thus	
  no	
  ambiguity	
  concerning	
  their	
  effects	
  
•  InteracXon	
  with	
  basically	
  any	
  external	
  probes	
  (weak	
  or	
  strong)	
  easy	
  to	
  implement	
  and	
  	
  
their	
  effect	
  on	
  dynamics	
  already	
  included	
  
•  Accuracy	
  of	
  descripXon	
  in	
  terms	
  quanXzed	
  trajectories	
  with	
  Maslov	
  index	
  correcXons	
  is	
  	
  
at	
  the	
  same	
  level	
  	
  of	
  theoreXcal	
  accuracy	
  of	
  a	
  	
  re-­‐quanXzaXon	
  of	
  collecXve	
  Hamiltonian	
  
•  One-­‐body	
  dissipaXon	
  is	
  automaXcally	
  included	
  in	
  the	
  formalism	
  and	
  this	
  is	
  a	
  quantum	
  	
  
approach	
  (unlike	
  diffusion	
  models)	
  
•  TD	
  equaXons	
  are	
  a	
  consequence	
  of	
  the	
  acXon	
  minimum	
  principle	
  and	
  thus	
  the	
  perils	
  of	
  
using	
  minimum	
  of	
  energy	
  trajectories	
  on	
  PES	
  and	
  inerXa	
  are	
  not	
  encountered	
  (see	
  talk	
  given	
  	
  
by	
  L.	
  Robledo	
  last	
  week	
  in	
  which	
  he	
  demonstrated	
  errors	
  in	
  Xme-­‐lives	
  up	
  to	
  	
  O(1030),	
  thus	
  	
  
errors	
  up	
  to	
  ≈70	
  ħ	
  in	
  acXon)	
  
•  Overall	
  computaXonal	
  effort	
  in	
  TDDSLDA	
  is	
  significantly	
  less	
  that	
  in	
  a	
  ATHFB	
  in	
  a	
  large	
  	
  
collecXve	
  space	
  (five	
  or	
  more	
  dimensions,	
  which	
  requires	
  5-­‐9	
  million	
  of	
  configuraXon	
  	
  
presently,	
  and	
  more	
  in	
  the	
  future,	
  see	
  talk	
  by	
  A.	
  Sierk	
  last	
  week)	
  and	
  	
  more	
  accurate	
  	
  
numerically	
  	
  
•  There	
  are	
  ways	
  to	
  include	
  collecXve	
  surface	
  hopping	
  and	
  thus	
  the	
  effects	
  of	
  two-­‐body	
  	
  
collisions	
  (surface	
  hopping	
  already	
  studied	
  for	
  more	
  than	
  two	
  decades	
  in	
  chemistry	
  and	
  now	
  	
  
entering	
  the	
  condensed	
  ma8er	
  filed	
  for	
  normal	
  systems)	
  	
  



Physical systems and processes we are interested in: 
 
ü Collective states in nuclei 
ü Nuclear large amplitude collective motion (LACM) 
                 (Induced) nuclear fission  
ü  Excitation of nuclei with gamma rays and neutrons 
ü Coulomb excitation of nuclei with relativistic heavy-ions  
ü Nuclear reactions,  fusion between colliding heavy-ions 
ü Neutron star crust and dynamics of vortices and their  
        pinning mechanism 
 
ü Dynamics of vortices, Anderson-Higgs Mode 
ü Vortex crossing and reconnection and the onset of quantum 

turbulence 
ü Domain wall solitons and shock waves in collision of 

fermionic superfluid atomic clouds 



Outline:	
  
	
  
§  TDSLDA	
  EquaXons	
  
§  Discrete	
  Variable	
  RepresentaXon	
  of	
  wave	
  funcXons	
  
§  CalculaXon	
  of	
  derivaXves	
  and	
  use	
  of	
  FFT	
  
§  Time	
  propagaXon	
  
§  CalculaXon	
  of	
  Coulomb	
  interacXon	
  
§  Treatment	
  of	
  center	
  of	
  mass	
  moXon	
  
§  Gauge	
  invariance,	
  coupling	
  to	
  EM-­‐field	
  
§  ConstrucXon	
  of	
  ground	
  state:	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  iteraXve	
  methods	
  vs	
  Xme-­‐dependent	
  methods	
  
