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Warning: The Mathy Version

This project is involved. However, since you are audience of
experts, | will go through this project in all of its gory details.
Hold on tight.
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Introduction:

Bose-Fermi Mixtures in Optical
Lattices
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Optical Lattices

Optical lattices offer the possibility of simulating many of the
fundamental models of physics with unprecedented control.

Bloch, Nature Physics (2005).
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Optical Lattice Triumphs

Optical lattices have successfully simulated the
Superfluid-Mott Insulator Transition and illustrated the
effects of Fermi pressure.

Superfluid-Mott Illustration of Fermi

Insulator Transition Pressure
Ul

Superfluid

T=240nK TMe=025

Bosons Fermions
Greiner, Nature (2002). Truscott, Science (2001).
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Bose-Fermi Mixture Experiments

Successes studying pure Bose and Fermi gases have generated
interest in Bose-Fermi mixtures. The first optical lattice
experiments suggest that fermion impurities decrease boson
coherence.
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Ospelkaus, PRL (2008).
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Key Question:
What can theory bring to the study of Bose-Fermi mixtures?
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A Zoo of Theoretical Bose-Fermi Phases

Lewenstein, PRL (2004).

Perturbation theory predicts a whole zoo of Bose-Fermi phases,

including spin and charge density waves (DW), superfluids (SF),

and Fermi liquids (FL) consisting of fermions paired with varying
numbers of bosons or boson holes.
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Why We REALLY Care About BF Mixtures

- - Supersolidit
Sympathetic Cooling
Bose-Fermi Phase
Onset of Fermi Degeneracy in Li-6 Diagram
Cooled by Na-23 r

Optical Density _

Buchler, PRL (2003).

¢
Axial distance [um]

Column Density Axial Line Density
Hadzibabic, PRL (2002). Enhanced Superfluidity
Dipolar Molecules

llluminati, PRL (2004).
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This Work’s Motivating Question

Can We Develop a Method Capable of
Determining the EXACT Phase Diagram and
Properties of Bose-Fermi Mixtures at Finite

Temperatures?
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Previous Approaches
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Bose-Fermi Hubbard Hamiltonian

The starting point for most theoretical studies of Bose-Fermi
mixtures is the Bose-Fermi-Hubbard Hamiltonian.

Bose-Fermi-Hubbard Hamiltonian

U Y hi(Ai — 1) + Uge X, i — ug E,' hi — pF Z,- m;
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Adapted from Ospelkaus, J.Phys.B (2008).
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Previous Approaches

The Bose-Fermi Mixture Computational Puzzle

One Dimension
(DMRG)

A number of approaches exist, but none are general.
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Previous Theoretical and Computational Approaches

Previous Approaches I Applicability
Theoretical
Mean-Field and Perturbation Good for Weak Interactions;
Thearies Inaccurate for Strong Correlation
Bethe Ansatz Exact in One Dimension

Computational

DMRG Exact in One Dimension
Exact Diagonalization Exact, Useful for Small Clusters
QMC, Canonical Worm Exact, for Pure Bosons;
Algorithm How to Manage Sign Problem?

QMC, Path Integral Monte Carlo| Exact, for Pure Bosons;
Nodal Surfaces for Mixtures?

Bose-Fermi DMFT The Smaller the Dimension
and/or Coord. #, The Less Exact

Can a technique be developed that can treat Bose-Fermi
mixtures accurately in a computationally-tractable amount of

time in any number of dimensions?
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A Hint from the Original BSS Papers?

The seminal Auxiliary-Field Quantum Monte Carlo (AFQMC)
paper aimed to study coupled boson-fermion systems...

PHYSICAL REVIEW D VOLUME 24, NUMBER 8 15 OCTOBER 1981

! ! ! Monte Carlo calculations of coupled boson-fermion systems. I ! ! !

