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•Multi-hadron states in 
lattice QCD

•Nucleons

•Mesons

OVERVIEW

•Many mesons + a single baryon

• Lattice calculation details

• Results

•Ground-state energies

• 2- and 3-body interactions

• χPT low-energy constants
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LATTICE METHOD

�O(t)O†(0)� −→
t→∞

�0|O|E0��E0|O|0�e−E0t
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�O(t)O†(0)� −→
t→∞

�0|O|E0��E0|O|0�e−E0t

O(x, t) = ψx1,tψx2,tψx3,t

Example: Single baryon

LATTICE METHOD

Thursday, July 11, 2013



�O(t)O†(0)� −→
t→∞

�0|O|E0��E0|O|0�e−E0t

�O(x, t)O†(x, 0)� −→
t→∞

|�0|O|B�|2e−MBt

ZA =
�
DA detMF (A)e−SY M

�O(t)O†(0)� ∼ �[S(0, t)]3�A

Example: Single baryon

O(x, t) = ψx1,tψx2,tψx3,t

LATTICE METHOD
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MULTI-HADRON STATES

• In principle, can choose operator which produces multi-
hadron states

• Until recently, mostly one and two particle properties 
calculated with lattice QCD
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•Why?

• Small energy splittings

•Numerical precision

• Propagator contractions: (A+Z)!(2A-Z)!

• Statistics

• baryon noise/sign problem

• overlap problem?

MULTI-HADRON STATES

x x - +....x x
x x x x

x x
x x
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BARYON SNR

−→
τ→∞

e−MN τ� �CN (τ) =

Lepage (1989)
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CN†N (τ) = −→
τ→∞

e−2MN τ� �
BARYON SNR

Lepage (1989)
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CN†N (τ) = −→
τ→∞

e−2MN τ� �
BARYON SNR

Lepage (1989)

Thursday, July 11, 2013



CN†N (τ) =� �−→
τ→∞

e−3mπτ

BARYON SNR

Lepage (1989)
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Exponentially poor signal-to-noise!

CN (τ)
σ(τ)

−→
τ→∞

�
Ncfge

−(MN−3/2mπ)τ

Signal-to-noise ratio:

BARYON SNR
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CNA(τ)
σ(τ)

−→
τ→∞

�
Ncfge

−A(MN−3/2mπ)τ

Exponentially poor signal-to-noise!

Signal-to-noise ratio:

BARYON SNR
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C(t) −→
t→∞

Ae−E0t

Meff ≡ ln
C(t)

C(t + 1)

BARYON SNR
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OVERLAP PROBLEM

ZA =
�
DA detMF (A)e−SY M
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OVERLAP PROBLEM

ZA =
�
DA detMF (A)e−SY M
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OVERLAP PROBLEM
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OVERLAP PROBLEM
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WHAT ABOUT MESONS?

• SNR ~ 

• Explore lattice methods for 
complex hadronic systems 

Son & Stephanov (2001)

�
Ncfg • Interesting phase diagram (BEC)

• Possibly relevant for neutron 
stars
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WHAT ABOUT MESONS?

•Multi-meson systems studied extensively by NPLQCD

•Would like to add baryons

• First step: investigate properties of single baryon in 
meson medium
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• Still have to deal with contractions

•Thermal effects can be large

• Possibility of annihilation diagrams

WHAT ABOUT MESONS?
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WHAT ABOUT MESONS?

• Still have to deal with contractions

•Thermal effects can be large

• Possibility of annihilation diagrams

a

b

c

dx

y ∼
�

x,y

�Sa,xS†
b,xSy,cS

†
y,d�

x

x

x

x
. .
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THIS WORK:

• Ground-state energies

• 2- and 3-body interaction parameters

• LECs - tree-level ChiPT

System Quark content

Will calculate:

Σ+(π+)n uus(ud̄)n

Ξ0(π+)n uss(ud̄)n

p(K+)n uud(us̄)n

n(K+)n udd(us̄)n
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CONTRACTIONS NPLQCD (2007)

