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@ Orbital-dependent functionals

© Exact-exchange (EXX) Kohn-Sham methods

9 Direct RPA and EXXRPA correlation energy

@ Adiabatic-connection fluctuation-dissipation theorem for
KS correlation energy

o EXXRPA methods

@ Direct RPA methods

@ Selfconsistent direct RPA

o Correlation potentials

@ Total energies, reaction energies

@ Bond dissociation, static correlation

@ Weak interactions, Van-der-Waals bonds

@ Concluding Remarks
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Motivation
Orbital-dependent functionals

Pheorcische)

5!

Orbital- and eigenvalue-dependent exchange-correlation functionals in Kohn-Sham

methods in order to

38 improve accuracy

¥ get rid of Coulomb self-interactions and self-interactions in general
(qualitatively correct KS spectra, improved input data for TDDFT)

¥ enable description of static correlation (bond formation and breaking),
i.e., multiconfiguration cases

35 enable description of Van der Waals interactions and noncovalent,
“mean” interactions

Seattle 2013 3/36
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Kohn-Sham formalism

é@ﬁa'

Electronic Schrodinger equation
[T 4 Vie +0]¥ = Eg¥g
Kohn-Sham equation
[T+ 9] ®o = Eo,s®o

[—3V2 + 0, (x)] i(r) = €; 4(x) Vs = U+ VN + Vs

Relation Kohn-Sham to real electronic system
HK

' \
T+vs 4’®0 - po \IJOF T+Vee+
| HK

L =

Eo =Ts + Ulpo] + Exc[po] + /dr v(r) p(r) Uxe(r) = — %
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Orbital-dependent functionals |
Historic development of DFT

Ground state energy of an electronic system
Ey=Ts+ U+ Ey + Ec+ [ dr vnyc(r)p(r)

Thomas-Fermi-Dirac

Eo = Ti[pl+ Ulp] +Eqx[p] + Ee[pl+ [dr vnuc(r)p(r)
SE/op(r) = p
Conventional Kohn-Sham
Eo = Ts[{¢:}]+ Ulp] +Ez[p] + Eclp]+ [ dr vnye(r)p(r)

[T+ Gnuc + O + Vs + Ocl s = 15
Kohn-Sham with orbital dependent functionals
Eo = Ts[{¢i}+ Ulpl+ Ex[{¢i}] + Ec[{d:}]+ [ dr viuc(r)p(r)
[T+ Ve + 01 + D + Dclbi = €ips
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E\ POk Orbital-dependent functionals Il @ Lo 8D

Conventional Kohn-Sham methods
Eo = Tu[{é:}] + Ulpo] + Exlpo] + Eeloo] + / 0r e () po()

[T + @nuc + @H[po] + 'ﬁw [Po] + @c[pO]j| ¢)z = Ei(z)i

KS methods with orbital- and eigenvalue-dependent xc-functionals

Eo = Ts[{¢i}] + Ulpo] + Ex[{di}] + Ec[{es}, {ds}] + /dr Unue (1) p(r)

[T + Pnuc + 0m [pO] + ﬁi[{d)z}} + ﬁc[{58}7 {¢S}]} bi =¢€id;
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Exact treatment of KS exchange @—

Exchange energy

. fin e S0

v — x|

Exchange potential v, (7) = (SE(;p[({gt}]

/dr’ Xo(r, ') v,(r') = t,(r)

KS response function xo(r,r’) =4 Z Z $i(1)00 (1) (') $i(x')

a € —€a

OCC. unocc. (r “ r a'f}wNL@
ey = 435 B ) ()

i — €a

Plane wave methods for solid numerically stable
Gaussian basis set methods for molecules numerically demanding
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¥ Auxiliary basis set: Electrostatic potential of Gaussian functions
= Y ek filb) with i) = [ar gule') /e v
k

38 Incorporation of exact conditions to treat asymptotic of vm(r)

/drpm(r) =—1 with p.(r Z”ka gr(r

(promolvelpmono) = (promol 0N |proro)

¥ Balancing of auxiliary and orbital basis sets (uncontracted orbital basis

sets required)
JCP 127, 054102 (2007)