R. Blankenbecler*
Laboratoire de Physique Théorique et Hautes Energies, University of Paris X1, 91405, Orsay, France

D. J. Scalapino and R. L. Sugar
Institute for Th ical Physics and Dep of Physics, University of California, Santa Barbara, California 93106
(Received 15 June 1981)

We a formalism for carrying out Monte Carlo calculations of field theories with both boson and fermion
degrees of freedom. The basic approach is to integrate out the fermion degrees of freedom and obtain an effective
action for the boson fields to which standard Monte Carlo techniques can be applied. We study the structure of the

effective action for a wide class of theories. We d pap dure for making rapid calculations of the variation in
the effective action due to local changes in the boson fields, which is essential for practical numerical calculations.

Perhaps, we can develop an algorithm to study Bose-Fermi
mixtures based upon AFQMC?
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Previous Auxiliary-Field Quantum Monte Carlo

Approaches

There are AFQMC algorithms for bosons or fermions, but not
for bosons, and therefore, mixtures at finite temperatures.

Bosons | Fermions

Ground State
Constrained-
Path QMC

Projector
QmcC

Finite T
Constrained-
Path QMC

So, if we developed a finite-temperature boson algorithm,

we’'d have a general technique for mixtures.
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Our Approach:

Bose-Fermi Auxiliary-Field Quantum
Monte Carlo
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Basic Auxiliary-Field Quantum Monte Carlo

Fermion AFQMC
Classical Monte Carlo for Hubbard Model
for Ising Model

- A
g ‘ 0 ? i O LAt=p
O = :
*?*? ru‘u*‘m
]
- = IE
Lattice Sites elede o b0
E Lattice Sites
@ Spins: Up or Down (+1/-1) @ Spins: Gaussian-Distributed
@ Acceptance Criterion: @ Acceptance Criterion:
e—BH(&‘f)/efﬁH(&‘,-) Det [[ 4 e*ﬂH(f_ff)] / Det [[ + e*BH(E,’)}
@ Principle Quantity Calculted: @ Principle Quantity Calculated:
Energy, E£(&) Green’s Function, /// + e~ #H(@)
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Finite-Temperature AFQMC: A Mathful

First, the partition function is factored.

Finite-Temperature Averages

A Tr(0e—AH

Short-Time Breakup

Z=Tr (e‘ﬂl:’> =Tr (e‘AT’:"e_AT’:’...e_AT’:’> AT =(3/L

Suzuki-Trotter Factorization

e—ATI:I ~ e—ATR/Ze—ATVe—ATR/z

The kinetic propagators are one-body terms and may be
evaluated explicitly. The potential propagators are two-body
terms and must be reexpressed as one-body terms.

Brenda Rubenstein Bose-Fermi Auxiliary-Field QMC



Finite-Temperature AFQMC: A Mathful

The potential propagators may be transformed into products
of one-body terms times a weight via the Hubbard-
Stratonovich Transformation.

Reexpression of V in Terms of One-Body Operators

& 1 ~2
V=—32iV

Hubbard-Stratonovich Transformation
1 o0 —xX2/2 o—xy _ y?%/2
o= | o dxe eV =e
e(1/2)AT9? _ 1 foo doe—°/2goVATY

21 Y —O0

Reexpression of the Potential Propagator in Terms of
One-Body Operators

2

e—ATV — Hi f_oooo dO',' e}}ﬂé ea‘,-\/E\A/,' — Hi fi)ooo do.ip(o.i)ea’j\/EO;
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Finite-Temperature AFQMC: A Mathful

The potential propagators may now be recombined with the
kinetic propagators.

Reexpression of the Short-Time Propagator

e—ATH _ o—aTk)2 D—[ I doip(o \/Eo,} e—ATR/2 | O(A7T?)