§  CPU	
  vs	
  GPU	
  massively	
  parallel	
  implementaXon	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  capability	
  compuXng	
  (not	
  capacity	
  compuXng)	
  



 

ε(r ) = 
2

2mn

τ n (
r )− Δn (

r )νn (
r )+ 

2

2mp

τ p (
r )− Δ p (

r )ν p (
r )

         + CT
ρρT

2 (r )+CT
ΔρT (r )


∇2ρT (r )+CT

ρρ0
γ (r )ρT

2 (r )⎡⎣ ⎤⎦
T =0,1
∑

          + CT
τ ρT (r )τT (r )−


jT

2 (r )( ) +CT
∇J ρT (r )


∇⋅

J (r )+ sT (r )×


jT (r )( )⎡

⎣
⎤
⎦

T =0,1
∑

          + e
2

2
d 3r1∫

ρp (
r )ρp (

r1)
r − r1

h(r ) = −

∇⋅ 2

2m(r )

∇

⎛
⎝⎜

⎞
⎠⎟
+U(r )+ i σ ⋅


Vσ (r )+ i


∇⋅

V∇(r )+ i


W (r ) ⋅ σ ×


∇

       

Nuclear	
  energy	
  density	
  funcXonal	
  
	
  
	
  

SaXsfies	
  translaXonal,	
  rotaXonal,	
  isospin,	
  and	
  Galilean	
  invariance,	
  gauge	
  covariance.	
  	
  
The	
  coupling	
  to	
  electromagneXc	
  field	
  (not	
  shown	
  here)	
  is	
  gauge	
  invariant	
  minimal	
  coupling.	
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TDSLDA equations 
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•  The system is placed on a large 3D spatial lattice (adequate representation of continuum) 
•  Derivatives are computed with FFTW (this insures machine accuracy) and is very fast 
•  Fully self-consistent treatment with fundamental symmetries respected (isospin,  
      gauge, Galilean, rotation, translation) 
•  Adams-Bashforth-Milne fifth order predictor-corrector-modifier integrator 
•  No symmetry restrictions 
•  Number of PDEs is of the order of the number of spatial lattice points  
   – from 10,000s to a fraction of 1,000,000 determined by the dimension of the Hilbert space 
 
  
•  Initial state is the ground state of the SLDA  (formally like HFB/BdG) 
•  The code was implemented on Jaguar, Titan,  Franklin, Hopper, Edison,  
      Hyak, Athena 
•  Initially Fortran 90, 95, 2003 …, presently C, CUDA, and obviously MPI, pthreads, etc. 

 
∝ 4 2pcL

2π
⎛
⎝⎜

⎞
⎠⎟
3

= 4NxNyNz



All	
  these	
  dark	
  slides	
  are	
  from	
  an	
  INT	
  talk,	
  given	
  on	
  April	
  8,	
  2013	
  by	
  M.M.	
  Forbes	
  and	
  based	
  
on	
  our	
  paper	
  A.	
  Bulgac	
  and	
  M.M.	
  Forbes,	
  Phys.	
  Rev.	
  C	
  87,	
  051301(R)	
  (2013)	
  























In	
  3D	
  the	
  sparcity	
  of	
  the	
  Hamiltonian	
  matrix	
  is	
  ≈1/N2,	
  	
  
where	
  N	
  is	
  the	
  number	
  of	
  laqce	
  points	
  in	
  1D	
  





























MATLAB	
  code	
  about	
  200	
  lines	
  





From	
  a	
  talk	
  given	
  by	
  E.	
  Krotscheck	
  

Why	
  we	
  use	
  FFTW	
  to	
  compute	
  derivaXves?	
  



