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Warm Dense Matter

Somewhere between weakly coupled plasma and condensed matter physics
o Coulomb coupling: T = (¢?/a)/ke T ~ 1
o Degeneracy temperature: © = kg T /ep ~ 1
o Thermal DeBroglie Wavelength: A\7/a = (hi/mkg T)/?/a > 1
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Density Functional Theory

Kohn-Sham DFT:

Evis[n] = ming_n) (¢ | T| ¥) + Enln] + Exc[n] + [ V(r)n(r)dr
where n(r) =", | ¢a I?

Local Density Approximation:

Eclo] = [ d*m(nec(r) ~ [ d*m(r)elzR(n(r) = EL[]
Mermin Formulation:

n(r, T) = Zf — (1)) | dalr)

Orbital-Free DFT (OFDFT):

Eln] = T[n] + U[n] + V[n] = Ts[n] + Un[n] + Exc[n] + V[n]
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One Component Plasma (OCP) a.k.a. Homogeneous Electron Gas (HEG)

a.k.a. Jellium
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Coulomb Coupling Parameter,
F=e’/(akseT) ~ 1/(rsT)
Degeneracy Temperature,
O=T/Tr~1rT
DeBroglie Wavelength,

Ar/a= (h/mksT)?/a ~ 1/(rsT?)
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Previous Semi-Classical Work

Purely Classical

o Analytics: T
Debye-Hiickel Theory 1.2 ]
(Abe, 1950)
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Previous Semi-Classical Work

Purely Classical

@ Analytics: T
Debye-Hiickel Theory 1L.2F '
(Abe, 1959)
@ Numerics: 1ok
Long-range Coulomb
interaction through =
Ewald Potential — 08k
(Hansen, 1973) ;S :
>
=
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Previous Semi-Classical Work

Purely Classical

@ Analytics: —————
Debye-Hiickel Theory 1.2 L
(Abe, 1959)

@ Numerics: 1.0
Long-range Coulomb ’
interaction through
Ewald Potential
(Hansen, 1973)

Quantum Corrections
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0.6

o Wigner-Kirkwood
Expansion in i
(Hansen and :
Vieillefosse, 1975) 0.4 | — pebye-Huckel

H Hansen et. al.
o Exchange Correction Hansen + WK1

to Wigner-Kirkwood -+ Hansen + WK1 + WK2

expansion (Jancovici, 0.2F--- Hansen + WK1 + WK2 +JX | .
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Previous Quantum Work

T=0

o Variational Monte Carlo
(VMC) (Ceperley, 1978)

o Diffusion Monte Carlo (DMC)
(Ceperley and Alder, 1980;
Ortiz, Harris, and Ballone,
1999; Zong, Lin, and Ceperley,
2002; Drummond, Radnai,
Trail, Towler, and Needs,
2004)

T#0

@ Path Integral Monte Carlo
(Jones and Ceperley, 1996;
Céandido, Bernu, and Ceperley,
2004)

@ Stoner Model
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Numerical Path Integrals

Start with many-body partition function Z,
2(8) = (e ™) = [ dR{Rle™|R) = [ dRo(R.R. 5)
Use the convolution property of density matrices M times,
p(Ro, Ru, B) = /de .. dRy—1p(Ro, Ri,7) ... p(Rm—1, Rm,T)

where T = /M.
Performing a Trotter breakup,

p(R,R,7) = lim (e e ") where 6t =7/J

J—o0

po(R, R, T){e” Jo IVIRON gy

where pO(R R T) We (RfR’)2/4)\T. Observables are

sampled using Metropolis Monte Carlo as

=Z /dRp(R NZ@
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The Pair Action

Using only pairwise interactions, straight line paths will contribute the most,

<67 foT dtV(R(t))>BRW _ <H - foT dtv(r,-j(t))>BRW
i<j

~ TJte % i) gry
i<j

Write v(r) = vs(r) + vi(r) giving,
p(riarjvrilarj/:T) :pS(rI’7rj:ril7"jlaT)p/(ri7"j:ril7rj/a7_)

Find components using combination of coordinate transformations, Legendre
polynomials, and the Random Phase Approximation. Short-ranged piece is solved for at a
higher temperature, and "squared” down to the desired temperature. Long-ranged piece
is solved for in Fourier space (as in Ewald summation). At the end of the day gives errors

NT3.
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Particle Statistics

1

pe/r(R,R,B) = mZ(:ﬂ)?’/dﬁq...diL?M_lpn(it?, Ri,7)...po(Rm—1,PR',T)
P

For Bosons, this is not an
issue since the sign of all
permutations is +1. i
However, for Fermions, we
run into the Sign Problem: sk

@ Nearly identical
weights of alternating
sign

0.6}

o Efficiency decreases
as, e 2BN(fr—fg)

. . 0.2} Te = 1.0

o Circumvented with JE Y
. -I-r 10.0
fixed-node - =00

. - =10
(constrained path) 0.0F R
£ =100

approximation
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Restricted Paths

The Bloch equation for pr reads,

W = —Hp(R,R; t)

where pr(R, R.;0) = A5(R — Ry)

i-time

It can be shown that we may replace this initial condition with
zero boundary conditions
@ R,, the reference point, remains fixed for each integrated
world line.