Reexpression of the Partition Function

Z = Tr(e PHy = [*_d5,..dGiP(GL, .., 61) Tr (B(&g...é(aﬁ)

Hirsch Expression for the Trace over Fermions

Tre (B( )) Det [I + B(3)]

Final Expression for the Fermion Partition Function
Z = fjooo d&L...dglp(EL, nong 5’1)Det [/ i B(EL)B(El)]
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What in the World Does This Mean?

Final Expression for the Fermion Partition Function
Z = ffooo do_"L...dO_"lp(O_"L, ey El)Det [/ + B(&L)B(ﬁl)]

24 0¢ 5 0 La=p

You then insert these fields into
‘ At the B(¢')s and calculate the

) ] ) *
determinant.
[V] ‘ * * 00

Lattice Sites

| od

c| 46080 con
E . At each site and imaginary

'; : timeslice, you sample a field,

® ’ * ¢ * 2A1 oi, with a probability, p(o; ).

c

‘©

"

g

[ o |
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Calculating Fermion Observables

With the expression for the partition function in hand, fields
may be sampled. Based upon these fields, Green’s Functions
and most other observables may be evaluated.

Fermion Green’s Function

A

F_ 2t i
GIJ = <f1§ = [/+B(3L)...B(52)B(51)]ij

Green’s Function

!

b 5|ty Matrlx
ereity ™ s
Kmetlc
Energy n(k)
Potential Correlation
Energy Functions
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Boson Auxiliary-Field Quantum Monte Carlo

The previous expressions yielded the partition function for
fermions. For Bose-Fermi QMC, related expressions for the
boson partition function had to be derived.

Boson Partition Function Fermion Parition Function

Zg  Det [(I — e FH)71] ZF o Det [I + e=PH]
B _ bkt / F _ (721 !
G2 = (hib}) = [,_e_ﬁHh Gf = (hth = [m]J

These are similar to their ideal gas forms.

Ideal Bose Gas Parition Ideal Fermi Gas Partition
Function Function

= Il (1 e 3(6k #)) Z/:G—Hk 14 e Blex— #
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Bose-Fermi Aukxiliary-Field Quantum Monte Carlo

To treat Bose-Fermi mixtures, the partition function must be
reevaluated for the Bose-Fermi-Hubbard model.

Bose-Fermi-Hubbard Hamiltonian

FIBF = RB T k/: aF %UB Zi ﬁ,’(ﬁ,‘ = 1) + Ugr Zi n;m;

Modified Bose-Fermi-Hubbard Hamiltonian

Hgr = Kg + Kr + Y82 3. (A; + ;)2
Us—U, 2 U Ty .
B ST B — SR N i — Y

Boson HS Transformation

AT(Up—UpF) 42

e 2 i = \/% f—oooo e—0'23/2e—i0‘3\/AT(UB—UBF)ﬁ,'
Bose-Fermi Coupling HS Transformation
e—ATgBF (ﬁ,"i‘ﬁ‘l,’)z _ 1 foo e—0’2BF/2e—iUBF\/ATUBF(ﬁ;+m;)

T V2r J—
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Bose-Fermi Aukxiliary-Field Quantum Monte Carlo

The partition function may be evaluated as an integral over
a weighted product of boson and fermion determinants.

Bose-Fermi Partition Function |

Zpgr = Trp (Tr,: (e_BHBF)>

Bose-Fermi Partition Function Il
Zgr = [7_ ddprddsP(dsF,5B)
Tre (Bg(der,dB)) Trr (BF(F'BF))

Final Bose-Fermi Partition Function
Zgr = [° dGprddgP(GBF,5B)

Det [ } Det [/ + Br(5r)]

|
I—Bg(GBF,08)
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Calculating Mixture Observables

With the expression for the partition function in hand,
multiple fields may be sampled. Based upon these fields,
boson and fermion Green’s Functions and most other
observables may be evaluated.