Time	
  propagaXon	
  

Equation(s) to be solved numerically:       dy(t)
dt

= f (t)  

y(t) - stands for a vector representing the values of all qpwfs at all points in space
Discretize  time t1,t2,t3,...
yn ≡ y(tn ),  fn ≡ f (tn ),...
Adams-Bashforth-Milne method 
(effectively 6th order, minimizes discretization and roundoff errors)

pn+1 =
yn + yn−1

2
+ Δt

48
119 fn − 99 fn−1 + 69 fn−2 −17 fn−3( )

mn+1 = pn+1 −
161
170

pn − cn( )

cn+1 =
yn + yn−1

2
+ Δt

48
17mn+1 + 55 fn + 3 fn−1 + fn−2( )

yn+1 = cn+1 +
9

170
pn+1 − cn+1( )

Only	
  2	
  evaluaXons	
  (shown	
  in	
  red)	
  of	
  the	
  right-­‐hand	
  side	
  per	
  step	
  



CharacterisXcs	
  of	
  the	
  3D	
  spaXal	
  laqce	
  

 

Number of quantum states ∝ 4 2pcL
2π

⎛
⎝⎜

⎞
⎠⎟

3

≈ 800,000

 for L ≈ 60 fm

La$ce	
  constant	
  

 

pc = kc =
π
Δx

≈ 600MeV / c

Δx ≈1 fm

Ec =
pc
2

2m
= 

2π 2

2mΔx2
≈ 200MeV

Time-­‐step	
  

 

Error of finite difference formulas ∝ f (5) x( )Δx⎡⎣ ⎤⎦
5
⇒ EcΔt


⎛
⎝⎜

⎞
⎠⎟

5

= 10−6...10−10

⇒Δt ≈ 0.07 ⋅⋅⋅0.01 fm / c

Number	
  of	
  Xme	
  steps	
  

Nt ≈
10−19 sec. 

Δt
≈ 400,000



StaXc	
  

Dynamic	
  

ü  	
  full	
  diagonalizaXon	
  of	
  HermiXan	
  matrices	
  409,600x409,600	
  on	
  JaguarPF	
  (for	
  238U,	
  40x40x64	
  laqce)	
  
	
  (required	
  about	
  5.1	
  wall-­‐Xme	
  hours	
  on	
  97%	
  of	
  the	
  machine	
  for	
  one	
  iteraXon)	
  
ü  	
  Performance	
  on	
  Jaguar:	
  
StaXc:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ins/wall-­‐Xme	
  =	
  1.37e19/18,393=	
  7.45e14	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  flops/wall-­‐Xme=9.42e16/18,393=	
  5.12e12,	
  	
  PEs	
  =	
  217,800	
  
TD:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ins/wall-­‐Xme	
  =	
  7.11e17/2,031=	
  3.50e14	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  flops/wall-­‐Xme=	
  1.89e16/2,031=	
  	
  9.3e12,	
  	
  PEs	
  =	
  136,628	
  	
  	
  
ü  excellent	
  weak	
  and	
  strong	
  scaling	
  
ü  very	
  fast	
  I/O	
  and	
  checkpoint/restart	
  capabiliXes	
  
ü  number	
  of	
  coupled	
  nonlinear	
  Xme-­‐dependent	
  3D	
  PDEs	
  for	
  238U	
  	
  	
  	
  =	
  546,512	
  



Our	
  old	
  code	
  on	
  Jaguar	
  in	
  2010	
  



Size	
  of	
  the	
  nuclear	
  problem	
  (present):	
  
	
  
SpaXal	
  laqce	
  size	
  NxNyNz	
  ≈	
  323…	
  643	
  (on	
  GPUs	
  powers	
  of	
  2	
  are	
  preferable)	
  
4-­‐component	
  quasiparXcle	
  (complex)	
  wave	
  funcXons	
  
Number	
  of	
  quasiparXcle	
  wave	
  funcXons	
  ≈	
  NxNyNz/2	
  
Number	
  of	
  bytes	
  per	
  Xme	
  step	
  to	
  represent	
  qpwfs	
  ≈	
  2x1012	
  
	
  	
  	
  	
  	
  total	
  memory	
  required	
  (wfs,	
  TD	
  derivaXves,	
  potenXals,	
  etc.)	
  ≈	
  50x1012	
  
Number	
  of	
  Xme-­‐steps	
  ≈	
  O(106)	
  	