By preprocessing of auxiliary basis set and regularization techniques, EXX
calculations with standard contracted orbital basis sets possible
(aug-cc-pCVxZ, x = 3, 4, 5)
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7 EXX vs. GGA (PBE) orbitals of methane (@) 22260

s ey

2toy  —2.934eV

3a;;, —4.438eV N 8 “ o

1te, —9.448eV
8 “ a =35

Ltoy, —14.724eV 0

2tay  +0.533eV

3ai, —0.396eV

o

@

2a1, —17.054eV

2a1, —22.437cV

contour value 0.032
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7 EXX vs. GGA (PBE) orbitals of methane (@) 22260
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Band gaps of semiconductors

& L2200

FLAPW vs. PP EXX band gaps

EXX+VWNc Exp.
FLAPW2  PpPb
6 ———— — Si Iy 321 326 3.4
I 5L 228 235 24
% 51 o Egi(c) "S- r-x 144 150
m A SiC I'»T 724 737
e 4 GaN r—L 6.21  6.30
o 4 5o - . r—X 244 252 242
B .., Ge r—r 121 128 1.0
8 o] car ®ans I -L 094 101 0.7
s |o="e¥ r—X 128 134 13
S GeAs TI' =T 1.74 182 1.63
S r—1L 1.86 1.93
% ™ 23 4 5 8 r - X 212 215 218
Exp_ band gaps [eV] C I'—»T 6.26 6.28 7.3
I >L 9.16 9.18
I - X 533 5.43

2PRB 83, 045105 (2011)
bPRB 59, 10031 (1997)
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P

7 Summary exact-exchange Kohn-Sham methods @

o Problem of Coulomb self-interaction is solved

» Physically meaningful orbital and eigenvalue spectra
(Improved input data for time-dependent DFT)

e Similar total energies of exact-exchange-only Kohn-Sham and HF
methods but completely different orbital and eigenvalue spectra

A. Gorling (University Erlangen-Niirmnberg) Seattle 2013 12 /36



96

Adiabatic-connection fluctuation-dissipation @
theorem for DFT correlation energy | E

E. = — da / drdr’

o / do.) Xa(l‘ r’ ,iw) — xo(r, r’ Zw)}

Ir*r’\

Integration of response functions along complex frequencies

o0
— | dw /dr dr'g(r,r") xo(r,r' iw) =
0

2m
1
= [ara’ gty [0er) — G ote)ole’) + plw)atr )
/oodw I later on  g(r,r’) = !
0 az+w? 2 g Cr—1/|

Xalr,r'iw) = =23 —rs SO (W) (W) )
n;éO

Ve(a) = (o (a)|Vee | Wo(a)) — {@o|Vee| @0
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-

Gl Adiabatic-connection fluctuation-dissipation
8 D

theorem for DFT correlation energy Il

_1 1 1 oo 1
E. = —/da /drdr’ /dw {X(y(r,r’,iw) — Xo(r,r’,iw)} =/ da V. (a)
21 Jo 0 0

v —r'|

Integration along adiabatic connection

1
E. = / doVi(a) with Vi(a) = (To(@)[Vie| Do (a)) — (@o[Vie| ®0)

Ee = (Uo(a)|T + a Vee|¥o(a)) — (®0|T + a Ve |0)

~ A

Uo(a) = min (V[T + a Ve |T)

U—p
From Hellmann-Feynman theorem follows

dE.(a)
da

= V()
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Response functions

KS response function xo(r,r’,iw)

OCC unocc

Xo(r, 1, iw) = 742 Z +w2 i(r)a(r)pa(r)pi(r)

Basics time-dependent DFT

P =X v = Xg ol = Xo [ 4 Frye Xoe1 v0)]

Vs = UV + UH + Uxc Ugl) = Uéi?t + vl(-ll) + U)Eg)
OVHx
vl(-llx)c = 7(;:) < p(l) = FHXC p(l) = Fch Xa:1 v(l)

Response functions x,(r,r’, iw) from EXX-TDDFT

X, =X+ aXoFuXe  Xa =[1-aXeFuy] ' X0

X, = Xy [XO — OéHHx}_1 Xy with XoFuXo = Hpx

A. Gorling (University Erlangen-Niirmnberg) Seattle 2013 15 / 36
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OEP-like equation for sum fux(w,r, ") of Coulomb and EXX kernel