Fermion Green’s Function Boson Green’s Function

F _ I B _ /
Gj = [/+BF(5L)~~BF(52)BF(51)},-j Gy = [/—BB(5L)~-~BB(52)BB(51)],~J~

Green’'s Funct:ons

S|ty Matrlx

Densi
P?'o:'Itey s(")
Klnetlc
Energy n(k)
Potential Correlation
Energy Functions
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Sign Problem and Constrained-Path Approximation

Sign Problem Constrained-Path
The sign problem arises when Approximation

fermion determinants, Det()?), Discard all walkers whose

acquire a negative sign as they  determinants become negative
traverse a path, X, in as they sample auxiliary-field
auxiliary-field space. space. These walkers

ultimately contribute to noise.

Det(X)
Det(X(<)) 4 :
d
« s AN

5 LT
X(B) T

s o ' -=p
v
Adapted from Zhang, PRL (1999). Adapted from Zhang, PRL (1999).
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Phase Problem and Phaseless Approximation

Phase Problem Phaseless Approximation

If Ug > 0, propagator is Modify propagator so that
complex. fluctuations in the weights are
o~ ATV _ o—ATUsH? _ minimized and then project
\/%7 f—oooo da;e_%"iz e0ivV—B7UghH; weights onto real axis.
" Projection of Weights, W
4 Im Weight
g I~ Let A6 denote the phase angle:
x Walker
x Weigh %
* * o A0 =1Im|In 7Det[X(T“)AT]
. X x X R Det[Xmar|
T ox L X X Re Weight Assuming |A§| < /2, project
x x N the weights onto the real axis:
X
v W' < cos(AO)W
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Further Mitigating the Phase Problem

The phase problem may be mitigated by reducing the
magnitude of the terms that multiply / in the complex
propagators. This may be accomplished by subtracting off
mean-field average densities from the true densities.

Bose-Fermi Hamiltonian with Mean-Field Densities

Subtracted
HYE = Rg + K + Y22 S°.(h + iy — (n) — (m))?
+Ye=Uer 5™ (5; — (n))?+ Other One-Body Terms

Modified Boson Propagator Modified Bose-Fermi

_ Propagator
e~ ivey arllar=Ue)(n=(n) ¢ i68r /=BT Ugr(ni-+mi—(n)— )
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Results:

Comparisons to Alternative
Techniques
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Comparison to ED: 3-Site Bose-Hubbard Model

No. Bosons

Energy, <H>

3.1
3.05

2.95
2.9

1.5
1.25

0.75
0.5
0.25

3x1 BH Model, t=0.01, <n,>=<n>=1

5 10 15 20 25 30 35 40 45
ED —»—0
QMC w=—tp—
PH)%K—(

5 10 15 20 25 30 35 40 45
p
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Comparison to ED: 3-Site Bose-Hubbard Model

3x1 BH Model, t=0.01, <n, »=<n,>=1
0.02 . T T T T ED, Up/t=1 —tt—
QMC, Up/t=1 sttt
D, Up/t=2 —a—
QMC, Up/t=2 stpst
ED, Up/t=3 ——a—
QMC, Ug/t=3 seppus

Total Energy

L
o
=1 —t—
Uiz
r L i LU N=2 e
w002 QMG USA=2 st
X -0.04 | ] ED, Up/t=8 =t
’ - QMC, Up/t=3 sttt
.0.06 1 1 1 L 1 1 7—H
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Comparison to ED: 3-Site Bose-Hubbard Model

3x1 BH Model, t=0.01, <n >=<n>=1

095
(]
S 0925
L
S 0.9
C
8 0875
0.85 : :

50 55 60 65 70 75 80

MFT ]

ED, Up/t=1 —s— |
QMC, Up/t=1 —a—s |
ED, Up/t=2 —o— -
QMC, Up/t=2 e

20 40 60 80 100

Cond. Frac.
0000000
WRhOIONOWO—
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Comparison to MFT: 2D Bose-Hubbard Models

t=0.01, U=0.005, <nb>-1 BH Models

08 | MFT, 3x3
QMC 3X3 m—t—
0.7 + MFT, 4x4
QMC, 4x4 wempm—

0.6 I MFT, 6x6 *
QMC, 6X6 =t
0.5 I MFT, 8x8 »

QMC, 8X8 =t

0.4
0.3
0.2
0.1 1
4

0

Cond. Frac.
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Comparison to Worm: 2D Bose-Hubbard Models

