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Fermions in Quantum Field Theory

Partition function

— [10] [1dp ag) e = S5

Here ¢y and ¢ are two independent
Grassmann valued fields

on a lattice while ¢ is a bosonic field.

What are Grassmann variables?
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Grassmann Calculus

Two Grassmann variable anticommute
Py Y2 = — P2 Yy
This implies ? = 0

Integration rules are very simple

/dwzo, /d¢¢:1

This implies

/ H(d@z d%‘) e~ ViMig¥i — Det(M)
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Traditional Approach

Rewrite partition functions as

Z:/[ o] /W dyp) e~ 5[] = Ty ¥i Miglo] 9

Then integrate over the Grassmann variables

7z - / do] e=519) Det(M]o])
If Det(M|o]) is positive then sign problem is solved!

Unfortunately, determinants are NOT always postitive!
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Solvable problems (mostly!) are of the type

/Mm = (o )

‘solvable form”  (jn an appropriate basis!)
Det(M|o]) = |Det(D]o])|?

which proves that Dect(1/|s]) is positive

Many interesting problems are not of this type!
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Example : A Plaquette model

Z Uy Moy by —g > (- bby) (=) (=)

1 (ijkl) I k

has a “solvable” form EI

| J

g _ / dp] e~ PM T eo(Fev) (05) (“Buwn) ()

(igkl)
eg(—%%) (_ijj) (_Ekwk) (_Elwl) — Z 691/4 “ijkl Za:i,j,k,l(_aawa)

Zijk1 €44

- Z / dipdap] e %i(Mij + 9"/t Z 8i5)1;
2]

leads to sign problems
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Lesson
Introducing Auxiliary fields without

thought can lead to sign problems!

Are there other ways
to approach the Grassmann Integration

beyond the “traditional approach”?
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A new look at Grassmann Integration

Grassmann numbers help generate
fermion “worldlines”
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Grassmann Integration is trivial

/dwzo, /d¢¢:1

/[d@z dip;] oy = -1

[l dv) @, 4] =

| J

Every site must have one incoming
and one outgoing line

Every closed loop gives a -1
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f

Sum over fermion “worldline”
Configuration *

Weight of
the configuration comes
from local weights of
bonds

Sign of a configuration
comes from examp'e of C
local sign factors
and number of loops
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Fermion Bag Ildea

Group fermion “worldlines”
inside regions called fermion bags
and sum over them

Choose fermion bags carefully
such that the sum (“path integral”) is postitive

(Extension of the meron cluster idea)
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Consider

_ bi

/ dipdnp] e VMY (=g b, ) (=4, s, i) formion bag
(_@igqpis@igwiz) (—%4%4)(—%5%5)
(_@mwi?@zﬁw%) (—%8%9%9%‘8) N
,,,,, €
= DQt(W) i2 7 <
13\ .1/
W is the matrix i 4

obtained by dropping
some rows and

the same columns from A/

small fermion bags
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/ 0 0 0 0 My My Mis Min \
0 0 0 0 Moy Moy Mas Man
0 0 0 0 Msy  Mszy  Mass Msn
0 0 0 0 My, Mpyos Mpys ... Myn
M, Mg, M, "My, | 0 0 0. 0
My, —MZ, —Mg, M, | 0 0 0. 0
M, Mg, —M:, M| 0 0 0. 0
\ —M;y —Mjy —Miy ~Miy| 0O 0 0. 0 )

Mas

M, | 0 o0 (. o

M| 0 0o (. o

ﬂ/l-L 0 0 ra 0

iV.LN3 U \wJ \S ) \J
M| 0 0 d. o )
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This means that theories of the type

S = Zw M;ivp; — ZU

— ZUZNQ zlwzl ( ¢22¢12)+

1122

o Z Uzl 2k lezl) ( @zsz;\C)_‘_

Zl Zk

have no sign problems as long as
the couplings U are all positive and M is
in the “solvable form”

Can introduce high order fermion couplings easily!
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Fermion Bag approach to
the plaquette model

7 _ / dipip] e~ 7MY T e9(Pe) () (i) ()
(i kL)

_ / dipdyp] eV M%s T [+ g(=iwhi) (=6 ,07) (—0gn) (— )]

(ij kL)

LG | B SR O S GRS )

(ijkl) nijk1=0,1

- Z / dpdip) e VM {<—wiwi><—Wj><—@kwk>(—wl>}””’“

gk:l

:ZgPDet n])

gkl
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Fermion Bag Partition Function

/4 = Z ng H Det(W[n’i])

(145 k1] i € blue fbags T
| T contains
visualizable fermion physics
configurations

Compare with
Traditional Partition Function

2]

fermion bags

suffers from sign problem

Z =) Det((M + g'/*z) < and

2] difficult to visualize classically
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A new class of “solvable” problems

Consider actions of the form

Ty X

/ =

solvable complex space dependent
scalar field mass term

where the action 5|0, ¢| is chosen such that
the sign problem in the k-pt correlation function

G(z1,..,25,0) = /[dgb] e~ °b(0:9) Goy Doy - Dz,

IS solvable.
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Solvable bosonic theories are those
In which we can write

G(z1,..,2k,0) = Z /[dp] Q(o,b, p,n),
b

Q(o,b,p,n) >0

where the [n] is a monomer field labeling
the location of z1, zo,...,z«

and (b, p) are “other” bosonic fields

introduced to solve the sign problem.
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These class of models are not solvable with the
traditional approach

S =Y(Mlo] 4+ g®)¢ + Sp(o, ¢)

Mlo] + g® = ( —%?[10] f])[gg >

7 = / [do dgle™>7?! Det(M[o] + g®)

|

suffers from sign problem

The Fermion bag approach solves the sign problem!
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Fermion Bag approach