Jar" [ar Xatrr" ) fineor”r") Xo(or ) = b, .7

with hix(w, 7, 7") = 2YT(r)A(w) [A + B + A] A(w) Y (r)

+W YT (AW [A+ B+ Ale AW)Y(r)
+ Z z Z K‘a("))\ia(w)M@(r)(ﬁj (r)+---

€q — €5

B 5)3) DRI L et L PN PN

Aja,jb = 2(ailjb) — (ablji) Bia,jb = 2(ailbj) — (ajl|bi)
Aiajb = 6ij (Pa|Ox” — Dxlp) — Gab (@il O~ — D)

—4e;
Aia,jb = 5ia,jbﬁ €ia,jb = Oia,jb €ia = 5ia,jb(€a —€)
k2

Yia(r) = ¢i(r)da(a)
RPA: hu(r,r’,w) = YT(r)A(w) C A(w)Y(r) with Cia,jb = (ialjb)

A. Gorling (University Erlangen-Niirmnberg) Seattle 2013 16 / 36



g H RI-EXXRPA method |

E. = ; dw / da/drdr [y Xa(r r'iw) — xo(r, r',iw)]
Representation of X« (iw), hx(iw) in Rl basis set with respect to Coulomb norm

Xo=[1-aXoFu] 'Xo = Xao=Xo[Xo—aHu] "X
(using Fuy = XEIHHXXO_I)

o oo 1
E. = —1 /dw / do Tr{s”xo [Xo — aHu] ' Xo — S‘lxo]
2 Jo 0

with

. . . —4 ia
Xo(tw) = DT)\(lw)D with Dia,h = ((pitpa|fh)cou| and )\ia,jb = 6m’jbﬁ
and
H(iw) = 1 D"A(iw) [A+B+A] A(iw)D + (iw)® 1 D'A(iw) e '[A+B+A]e ' A(iw)D

+ Wi(iw) + W1 (iw) + Wa(iw) + W3 (iw)

A. Gorling (University Erlangen-Niirmnberg) Seattle 2013 17 / 36



RI-EXXRPA method II

o %) 1
E. = ! /dw / do Tr[s*lxo [Xo — aHu] 'Xo — s*lxo]
27 Jo 0

Orthonormalize RI basis set, i.e. make S = E, and use X, = —(—Xo)%(—Xo)% and
carry out analytic integration over coupling constant

E.= % OOZw Tr [(—xo(w))%U(iw) (—T-l(iw) In[|1 + T(iw)|]+1)U(iw)T (—Xo(iw))

=

}

with  (—Xo(iw)) ™2 H(iw)(—Xo(iw)) ? = U(iw) 7(iw) UT (iw)

o Complete exchange kernel can be treated (RI-EXXRPA+)
@ N scaling

A. Gorling (University Erlangen-Niirmnberg) Seattle 2013 18 / 36



RI2-dRPA method @ L2260

RI2-dRPA

Bo= o dw/da TTS X [Xo — aHy"'X, — S— 1X0]

For dRPA, with second RI approximation and S = E, Hy simplifies to
Hy = XX
With spectral representation X (iw) = —V (iw) o (iw) VT (iw)
2m

1 [ . .
E.= —/O dw Tr [In[1 4 o (iw)] — o (iw)]

@ Only KS response function Xq(iw) required
e N* scaling

A. Gorling (University Erlangen-Niirmnberg) Seattle 2013 19 / 36



Self-consistent direct RPA @ L6060

Optimized-effective-potential equation for v4RFA

[ xalbr) o) = 1A w)

with

0 -5 fur 2 GBS 66,() < GBS e,
¢ S(r') ous(r) . des  Ovs(r)

vdRPA is represented in auxiliary basis set

dRPA __ 4dRPA
XO v, = tc

A. Gorling (University Erlangen-Niirmnberg) Seattle 2013 20/ 36
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Phecorctischel

dRPA correlation potentials |

dRPA 4 1)

o
>

0.2

vdRPA for neon

atoms

0.15
0.1 r
0.05

-0.05

i _\//\\/

\Y

0.1 / Exact 7
L SC-dRPA ——
0.15 ¢ PW92 LDA —— ]
PBE
0.2 ‘ ‘
0.01 0.1 1

r(a.u.)