@ Nodal Surface,
Qs(R:) ={R: | pr(Re,Re;t) =0and 0 < t < G}

(Kriiger and Zaanen, 2008)

Defining the Reach,
Ts(R:) ={R: | 3y : R — R: where pr(R:,R;t) #0Vt , 0< t < g}

We are left with the following expression for the density matrix,
’YCTB(R*)
pr(Re, R; B) = /dRopF(Ro,R*;O)/
v:Ro—Rg
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Nodes

Introduce a trial density matrix p7 is introduced which approximates the actual nodal
structure. For us, pr(R, Ry; t) = det pjj, (t) det pj, | (t) are free particle density matrices
where,

)2
pii(t) = (4mAt) " ™% exp _{non)

As an example consider 3 particles in 2D harmonic trap:

Ground State Nodes
Free Particle Nodes Exact Nodes
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Practical Considerations

Nodal Distances
Reference Point Freezing
@ No Measure

o Due to path’s dependence on reference
dtdt-H'

Un(xe, Xt4r) = — log [1 — exp (— v ] slice

] @ Worsens as temperature lowers
@ Pauli Surface " .
@ Becomes "non-ergodic
@ Hybrid Measurement (slowest step)
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Possible Sources of Error

Controlled:
@ Statistical (Run for longer)
@ Time-step (Arises from pair action and constraint. Can extrapolate to 7 — 0)

o Finite-size (correction expected to be valid provided S(k) ~ k? as k — 0)

2 2
_ e S(k)—1 2me Sn(k)—1
AVN - Voo VN — 47r2 k2 dk Q k2
k#0
ATy = To—T, :L/kzu(k)dk—iiz:kzu (k)
N T N T am(2n)? 4mQ £ N
_ _hwp, /31
AEpee = AW+ ATy = N VAN
(see Chiesa et. al., PRL 97, 076404 (2006))
Uncontrolled: Fixed-node
e Using free-particle density matrices, p;(t) = (4mw\t)~ /2 expf%

@ Believe should be good for homogeneous systems, but will confirm.

o Ergodicity problem at low temperatures, high densities
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Parallelization

Embarrassing Time Slice Loop Level
Parallelization Parallelization Parallelization
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One Component Plasma in Warm-Dense Regime
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Energy

Eiot(T) = Eo(T) + Exc(T)

ma T T T — T

0.0F 7

€=1,r, =40
_05 -

Ts B0t (0) Jlim Eyor(T)
1.0 | 2.2903(1)¢ 2.29(1)

2.0 | 0.2517(6)* 0.251(2)

4.0 | —0.1040(1)% | —0.1042(6)
6.0 | —0.1230(1)¢ | —0.1228(3)
8.0 | —0.1134(1)¢ | —0.1130(2)
10.0| —0.1013(1)* | —0.1013(1)
40.0/0.0351348(7)¢ | —0.034894(8)

(a-c) are QMC, d is the
Perdew-Zunger fit to QMC.

1071 10° 10t
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Energy

ec(T) = Exe(T) —e(T)

>
T
&
—0.6 -
—0.7 |- £=0
—-0.8 H e
—0.1 b P
—0.2 ¢ -
;:5 —-0.3 —— 0 =0.0 —+- =025
= _04 -1 ©=0.0625 ©=1.0
&~ ’ -} oe=o0.125 -} =380
\;5 —0.5 |- - e=40 fi  Ezact
_oe 1
—0.7 - c=1
—08 | |
10° 10!
Ts

Ethan W. Brown (UIUC/LLNL)

PI

MC for the HEG

Ts E.(0) %iino E.(T)
1.0 —0.1210(2) | —0.13(1)
20| —0.0902(4) | —0.091(2)
40| —0.0637(1) | —0.0632(5)
6.0 —0.0500(1) | —0.0512(2)
8.0 —0.0428(1) | —0.0428(1)
10.0| —0.03734(2) | —0.03690(8)
40.0|—0.0137104(6) | —0.013626(3)

INT, Seattle, July 17, 2013

1 (a-c) are QMC, d is the
7 Perdew-Zunger fit to QMC.
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Correlation

g(r)

Ethan W. Brown (UIUC/

Pair Correlation

I
~

| £ =0, 175 =

=10 |
o
L2 ]
1y
— =00 e =20 ]
— ©=0125 — ©=40
— ©e=0s5 ©=28.0 ]
- e=1.0

— ©=28.0(DH)
| |

PIMC for the HEG

3.5

INT, Seattle, July 17, 2013

23 /35



Correlation

Structure Factor
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Functional Fit (The Functional)

We need a functional E.(rs, T) that behaves correctly in known limits
o Analytic: High-temperature reproduces Debye-Huckel and 1st order quantum
correction

lim Ex(rs, T) = Upn+ Ug+O(T3?)

T—oo

@ Analytic: Low-temperature reproduces ground-state and Fermi liquid theory
prediction

lim EXC(I'S, T) = Exc(r5> 0) - O( TQ)
T—0

@ Numeric: High-density approaches random phase approximation (RPA) limit
@ Avoid complicated cancelling T2 log T coming from e. and e..
Easiest through a Padé fit.