Varying Lattices, t=0.01, U=0.005,
<n,>=1, BH Models

T T T T T T T
3 l_ Worm, 3x3 (Lines) |
3 | QMC, 3x3 (Points) +—#—

&5 25F". Worm, 5x5 (Lines) =------ -
o QMC, 5x5 (Points) %=-m-==
b 2+ - Worm, 7x7 (Lines) ------+- .
w5 L QMC, 7x7 (Points) -3 |
= . - Worm, 9x9 (Lines)
5 1 " ‘- QMC, 9x9 (Points) = =#=-= _|
e =
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Comparison to ED: 2-Site Bose-Fermi-Hubbard

Model

PE

KE

2x1 BFH Model, t=0.01, <n, >=<n>=1

0.16 : MET

0.14 1 ED, Uyit=t

I | amc, ugt=t

0.12 ED, Upt=3

01 ¢ 1 QMC, Ugh=3

0.06 ED, Upft=7

0.04 QMC, Ugh=7

0.02

0 ED, Up/t=1

QMC, Ugt=1

-0.005 |- ED, Ug/t=3

QMC, Ugit=3

001 1 ED, Ug/t=5

0.01 QMC, Upt=5

ED, Ught=7

0.015 | QMC, Ugh=7
0.02 * * *
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Comparison to ED: 2-Site Bose-Fermi-Hubbard

Model

2x1 BFH Model, t=0.01, <n >=<ng>=1

MFT
L ED, Uy/t=1
[ QMC, Up/t=1
1 ED, Ugi=3
ss st eesuwwg QMC Ul/t=3
1 EDUgt=5

QMC, Up/t=5

| ED Ugt=7
QMC, Upt=7

0.8 |
0.7
0.6

HEH

Cond. Frac.

05 ¢ .

0 20 40 60 80 100

ED, U/t=1
QMC, Up/t=1
ED, Up/t=3
QMC; Up/t=3
ED, Up/t=5
QMC; Ug/t=5
ED, Up/t=7
QMC, Ught=7

HEH

Double Occ.
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Discussion:

Challenges and Outlook
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Key Challenge: “Rogue Eigenvalue Problem”

As the system condenses at low temperatures, it develops a
“rogue eigenvalue” problem, where the dominant eigenvalue
surpasses one, leading to large phase fluctuations.

3-Site Bose-Hubbard Model, U=0.005, t=0.01, <n>=1

1F Walker 1
Walker 2 =
Walker 3 +
Walker 4

o
3
o

Walker 5
Walker 6
Walker 7 »
Walker 8
Walker 9 +

Largest
Eigenvalue
o
(5]

o

I

a
T

Walker 1
Walker 2 =
Walker 3 +
Walker 4
Walker 5
Walker 6
Walker 7 =
Walker 8 +
Walker 9 +

Phase
o
&
i
§
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Additional Challenges

o Finding chemical potentials
requires many graduate
student hours! Is there a
way to readily calculate the
chemical potential for a
given boson occupancy?

e For strong interactions,
BF-AFQMC experiences a
bad phase problem that
cannot be mitigated using
the phaseless approximation.
Is there a better way of
handling the phase problem?