10

dRPA correlation potential qualitatively correct in contrast to LDA and GGA
correlation potential

A. Gorling (University Erlangen-Niirmnberg)
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21/36



%

Phecorctischel

dRPA correlation potentials Il

’USRPA for C2 H2

0 W
v dRPA
VX
3
S,
>
L
0 1
rla.u.]
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Results EXXRPA correlation methods | @ PO 6D

Deviations of total energies from CCSD(T) energies, AE = EMethod _ pCCSD(T)

Orbital basis: aug-cc-pCVTZ Rl basis (for E. and vy): aug-cc-pVTZ/MP2-fit

_ CCSD ——
3 MP2 ——
£ 0.05 f EXXRPAZEXX —»—
£ EXXRPAGARPA —e—
o 004l
g
I
S o003p /
2 y T
g o002 | 4 E
H £
3 L
£ o001 4
E g
Bl T
3 0
2
w
O
% 30300 Q% ek 0k, C N4 %
0°Q0 Q28 T V%4 0530200000,5:’0;‘%000’1/50500
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IEP\Ea

Deviations of total energies from CCSD(T) energies, AE = EMethod _ [CCSD(T)
Orbital basis: aug-cc-pCVQZ Rl basis (for E. and vyc): aug-cc-pVQZ/MP2-fit

_ CCSD ——
B MP2 ——
£ 005 EXXRPAGEXX —x— /4
£ EXXRPAGIRPA —s— X
< / *
= 004f / \ gl
a / A
g o003 A \ E|
o Vi -
> INIL L/ 3
g oer \ i £
o / <
2 oo01p i Tz
: 2
>
o
3 0 ¥ =
2
w

0.0 . . . .
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Deviations of reaction energies from CCSD(T) reaction energies

Orbital basis: aug-cc-pCVTZ
RI basis (for E, and vy): aug-cc-pVTZ/MP2-fit
35

3

25

RMS [kcal/mol]

1 kcal/mol = 0.043 eV
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Deviations of reaction energies from CCSD(T) reaction energies

Orbital basis: aug-cc-pCVQZ
RI basis (for Ez and vyc): aug-cc-pVQZ/MP2-fit
35

3

RMS [kcal/mol]
= N
- 5 > o

o
o

o

1 kcal/mol = 0.043 eV
26 / 36



Dissociation of H,

Orbital basis: aug-cc-pCVQZ Rl basis (for E. and vy): aug-cc-pVQZ/MP2-fit

-0.75

SC-EXXRPA ——
FCl ——

-08 frt
-0.85 - —
09t ]

-0.95 |- 4

Efau]

-1.05 |- B

12 ! ! ! ! ! ! ! ! !
2 3 4 5 6 7 8 9 10

rfla.u]

Dissociation limit of other molecules (CO, Ny, etc.) is also treated correctly
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Coupling constant integrand

1
E. = [da V.(«a)
0

0 T T 0 T T
HF-RPA HF-RPA
-0.05 b -0.05(- b
- — -0.1- E
S > ~~
< < ~~
S, & ~_
5 s -0.15 ~__ 4
3 J ~
> o
> 02 =L4a, 3
r=6.0 ao
1=10.0 a,
025 r=20.0 a, a
=30.0 a,
L L

V(@) [a.u]
V@) faul

11— (ialia)

I
0 0.2 .4 0.6 0.4 0.6
coupling strength coupling strength

Ve(@) Vit (a)
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Dissociation of N,

Orbital basis: avtz

Rl basis: avtz

-108
HF
EXX
-108.2 | CCSD
RI-EXX-RPA
__ -1084
[0}
L
S -1086 |
= .
>
S -108.8
[0}
s
Ll
-109
-109.2

O o x +

. M

r [bc.)hr]

Special treatment of singularity in w-Integrand ( —7*In[|1 + 7(iw)|] + 1)

A. Gorling (University Erlangen-Niirmnberg)
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Twisting of ethene @ L g0

Orbital basis: avqz RI basis: avqz
-77.8

oy

L

k5

)

>

=

2

S 783t 1
78.4 | 1
785
786 e

0 20 40 60 80 100 120 140 160 180
Torsion angle [degree]

HF —— B3LYP —=—
EXX —+— RI-EXXRPA+ ——
CCSD —— MCSCF . ———
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RI-EXXRPA for noncovalent bonds