First let’s look at the simpler case for n mesons*

Πb,β
a,α ≡

�

c,γ

�

x

[Sd(x, t;0, 0)γ5]
b,β,c,γ �

S†
u(x, t;0, 0)γ5

�
a,α,c,γ
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CONTRACTIONS

First let’s look at the simpler case for n mesons*

Πb,β
a,α ≡

�

c,γ

�

x

[Sd(x, t;0, 0)γ5]
b,β,c,γ �

S†
u(x, t;0, 0)γ5

�
a,α,c,γ

NPLQCD (2007)
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CONTRACTIONS

12x12 matrix for 12 dof

First let’s look at the simpler case for n mesons*

Πb,β
a,α ≡

�

c,γ

�

x

[Sd(x, t;0, 0)γ5]
b,β,c,γ �

S†
u(x, t;0, 0)γ5

�
a,α,c,γ

Πb
a

NPLQCD (2007)
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CONTRACTIONS

x

source sink

Graphically:
a

b

First let’s look at the simpler case for n mesons*

Πb,β
a,α ≡

�

c,γ

�

x

[Sd(x, t;0, 0)γ5]
b,β,c,γ �

S†
u(x, t;0, 0)γ5

�
a,α,c,γ

Πb
a

NPLQCD (2007)
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CONTRACTIONS

First let’s look at the simpler case for n mesons*

Πb,β
a,α ≡

�

c,γ

�

x

[Sd(x, t;0, 0)γ5]
b,β,c,γ �

S†
u(x, t;0, 0)γ5

�
a,α,c,γ

a

b

source sink

Graphically: need to tie up 
source indices { x

Πb
a

NPLQCD (2007)
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CONTRACTIONS
We want to calculate:

Cn(t)

NPLQCD (2007)
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CONTRACTIONS
We want to calculate:

We use:

Cn(t)

NPLQCD (2007)

det(1 + λΠ) =
1

12!

12�

m=1

λmCm(t)
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CONTRACTIONS
We want to calculate:

Cn(t)

Then expand: det(1 + λΠ) = eTr ln(1+λΠ)

and pick off the terms with n powers ofλ

NPLQCD (2007)

det(1 + λΠ) =
1

12!

12�

m=1

λmCm(t)

We use:
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AN EXAMPLE a

b
xΠb

a

x

x

x

x

x

x

x

x

x

x

x xx

x

x

x

x

x

O(λ3) : C3(t) = 2(tr[Π])3 −3 tr[Π2]tr[Π] tr[Π3]

3 mesons
=

+2
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• Easily extended for multiple species of mesons, e.g. pions 
and kaons

CONTRACTIONS

det(1 + λΠ) −→ det(1 + λΠ + κK)

C1,2 = 2tr[KΠΠ]− 2tr[KΠ]tr[Π] + (tr[Π])2 tr[K]− tr[K]tr[ΠΠ]

2 pions, 1 kaon:

Detmold & Smigielski (2011)
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ADDING A BARYON

Baryon “block”

Ba,α,b,β,c,γ,λ ≡
�

σ,h,i,j

[Sq1Cγ5]a,α,h,σ [Sq2 ]b,β,i,σ [Sq3 ]c,γ,j,λ �h,i,j

Graphically:

a,α

c,γ

x

source sink

b,β λ
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Graphically:

ADDING A BARYON

a,α

c,γ

x

source sink

b,β λ

Baryon “block”

Ba,α,b,β,c,γ,λ ≡
�

σ,h,i,j

[Sq1Cγ5]a,α,h,σ [Sq2 ]b,β,i,σ [Sq3 ]c,γ,j,λ �h,i,j
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ADDING A BARYON

Graphically:

a,α

c,γ

x

source sink

b,β λ

Baryon “block”

Ba,α,b,β,c,γ,λ ≡
�

σ,h,i,j

[Sq1Cγ5]a,α,h,σ [Sq2 ]b,β,i,σ [Sq3 ]c,γ,j,λ �h,i,j
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a,α

c,γ

x

source sink

b,β λ
a

b
x

?