  (typically	
  an	
  order	
  of	
  magnitude	
  or	
  more	
  less	
  than	
  the	
  
number	
  of	
  configuraXons	
  needed	
  for	
  a	
  PES	
  in	
  ATDHFB)	
  
	
  
This	
  is	
  one	
  of	
  the	
  largest	
  Direct	
  Numerical	
  SimulaXon	
  problems	
  ever	
  a8empted	
  
and	
  requires	
  capability	
  compuXng	
  	
  	
  (HFB	
  with	
  constraints	
  is	
  a	
  typical	
  example	
  of	
  
capacity	
  compuXng)	
  
	
  
From	
  Wikipedia:	
  



	
  CPU	
  vs	
  GPU	
  	
  	
  on	
  Titan	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ≈	
  15	
  speed-­‐up	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (likely	
  an	
  addiXonal	
  factor	
  of	
  4	
  possible)	
  
	
  
643	
  spaXal	
  laqce	
  
2-­‐component	
  quasiparXcle	
  wave	
  funcXons	
  (no	
  spin-­‐orbit	
  coupling)	
  
	
  
•  Slightly	
  imbalanced	
  version:	
  
	
  	
  	
  	
  	
  137062	
  2-­‐component	
  wave	
  funcXons	
  
Ø  CPU	
  version	
  -­‐	
  27.90	
  sec	
  for	
  10	
  Xme	
  steps	
  
	
  	
  	
  	
  	
  4096	
  nodes	
  =	
  16x4096	
  =	
  65,536	
  PEs	
  (2	
  	
  and	
  3	
  qpwfs	
  per	
  PEs)	
  	
  
Ø  GPU	
  version	
  –	
  1.84	
  sec	
  for	
  10	
  Xme	
  steps	
  
	
  	
  	
  	
  	
  4096	
  nodes	
  =	
  4096	
  PEs	
  (one	
  per	
  node)	
  +	
  4096	
  GPUs	
  
	
  
•  	
  Balanced	
  version	
  
	
  	
  	
  	
  	
  131072	
  2-­‐component	
  wave	
  funcXons	
  
Ø  CPU	
  version	
  -­‐	
  23.96	
  sec	
  for	
  10	
  Xme	
  steps	
  
	
  	
  	
  	
  	
  4096	
  nodes	
  =	
  16x4096	
  =	
  65,536	
  PEs	
  (exactly	
  2	
  	
  qpwfs	
  per	
  PEs)	
  	
  
Ø  GPU	
  version	
  –	
  1.65	
  sec	
  for	
  10	
  Xme	
  steps	
  
	
  	
  	
  	
  	
  4096	
  nodes	
  =	
  4096	
  PEs	
  (one	
  per	
  node)	
  +	
  4096	
  GPUs	
  
	
  
	
  	
  	
  GPUs	
  are	
  less	
  prone	
  to	
  suffer	
  from	
  load	
  imbalanced	
  
	
  



A	
  new	
  method	
  to	
  construct	
  the	
  ground	
  state	
  which	
  eschews	
  	
  
big	
  matrix	
  diagonalizaXon:	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  adiabaXc	
  switching	
  with	
  	
  quantum	
  fricXon	
  

 

i Ψ(x,t) = H (x,t)+U(x,t)[ ]Ψ(x,t)

E = Ψ H Ψ

E = Ψ H Ψ + 2


Im Ψ HU Ψ

if  U ∝−

∇⋅

j =  ρ   ⇒   E ≤ Ψ H Ψ

We  choose  U = −β 

∇⋅

j

ρ

j (r ) = 

m
Im ψ n

*(r ,t)

∇ψ n

n
∑ (r ,t)

Main	
  advantage:	
  	
  
Replace	
  iteraXve	
  procedure	
  which	
  requires	
  	
  
O(N3)	
  operaXons	
  for	
  diagonalizaXon	
  with	
  
Xme	
  evoluXon	
  which	
  requires	
  only	
  O(N2	
  ln(N))	
  
operaXons	
  per	
  Xme	
  step.	
  





A	
  nucleus	
  under	
  the	
  influence	
  of	
  an	
  external	
  projecXle	
  can	
  move	
  outside	
  the	
  simulaXon	
  box.	
  