Rewrite the partition function as

7 = / do de) e (79) / dpdy)] e~V MT VT (e—g & %%)

Due to the Grassmann nature

e 9 Pu Votbe — l+g %(—@x%) — Z (g o (_Ea:wm))nx

n.=0,1

We can then rewrite

2=3 [tdo) [lae] =@ [ldbay] M ] (g 00 ()

kd
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example of configuration [n] with k =10

For a given configuration [n]
let z1 z2 ... zx be the k sites
where nx = 1
at all other sites nx =0

2= g" [lao)([ldo] e 5D ., 6., .. 6,
W

Fermion Correlation Function?
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Fermion k-point correlation function

[y e MG g
Fermion bags

= Det(W|n,o]) >0 / ]
W is a (V-k) x (V-k) matrix
obtained by dropping sites z1 ... z«k in M

Mlo] = ( —DOT[U] D([)O] )

fermion bag configuration
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Fermion bags
Thus, the partition function

IS given by

7=3%" / do dp| g* Q(o.b, p.n) Det(Wn, o))

n,b

No sign problem!

Mapping into fermion bag configuration
classical statistical mechanics
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At large coupling --> many small fermion bags

Fermion bags —>

\ - _ Fermion bags

small fermion bags --> computation is efficient!
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Duality

kK-point correlation function

/ dGdy) e MOV T g T

— Det (M[a]) Det(G[n] (0))

where G is a (k x k) matrix
of propagators

Duality Relation
Det WO = Det DO Det G

1 1

strong coupling weak coupling
fermion bag fermion Bag

Dual Fermion Bag

Rubtsov, Savkin, Lichtenstein,
Prokofev, Svistunov, Troyer, ...

diagrammatic
determinantal Monte Carlo
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Lesson
A sign problem can be entangled in both

fermionic and bosonic variables.

A full solution may require one to solve

the sign problems in both the variables!
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“Solvable” problems with spin-half

S = Z@x Mxy Ve + g Z(¢x¢ﬂw¢¢,x T ¢;@¢,$@T,fﬂ) + Sy
Ty T
|f O'QMO'Q = M* then Det(M) Z 0

It is then possible to argue that ooWoo = W™

SO Det(IW) >0

Sign problem is solved!
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Many interesting lattice field
theory models solvable

SU(2) Yukawa models with Wilson Fermions
Gauged NJL models
Models inspired by Graphene
New models with pairing interactions

Some models with repulsive interactions also solvable!
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Results: “Graphene” Hubbard Models

S.C. A.Li, PRL (2012), arXiv:1304.7761

SU(2) x U(1) symmetric models

TY (zy)

- AN

solvable suffers from

Thirring Gross-Neveu sign problems
massless fermions/ massive fermions/
U(1) symmetric U(1) broken
O

U — U
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Observables

chiral susceptibility
X = <2:£3 Dt ¢y¢y>
X,y
chiral winding susceptibility
qi = < % Z(qi)a>
fermion correlation ratio

Cr(t) = < % Z@o,o,o wo,o,t@>

Rr = Cp(L/2—1)/C(1)
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Critical Finite Size Scaling

X TL2TT = fy + £ (U — U)LYV 4 £,(U — U)2L2/" + ...

(@) = ko + £1(U — Uc)LY" + k2 (U — Ug)?L2/" + ...

R¢ L2 = pg + p1(U — Ug)LY? 4 po(U — U, )2L2/Y + ...

If we plot w.rt U

all quantities must be independent of L at U = U
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Thirring model results

Combined fit results
Uc = 0.2608(2)
v =0.85(1)
n=0.65(1)
Ny = 0.37(1)
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Comparison with previous work

Range | Range

Work U \Y
of L of m ‘ " ¥
Mean Field Theory
Lee & Shrock N/A o) 0.25 1.0 1.0 0.0

PRL (1987)

Hybrid Monte Carlo
Debbio & Hands, 8-12 | 0.4-0.02 | 0.250(10) [ 0.80(15)| 0.7(15) ??
PLB (1997)

Hybrid Monte Carlo
Barbour et. al., 16-24 | 0.06-0.01|0.250(06) |0.80(20)| 0.4(2) ??

PRD (1998)

Fermion Bag
S.C & A. Li (our 12-40 0 0.2608(2)| 0.85(1) | 0.65(1) | 0.37(1)
work)
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Gross-Neveu model results

Combined fit results
Uc: = 0.1560(4)
v = 0.82(2)
n=0.62(2)
Ny = 0.37(1)
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Lattice Thirring Model
(no sign problem in the traditional approach)

same universality class

Lattice GN Model
(complex determinant in traditional approach)

surprising?
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ALL previous (traditional) MC results for GN models

are well described by Large N
(Christoffi & Strouthos, JHEP(2007))

Large N,:v=1,n=1,ny=0

Usually involve extra “doubling” to solve sign problems

Belief : Sign problems is NOT a problem in GN models

Our results show clear
deviations with the large N results!

v=0.85n=0.65 ny=0.37

Our critical exponents in a related model
with SU(2) x Z> symmetry
disagrees with earlier work that ignored sign problem!
Karkkainen, Lacaze, Lacock and Petersson, NPB (1994)

Conclusion : Sign Problem is important!
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Two spin-half species model
with infinite repulsion

fermion bag

containing species 2
fermion bag

containing species 1

Fermion Bag Configuration

Z =" |Det(Wa)[* |[Det(Wg)|?
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Conclusions

Fermion bag approach
IS an alternative method to solve
fermion sign problems

Many new sign problems can be solved with it!

Solutions require thought and
understanding of the underlying physics

Solution to sign problems
is an interesting field of research
at the cross roads of
mathematical and computational physics
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