ADDING A BARYON

Baryon “block”

Ba,α,b,β,c,γ,λ ≡
�

σ,h,i,j

[Sq1Cγ5]a,α,h,σ [Sq2 ]b,β,i,σ [Sq3 ]c,γ,j,λ �h,i,j
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Ξ0 +pions

a,α

c,γ

xb,β λ

u

s

s

only u quarks need to 
be contracted with pions

Ξ+PIONS, N+KAONS
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a,α

c,γ

xb,β λ

a

b
x

{�d,b,c (Cγ5)β,δ (1 + γ4)γ,λ

u

s

s

Ξ0 +pions

Ξ+PIONS, N+KAONS

d,δ
“ s ”
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a,α

c,γ

xb,β λ

a

b
x

d,δ

Plug in to formula for mixed species

“ s ”

Ξ+PIONS, N+KAONS

Ξ0 +pions

�d,b,c (Cγ5)β,δ (1 + γ4)γ,λ

u

s

s{
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Σ+ +pions

a,α

c,γ

xb,β λ

u

s

ua

b
x

Σ+PIONS, P+KAONS

?
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Σ+ +pions

a,α

c,γ

xb,β λ

u

s

ua

b
x

Σ+PIONS, P+KAONS

?
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Σ+ +pions

a,α

c,γ

xb,β λx

?

a,α

c,γ

x

b,β

λx-

{

{

Σ+PIONS, P+KAONS

u1

s

u2

u2

s

u1
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Σ+ +pions

x

?

x-

Σ+PIONS, P+KAONS

a,α

c,γ

xb,β λ

a,α

c,γ

x

b,β

λ

{

{

u1

s

u2

u2

s

u1
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Σ+ +pions

x

x

xx

x

x
Missing diagrams 
where baryon 

exchanges both 
quarks

Σ+PIONS, P+KAONS
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a,α

c,γ

xb,β λx
c
d

a

b
Σ+

Σ+PIONS, P+KAONS

124x124 matrix

Thursday, July 11, 2013



a,α

c,γ

xb,β λx
c
d

a

b
Σ+

Σ+PIONS, P+KAONS

Π⊗Π, 1⊗Π, Π⊗ 1

124x124 matrix
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LATTICE DETAILS

• HSC lattices

• clover, tadpole improved

• as=0.125 fm,  at=as/3.5, 

mπ=390 MeV, 323x256

•NPLQCD propagators

• same discretization as gauge fields

• ~ 200 per configuration

Thursday, July 11, 2013
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ENERGY 
SPLITTINGS

∆M (n)
eff (t) = ln

�
CB,n(t)/CB,n(t + 1)

[CB(t)/CB(t + 1)][Cn(t)/Cn(t + 1)]

�

Ξ0

Σ+

Nπ=1 Nπ=7

Nπ=1 Nπ=8
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ENERGY 
SPLITTINGS
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• Large volume expansion of g.s. energy for two 
species of bosons in a box to O(L-6)

• extension of Lüscher’s relation for 2 particles in 
a box

• includes 2- and 3-body parameters

• Since single baryon carries the spin for the entire 
system, can treat like different species of boson

ENERGIES IN A BOX Beane, Detmold & Savage (2007)
Smigielski & Wasem (2008)
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∆EMB(n, L) =
2πāMBn

µMBL3

�
1−

� āMB

πL

�
I

+
� āMB

πL

�2
�
I

2 + J

�
−1 + 2

āMM

āMB
(n− 1)

�
1 +

µMB

mM

�

+
� āMB

πL

�3
�
−I3 +

2�

i=0

�
fIJi IJ + fKi K

� �
āMM

āMB

�i
��

+
n(n− 1)η̄3,MMB(L)

2L6
+O(L−7)

ENERGIES IN A BOX Beane, Detmold & Savage (2007)
Smigielski & Wasem (2008)
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2-body parameters

3-body parameter

∆EMB(n, L) =
2πāMBn

µMBL3

�
1−

� āMB

πL

�
I

+
� āMB

πL

�2
�
I

2 + J

�
−1 + 2

āMM

āMB
(n− 1)