Ethan W. Brown (UIUC/LLNL) PIMC for the HEG INT, Seattle, July 17, 2013

25 / 35



Functional Fit (The Functional)

We need a functional
Eic(rs,0) — Py

Exc(rs, T
(5. 7) 2
where
P, = (A2U1 +A3U2)T2 +A2U2T5/2,
Py = 1+AT + AT+ AT,
Ak(rs) = explaxlogrs+ bi + cirs + dirslog rs]

with u; and w» chosen such that

lim Ex(rs,T) = Uph + Ug + O(T3/?)
—00

lim EXC(I'S7 T) Exc(r57 0) - O(T2)
T—0

avoiding cancelling T?log T coming from e. and e.. 24 parameters - 6 constraints = 18
free parameters
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Functional Fit (The Fit)
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1.0 .
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Functional Fit (The Fit)

1.2

1.0

0.8

0.6

Ere(T)/ Ere(0)

= - OurFit
04 |- —— Debye-Huckel

+ Hansenet. al.
—  TI(RPA+)
~—— PDW (Classical analogue method)
0.2} 1 remc

1072 1071 10° 10! 10?
S}

Ethan W. Brown (UIUC/LLNL) PIMC for the HEG



Next Steps

Direct comparison with and use in
FTDFT/OFDFT for a real system

@ Use Mermin equations to build up ensemble
using Eo

@ Test against current orbital free functionals
Test Other Nodal Structures
@ Variational improvement through free energy

@ Experiment with different nodal structures
(Backflow)

Extend to higher densities / lower temperatures

@ May require algorithmic improvement
(reference point freezing)

@ Numerical (analytic?) RPA calculation at
finite-temperature for small rs

Ethan W. Brown (UIUC/LLNL) PIMC for the HEG



Free Energy Minimization
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Conclusions:
o Free particle nodes effective
> Calculations match well in classical limit
» Smoothly approach zero-temperature calculations
» Match exact results at temperatures with greatest deviation from ground-state results

@ Precisely determined properties for the 3D-HEG in the warm-dense regime
o Functional fit to exchange-correlation energy in warm-dense regime
Future Directions:
@ Direct comparison with and use in FTDFT/OFDFT
Experiment with different nodal structures
Determination of phase boundaries
Measurement of other quantities (local field corrections, momentum distribution)
2D gas
Application to inhomogeneous other systems

-
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Pair Product Action

PR, R, 7) = lim (e7°e™*T)) = po(R, R, ) (e I V(R gy,

J—o0

—(R—R')?/axT

where po(R, R',T) = i . Using only pairwise interactions, straight

1
47r)\7')3N/2 €
line paths will contribute the most,

(e~ Iy dtV(R(t)))BRW ~ H e—Tfol dev([L—t]ry+rf) H<e— Iy dtv(r,j(t))>BRW
i<j i<j

This will be exact in the dilute limit when the correlation between any two particles is
independent of other particle positions. Write,

v(r) = vs(r) +vi(r)
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Pair Product Action (Short Range)
The short-range pair Bloch equation gives,

Hps = [-AV? + vs(ry)ps = —ps
%:jrf r=r; —rj, we have ps(r,7,r',F,7) = po(F, 7, 7)ps (r,r', 7).
Expand in a Legendre series,

Writing 7 =

pS’(ra rlvT) = po(r, rlvT)<67 I dtV(R(t))>BRW = po(r, r/77—)e7US(r’r )
1 e o]
= I ;(2/ + 1)pi(r, r, 7)Pi(cos(0))
Comparing terms and using the semi-classical approximation, we have,
pi(r,r'7/2") = po(r, ¥, 7/2") e Jo dev(iL—dry+erf)
Finally, using ]Jhe more efficient coordinates
s=lr—rl,z=[r|=|rl,gq=(r|+]|r|)/2 we may write,
kmax :
us(r,r',T) = (us(r r,1) +us(r',r',T) +ZZ u(q, )27 2D
k=1 j=0
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Pair Product Action (Long Range)

The full many-body Bloch equation gives,

Hp = [-AVZ + > [vs(ry) + vi(rg)lp = —p
i<j
with local energy E; = “—:‘p = 0 for solution p. Guess the solution to be
o(7) = ps(7)pi(T) = ps(T)e™ Y by defining the long-range action to be U; = —Inp;.
Move to Fourier space, employ the random phase approximation (RPA), and numerically
solve for Fourier components, e.g.,

’

o ikr o’ oja' . igrj o' O]'U/
> D ike™ipZ 7 1Y iqe i p? qug’” ]
Jj ko! qall

a_l o_///o_/ o_/ o_//lall U,”
P—k Uk P—qlq Pa+k

kq o'c! o’

a/ O'///U/ o_/ U//Ia//
E § P—klUk — P—qlq (Nor110kq)

kq o'c! o’

/ /// / /// //
E E p kpk uZy 7 ug N1

olo!l o'

> Viuvju

J

Q

Q
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