Number Bosons

3.156

3.1

3.05

2.95

29

2.85

3x1, BH Model, t=0.01

Up=0.02 —s—
Up=0.01 —n—i
F Up=0.005 —s—i

—_—

——
+
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Goals

@ To develop solutions to the
“rogue eigenvalue problem.” .
0 Phase Diagram for 3D BFH
We are currently testing a few Model Using DMFT

candidates. Ug/t.=20, U /t.=-10, T/t.=0.2,
<ng>=1, <n.>=.5

o To determine exact mixture oo N
phase boundaries. Where do
the exact boundaries differ
from those produced using
MFT and DMFT?

o Can our technique say anything o5 "
bout enhanced superfluidit s
a . . p Y, Anders, PRL (2012).
sympathetic cooling, or
supersolidity?
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o Bose-Fermi AFQMC is a new Quantum Monte Carlo
technique capable of simulating Bose-Fermi mixtures in
any dimension and for any system size.

o BF-AFQMC is based upon a new finite-temperature
QMC algorithm for bosons that can be combined with
previous techniques for fermions.

@ Results have been tested against those produced using
Exact Diagonalization and Mean-Field Theory.
Agreement was achieved in all cases.

Challenges

e BF-AFQMC is challenged at low temperatures and for
strong interactions.
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Accuracy of Constrained-Path and Phaseless

Approximations

Hubbard Model CPMC, 4x4 Lattice, U=4.0, <n>=.875

bz s 02 ?b-\,\ i B G2.2)
[ 2o 4 3 current —00415(1)
g WRF BSS —0.0418(1)
X R T TR T TR TR 6 current —0.0470(4)
v -0 [ T BSS —0.0465(2)
W current WiGo(1)  —0.060(1)
amf o o wack 0.167
—e current
B TS Y T T T T R R T ]

Zhang, PRL (1999).

Bose-Hubbard Model Phaseless QMC,
24x24x24, <n>=.007, T=0

Bose-Hubbard Model Phaseless QMC,

ine a1 N V)N Vgt
13x1, <n>=.31, U=1.538, t=2.676, Tope 1 alid Vi Vi IN
x=.35, T=0 a,=80 A
- phaseloss 1.7943(3) ) 0.96029(9)
Type E n Vit (e (N/N) unconstrained  1.7947(2) o 096006()  0.23504(4)
. 2024 . 2412
Eaact 424 LIS 1793 128 9s5% G VI e A
QMC  4242(8) L182(6)  1.799(1) 1.2 4 a,=500 A
GP 4429 1029 1,800 1.59 phaseless 26777(2) OS0K(3)  15638(6)  0.591(1)
un d  26811(4) 0SIMT)  1.563(2) 0.614(3)
GP 2620 0.408 14901 0721

Purwanto, PRA (2005). -
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Derivation of Boson Partition Function |

Desired Expression for the Boson Partition Function

Trg [ —b! Ajbj g—b] B"f'bi} Det [—/ —as B}

In deriving this expression for bosons, we follow the
analogous derivation for fermions by Hirsch (1985).

Identity We Seek to Prove

e—blAib; o—blBjbj _ o=, blll,b,,, A —ii

Desired Result from This Identity
TrB [6_ ZV b:r’l"bl’:| = TFB |:HI/ e_blluby:|
=11, 2, e‘"“’”l

= HV [1 B e_lu]
= Det [[l - e_Ae_B]_l]

v =€
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Derivation of Boson Partition Function |l

First Consider the Trace of a General One-Body Operator
Tre [ebr?c"fbf:| = Trg [e’ 2 BfTC’E"]
= Hi Zni e e
=TIf1—e ]
=il
= Det [[/ — e_C} ]
We then show that e ~bf i Aibj e bl Bjb; acts on all excitations
the same way that e~ Cib does.

el Citi S cbhjoy = 3, [e—b?vafb,T,} 0)
= 3. cabh — cabl Ciibjbh + 1/2¢,b! Cibibl Cogbgbl + ... + |0)
= 5, o [b = B Gin + 1/2b] Cia Can + -+ [0)
=¥ X5 [ cnbfl0) = X &b]l0)
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Derivation of Boson Partition Function IlI

Acting a Product of
One-Body Operators on a Single Excitation

o—bl Ajjb; o—b] Bjjb; i S Can’())
= S, cn [e71408 (b — 5, b1 Bin + 1/2 51, bl BiaBan + )| 10)
=00 n [bh+ (= X1 b1Bin +1/2 510 b BiaBan + ) + .| 0
i [Eole e Bliver] bl10) = £2;€ib]10)
This is the same result as when a single one-body operator

was applied to the same excitation. Applying to any number
of excitations, one finds that this result holds generally.