�
1 +

µMB

mM

�

+
� āMB

πL

�3
�
−I3 +

2�

i=0

�
fIJi IJ + fKi K

� �
āMM

āMB

�i
��

+
n(n− 1)η̄3,MMB(L)

2L6
+O(L−7)

ENERGIES IN A BOX Beane, Detmold & Savage (2007)
Smigielski & Wasem (2008)
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PURE MESON SYSTEMS

pions

kaons

2-body 3-body
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PURE MESON SYSTEMS

pions kaons

ETMC
NPLQCD

HSC
Detmold & Smigielski

This work

0.40 0.45 0.50 0.55 0.60
mK aKK

0.15 0.20 0.25 0.30 0.35
m Πa ΠΠ
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2-BODY PARAMETERS
Ξ0,π+ Σ+,π+

p,K+ n,K+
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2-BODY PARAMETERS
Ξ0,π+ Σ+,π+

p,K+ n,K+

NPLQCD (2009)
       L=2.5 fm
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3-BODY PARAMETERS
Ξ0,π+ Σ+,π+

p,K+ n,K+
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TREE-LEVEL   PT cos α =

�
1

m2
π

µ2
I

χ
(vacuum)

(〈π〉≠0)

MΞ0(µI) = MΞ(0) −
µI

2
cos α + 4cΞ

1 m2
π cos α

+

�
cΞ
2 −

g2
ΞΞ

8M (0)
Ξ

+ cΞ
3

�
µ2

I sin2 α

MΣ+(µI) = MΣ(0) + 4cΣ
1 m2

π cos α

+ (cΣ
2 + cΣ

3 + cΣ
6 + cΣ

7 )µ2
I sin2 α

− µI

�
cos2 α + (cΣ

6 + cΣ
7 )µ2

I sin4 α2

Son & Stephanov 
(2001)

Bedaque, Buchoff, Tiburzi 
(2009)
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cos α =

�
1

m2
π

µ2
I

Tree level mass 
corrections in 

vacuum 
(cosα=1)

(vacuum)

(〈π〉≠0)TREE-LEVEL   PTχ

MΞ0(µI) = MΞ(0) −
µI

2
cos α + 4cΞ

1 m2
π cos α

+

�
cΞ
2 −

g2
ΞΞ

8M (0)
Ξ

+ cΞ
3

�
µ2

I sin2 α

MΣ+(µI) = MΣ(0) + 4cΣ
1 m2

π cos α

+ (cΣ
2 + cΣ

3 + cΣ
6 + cΣ

7 )µ2
I sin2 α

− µI

�
cos2 α + (cΣ

6 + cΣ
7 )µ2

I sin4 α2
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cos α =

�
1

m2
π

µ2
I

Direct coupling 
to chemical 
potential in 

vacuum 
(cosα=1)

(vacuum)

(〈π〉≠0)TREE-LEVEL   PTχ

MΞ0(µI) = MΞ(0) −
µI

2
cos α + 4cΞ

1 m2
π cos α

+

�
cΞ
2 −

g2
ΞΞ

8M (0)
Ξ

+ cΞ
3

�
µ2

I sin2 α

MΣ+(µI) = MΣ(0) + 4cΣ
1 m2

π cos α

+ (cΣ
2 + cΣ

3 + cΣ
6 + cΣ

7 )µ2
I sin2 α

− µI

�
cos2 α + (cΣ

6 + cΣ
7 )µ2

I sin4 α2
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cos α =

�
1

m2
π

µ2
I

(vacuum)
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•μπ,K/mπ,K-1 very small

• Expanding mass relations around μπ,K=mπ,K gives 
different linear combinations of LECs 

• fits much more stable
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SUMMARY
• Investigated systems of up to 9 mesons + 1 baryon

• 2-body parameters

• significant volume-dependence found for meson-baryon scattering phase 
shifts

• may indicate large effective range contribution and/or inelasticities

• First calculation of meson-meson-baryon 3-body interaction

• Some combinations of LECs accessible

• Thermal effects & noise current limitation to system size

• Would like to add more baryons (solve noise problem!)
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2-BODY PARAMETERS
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