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Motivation
Weakly Interacting regime

@ Quasiparticle-like
excitations: at T =0,
S(a.w) = S(a)8(w — wy)

@ Bogoliubov spectrum:
wq = zmez v/ (G€)* +2(q€)?
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Motivation

Strongly Interacting regime

@ Quasiparticle-like Experimental measurements on
excitations: at T =0, superfluid “He:
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To study the crossover between these regimes, ab-initio
numerical techniques are needed




@ Numerical methods
@ Path Integral Ground State
@ Genetic Inversion via Falsification of Theories

© Results

@ Quantum Hard-Sphere model
o 5(q,w) for the gas phase
e 5(q,w) for the solid phase

© Conclusions



Numerical m:

- Path Integral Ground State
= - Genetic Inversion via Falsification of Theories

Path Integral Ground State (PIGS)

Projector methods
Vo(Ry) = lim:o0 [ dRoG(RMm, Ro; T)W T (Ro) i (Wo|Wr) #0

The imaginary time propagator projects the trial wave function W
onto the ground state wave function Wy.

Ri = {ri1;Ti2;...;7in} is a set of coordinates of the N particles
G(Rm, Ro; 7) = (Rum|e™ M| Ry) is the imaginary time propagator
(notice that e~ is the same as e/’ with t = i7)
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Mol fnsilied Path Integral Ground State
Genetic Inversion via Falsification of Theories

Conc

Path Integral Ground State (PIGS)

Projector methods

WO(RM) = |im7-_>oo f dRQG(RM, Ro; T)\UT(Ro) if <\Uo|\UT> 75 0
The imaginary time propagator projects the trial wave function W
onto the ground state wave function Wy.

@ The imaginary time propagator is known only for small 7

e Convolution property

G(Rs, Ry 7) = /dR2 G (R3, Ry: g) G (R2, R:: g)
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Path Integral Ground State (PIGS)

Path Integral Ground State

Genetic Inversion via Falsification of Theories

Projector methods

Vo(Ry) = lim:o0 [ dRoG(RMm, Ro; T)W T (Ro)  if (Wo|Wr) #0
The imaginary time propagator projects the trial wave function W
onto the ground state wave function Wy.

@ The imaginary time propagator is known only for small 7

o Convolution property

Path Integral representation of the Ground State wave-function

Wo(Rm) =~ [TIM, dR;G(Ri,Ri_1;€)WT(Ro)  with 7 =M
“Exact” method: by studying the convergence at large M and
small £, we reduce the systematic error within the statistical one.
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ol sl ieet Path Integral Ground State

PIGS: calculation of the physical observables

<\U0|O|\Ilo / V1 (Ram)G (Ris Ri—1;€) V1 (Ro)
dR; O(Ry, ...,
(Wo|wo) H 1 Run) (Wo|Wo)
p(Rur Ru)

@ Integral suitable for Monte Carlo calculations

o Every configuration R; represents the evolution of the system
for a different imaginary time

Choosing O = pq(Rm)p—q(Rmr/e), Where pg = vazl e'dvi is the
density fluctuation operator, we can calculate the density correlation
function in imaginary time

<w0’eTHPq ﬁ—q|w0>
(Wo|Wo)

F(a,7) =
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Numerical < .
Path Integral Ground State

Genetic Inversion via Falsification of Theories

From imaginary time correlations to real time response

Laplace transform

F(q,T)z/O dwS(q,w)e” ™

@ The inversion of the Laplace transform is an ill-posed
problem: many very different S(q,w) can reproduce similar
curves for F(q, ).

e Bayesian approach (e.g. Maximum Entropy Method,
Average Spectrum Method): a prediction for the spectral
function S(q,w) is inferred estimating the compatibility
between a model for S(q,w) and the Quantum Monte Carlo
data for F(q, 1)
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Genetic Inversion via Falsification of Theories (GIFT)

Path Integral Ground State
Genetic Inversion via Falsification of Theories

Main features of GIFT algorithm

@ Space of model S containing a wide collection of spectral
functions S(q,w)

@ Use of genetic algorithm to sample the space S

o Falsification procedure: we do not search the “best” spectral
function but a collection of “good” spectral functions which
will be averaged to obtain the final estimation of S(q,w)

4

Common features shared by the majority of “good” spectral
functions will survive to the average procedure and can be ascribed
to the true dynamic structure factor.
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Numerical methods

Genetic Inversion via Falsification of Theories

Genetic Inversion via Falsification of Theories (GIFT)

Dynamic structure factor of superfluid *He: GIFT vs Experiment

0 Exp. S@.w), g=07 A’
4 —— 8y {a,, q=0.783 A"

from Vitali et al., Phys Rev B, 82, 174510 (2010)
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Numerical methods Quantum ard

The Quantum Hard- Sphere GS) model

Hamiltonian of the system
- zw S Vile )

[ oo (r<a)
V(r)—{ 0 (r>a)

o

@ Good model both for dilute systems with positive scattering
lenght and for dense systems with repulsive hard core
dominating over attractive tail