	
  
A	
  simple	
  coordinate	
  transformaXon	
  and	
  change	
  in	
  EoM	
  maintains	
  the	
  nucleus	
  at	
  all	
  Xmes	
  in	
  
the	
  center	
  of	
  the	
  box:	
  	
  

 

i Ψ(r ,t) = H (r ,t)Ψ(r ,t)

R(t) = d 3∫ r Ψ(r ,t) 2 r

Φ(r ,t) = exp i

R(t) ⋅ p( )Ψ(r ,t) = Ψ(r +


R(t),t)

d 3∫ r Φ(r ,t) 2 r = 0

i Φ(r ,t) = H (r ,t)Φ(r ,t)− d

R(t)
dt

⋅ p Φ(r ,t)



CalculaXon	
  of	
  the	
  Coulomb	
  potenXal	
  
Problem:	
  In	
  a	
  box	
  with	
  periodic	
  boundary	
  condiXons	
  one	
  should	
  avoid	
  the	
  contribuXon	
  
from	
  image	
  charges.	
  Here	
  the	
  simulaXon	
  box	
  is	
  yellow,	
  a	
  few	
  images	
  are	
  blue.	
  
	
  
	
  

Define	
  a	
  charge	
  distribuXon	
  which	
  is	
  non-­‐vanishing	
  only	
  in	
  the	
  yellow	
  box,	
  and	
  vanishing	
  in	
  
	
  blue	
  boxes.	
  	
  
Replace	
  the	
  Coulomb	
  interacXon	
  with	
  	
  
Plus	
  a	
  couple	
  of	
  small	
  details	
  to	
  speed-­‐up	
  
CalculaXons.	
  

 

1
r1 −
r2

⇒
1
r1 −
r2

 if r1 −
r2 ≤ 3 L

0          otherwise

⎧

⎨
⎪

⎩
⎪

d 3r∫
exp(i


k ⋅ r )
r

= 4π 1− cos( 3kL)
k2 × Fp

2 (k)

Proton	
  charge	
  
formfactor	
  



Coulomb	
  excitaXon	
  of	
  GDR	
  with	
  a	
  relaXvisXc	
  heavy-­‐ion	
  computed	
  in	
  TDSLDA	
  
External	
  EM	
  field	
  created	
  by	
  the	
  uranium	
  projecXle	
  field	
  very	
  strong.	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  I.	
  Stetcu	
  et	
  al.	
  	
  Movie	
  



Coulomb	
  excitaXon	
  of	
  GDR	
  with	
  relaXvisXc	
  heavy-­‐ions	
  computed	
  in	
  TDSLDA	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  I.	
  Stetcu	
  et	
  al.	
  	
  Movie	
  



Neutron	
  sca8ering	
  of	
  238U	
  computed	
  in	
  TDSLDA	
  with	
  
absorbing	
  boundary	
  condiXons	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  I.	
  Stetcu	
  et	
  al.	
  	
  Movie	
  



Real-­‐Xme	
  induced	
  fission	
  of	
  280Cf	
  computed	
  in	
  TDSLDA	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  I.	
  Stetcu	
  et	
  al.	
  	
  Movie	
  



Collision	
  of	
  two	
  superfluid	
  clouds,	
  cca	
  720	
  fermions	
  (order	
  parameter)	
  	
  



ConstrucXon	
  of	
  ground	
  state	
  (adiabaXc	
  switching	
  with	
  quantum	
  fricXon),	
  generaXon	
  of	
  a	
  	
  
domain	
  wall	
  using	
  an	
  opXcal	
  knife,	
  followed	
  by	
  the	
  spontaneous	
  formaXon	
  of	
  a	
  vortex	
  ring.	
  
Aproximately	
  	
  1270	
  fermions	
  on	
  a	
  48x48x128	
  spaXal	
  laqce,	
  ≈	
  260,000	
  complex	
  PDEs,	
  	
  
≈	
  309,000	
  	
  Xme-­‐steps,	
  2048	
  GPUs	
  on	
  Titan,	
  27.25	
  hours	
  of	
  wall	
  Xme	
  (iniXal	
  code)	
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