Conclusion

If e~ bl Aibj —b] Bib; — e_b't’”b”, then
A _p1-1
Trg [ —b] Aubfe % Bubf] = Det [[I — ol B] }
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Derivation of Boson Green’s Function

Definition of Boson Green’s Function

Trg |:b,'b}. Hu efb:r,lubu
L")

Final Form for Boson Green’s Function
s T {(5U+bﬁbj) I, e—bi’vbv} Trg [bjbj I, e—bi’vbv}
G = Laem) LG ")
b, 1, e~ bbivbr

=/+z<'|>o|u> {me/ﬂ)
= 1 = S i) gl nTrg [e=bite]
[+ 2, i) 52 ,,,—/+[ <], - [==],

B _ /. KT\ —
G: _<b,bj>—

— |+
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Discrete vs. Continuous HS Transformations

Discrete HS Transformation (Assumes Spin Up or Down)
e—UAT(ﬁ'I1-—1/2)(ﬁ7¢—1/2) = %e—UAT/4 Zo-—j:]_ eIJO’(ﬁ'IT—ﬁ"I\L)

cosh(v) =e” +e” -

Continuous HS Transformation

2 2
%ffooo dxe_x /2e_Xy — ey /2

(1/2)Ar9? _ 1 00 —a2/2 ;o ATV
e = 5= oo  doe e
1o T T
U=2 , Ar=0.1
P ] Autocorrelation Times for
§ sl © J Hubbard Model
g ® . SIBNEous ] Using Discrete vs.
= e g . { Continucus HS Transforms
ol T T aaxaa, 2i2e Buendia, PRB (1986)
1 1 ]

1
Monte Carle steps
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Local Updating for Bosons
Previous and Updated Matrices

My =1—-Fv
My =1— FV

Difference Between Matrices

Vl_1 Vo =1+ ozelelT
_ W(1,1)
@ =y~ 1

Expressing Updated Matrix in Terms of Previous
My =1—FVi — FVi(V{ Vo — 1)
= M1 — aFVlelelT
= Mi[l + a(l — My Yere]]
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Local Updating for Bosons (Contd.)

Ratio of Determinants

b __ Det[I/Mz] . Det[Ml]
~ Det[I/M1] — Det[M,]

1/rb = Det[M,)] /Det[Ml]

= Det[l + ol — )e1e1 ]
—1+a(1—e1 I\/l1 le)
pb—

1+a(l— elTM1 e1)

Updated Matrix Inverse

Myt _[/+a(I—M Dere/11Mm !
. a(l—M; Yerel 1
- [l_ 1+aelT(l M’l) } M
=Mt - (1 - My l)elef Myt
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Boson Dynamical Mean Field Theory

2D, <n,>=1, ft=8 3D, <n,>=1, pt=2

. —&—B-DMFT . —e—B-DMFT
Teel —&— Monte Carlo 8 el —é— Monte Carlo
5 Tl - = =Mean Field Sl Bethe z=6
AT 7h ~~ - - - Mean Field
4 N
S 5
TH @ w1 TH
8 4
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'
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'
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'
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Uit
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14 h 14 Ry
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Anders, New J. Phys. (2011).
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Bose-Fermi Experiments

Bosons

125 ER 20.0 EF 25.0 EF

b)b.. Mixtures
a)
\/\/%/\A/ Bosons

b)
. Mixtures

FB

Ospelkaus, PRL (2006).
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