@ Cao-Berne approximation for imaginary time propagator

o Different regimes investigated modifying only one parameter
(i.e. the reduced density n in units of HS range)
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Quantum Hard-Sphere model
Results

HS model: the gas-solid transition

Equation of state for gas and solid phase:

26 ' Gas u ]
FCC Crystal ®

24 4
=
©
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N 22+ b
=
=
£ 20+ g
i

18 1

0.31

Freezing density nra® = 0.265(1)
Melting density n,a® = 0.290(1)
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Quantum Hard-Sphere model
Results

HS model: the one-body density matrix

T T T T T
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Above the freezing density, ng > 0 if the system is in a disordered
configuration, ng = 0 if the system is in a crystalline configuration:
analogy with *He at T =0K
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Results 5(q, w) for the gas phase

Weakly interacting regime: na® = 10~*

0.8 : : :
na®=10* q&=1.579
0.7 Exponential Fit -~ 1
GIFT reconstruction

0.6 | QMC data = | o PIGS data for

05| | F(q,7) show an
S o4l i exponential
v behavior
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S(a,w) = 5(a)d(w — wq) =
F(a,7) = S(q)e™"
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Results

Weakly interacting regime:

5(q, w) for the gas phase

S(q,0) [(2mEA/A]
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o PIGS data for
F(q,7) show an
exponential
behavior

e 5(q,w) shows a
narrow peak at
the frequncy wq in
agreement with
Bogoliubov theory



Results 5(q, w) for the gas phase

Not so weakly interacting regime: na® = 102

o PIGS data at
small 7 show

2 ‘ ' na®=102  q&=1.795 deviations from
0.7 | Exponential Fit - b H .
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Results 5(q, w) for the gas phase

Not so weakly interacting regime: na® = 102

o PIGS data at
3 : : ‘ small 7 show
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Results 5(q, w) for the gas phase

weakly interacting regime: na® = 1072

o PIGS data at
small 7 show

14 deviations from

— r - g
BoFgec;ll#]l:gx Vo % exponential fit
127 GIFT —=— 4 % ] :
i @ As g increases,
& o ’,f{ ' ] S(q,w) broadens
5/ gl “ 1 and displays
e ol i1 | multiphonon
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. . e Feynman
s approximation
0 S P hq®
_ , . : Wq= ==~
0 05 1 15 ng 25 3 35 4 = 3mS(q)
works only for
small g
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Results 5(q, w) for the gas phase

The interaction increases : na® =5 x 102

0.8 T, - o Exponential fit
na“ =510 q&=1682
Exponential Fit -~ 1 captures Only the
GIFT reconstruction .
QMCdata = | tail of F(q,7)
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E—: 4
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Results 5(q, w) for the gas phase

The interaction increases : na® =5 x 102

” ' na®=5102 @ Exponential fit
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2r q
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Results 5(q, w) for the gas phase

The roton appears:

{ @ Spectrum of

1 excitation with a
. non monotonic
behavior: the

1 roton appears

S(q,0) [(2mEA/A]

o [/(2mE?)]
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Results 5(q, w) for the gas phase

The roton appears: na® = 107!

Free Particle ————-
Bo%oliubox
5 L na, = 10:2 bl ) 4
%a = 10_2 Ly St A
na §510_1 A _
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£ [
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= .
T
g |
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%
At small g, we recover the phonon dispersion wq = cq, with ¢ (i.e.

speed of sound) obtained from the equation of state of the HS gas
(Ref.: Boronat, Casulleras and Giorgini, Physica B+(2000))
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Results

5(q, w) for the solid phase

the freezing point: na®* =3 x 101

0.9 T T T T T T
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e S(q,w) presents a
narrow peak only
for momenta in
the region of the
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Results
5(q, w) for the solid phase

Above the freezing point: na®> =3 x 10~}
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Results
5(q, w) for the solid phase

the freezing point: na®* =3 x 101
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Numerical me

Conclusions

We compute the dynamic structure factor of Bose hard-sphere

systems at zero temperature with Quantum Monte Carlo
techniques.

GIFT algorithm allows us to show the emergence of the
multiphonon contribution and the appearance of the roton as the
strenght of the interaction increases.

@ Mean field approaches start to fail at na® ~ 1072
o The roton appears at na® ~ 1071

@ At high densities, the spectral functions broaden at energies
higher than two times the energy of the roton
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Numerical methods
Results
Conclusions

Conclusions

We compute the dynamic structure factor of Bose hard-sphere
systems at zero temperature with Quantum Monte Carlo
techniques.

GIFT algorithm allows us to show the emergence of the
multiphonon contribution and the appearance of the roton as the
strenght of the interaction increases.

@ Mean field approaches start to fail at na® ~ 1072
@ The roton appears at na® ~ 107!

@ At high densities, the spectral functions broaden at energies
higher than two times the energy of the roton

THANKS FOR YOUR ATTENTION!
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