ICP»

60

Interaction energies in kcal/mol @
Complex BasisCCSD(T)  dRPA dRPA  EXXRPA+  EXXRPA+  MP2  CCSD*?
@EXX  ©DRPA @EXX @dRPA
3 3.00 2.36 241 2.84 2.89 3.00 275
(NHy), 4 2.52 2.57 2.83 2.99 3.11
CBS 3.15 2.62 2.64 2.81 3.02 3.18 2.88
3 483 3.95 4.03 4381 4.92 472 4.60
(H,0), 4 4.25 4.33 4.91 5.07 5.02
CBS 5.07 4.40 4.46 4.92 5.09 5.21 4.74
3 1537 13.65 13.95 15.56 15.90 15.08  14.65
(HCONH,), 4 14.32 14.67 16.01 16.42 15.57
CBS 16.11 14.75 15.06 16.28 16.67 15.86  15.28
3 1786 15.51 16.03 18.28 18.73 17.61  17.08
(HCOOH), 4 16.41 16.98 18.79 19.34 18.23
CBS 18.81 16.97 17.49 19.06 19.60 18.61  17.92
3 138 0.99 0.99 1.44 133 1.47 1.04
(CHy), 4 1.08 1.05 1.55 1.42 1.55
CBS 1.48 1.16 1.05 1.64 1.44 1.60 1.14
3 144 1.23 1.16 1.34 1.50 1.59 1.26
C,H,-C,H, 4 1.31 1.21 1.42 1.56 1.64
CBS 1.50 1.37 1.22 1.49 1.58 1.67 1.31
3 050 0.31 0.32 0.41 0.41 0.46 0.38
(CH,), 4 0.35 0.36 0.44 0.44 0.48
CBS 0.53 0.37 0.35 0.44 0.44 0.53 0.41
RMS 3 119 0.97 0.19 0.39 0.13 0.45
RMS  CBS 0.93 0.73 0.19 0.37 0.15 0.51

a CBS obtained via F12-CCSD

A. Gorling (University Erlangen-Niirmnberg) Seattle 2013
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S22 test set of dimer binding energies @ PO 6D

Standard benchmark for non-covalent interactions
_ Binding Binding
AE = AByghod — AE

CCsSD(T)

4 NH, (Car)
(H,0),(Cs)

2 (HCOOH), (Can)
(CHONH,),

Uracil-Uracil (C2p)
2-Pyridoxine-2-Aminopyridine
AT (WCQ)

(CH,), (Dsa)

(C,H,); (D24)

10 Bz—CH, (C3)

11 Bz-Bz (Cgh,)

12 Pyrazine-Pyrazine (C;)

O N~ WNH

A E [kcal/mol]
(o))

Hydrogen . g
sl Mixed i 13 Uracil-Uracil (C2)
14 Indole-Bz (stacked)
10 15 AT (stacked)
16 C,H,-—-C,H, (Cav)
12 17 Bz—H,0'(Cy)
21" dRPARARPA —— T 18 Bz—NH, (C.)
EXXRPA+@dRPA --%--  Dispersion 9 B HCRI :
14 b MP2 ---m- i - (Cs)
PBE - 20 Bz-Bz (Cay)
B3LYP 21 Indole-Bz (T-shaped)

6 ‘ — L 22 Phenole-Phenole
1234567 8 910111213141516171819202122
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Directional non-covalent interactions in Ar—Br; | @ —%G o
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EXXRPA + @dRPA
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D(P :':"w:r@iDlrectlonal non-covalent interactions in Ar—Br; 1l @ %G O
CCSD(T)

B3LYP

1 kcal/mol = 0.043 eV
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Pheorcrschel DCPI

Summary

38 EXXRPA correlation functional combines accuracy at equilibrium
geometries with a correct description of dissociation (static correlation)
and a highly accurate treatment of VdW interactions

& EXXRPA correlation functional is self-interaction free

38 Self-consistent dRPA vyields qualitatively reasonable correlation potentials
in contrast to conventional KS methods

3% Promising starting point for further developments, e.g., completely
self-consistent EXXRPA method or inclusion of correlation in kernel

Orbital-dependent functionals open up fascinating new possibilities in DFT
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