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Introduction :
physical content in a GF!

!

Green’s Function formalism with 3NF

Why we need 3NF?

! Approximation for Self-Energy (Optical potential)

! Extended Koltun Sum-Rule

! What is next??

Results
Driplines in O, F, N!

”Ionization energies and affinities”!
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ψ(r, t)=〈r|α, t0, t〉 = 〈r|e− i
! H(t−t0)|α, t0, t〉 =

∫
dr′ 〈r|e− i

! H(t−t0)|r′〉 〈r′|α, t0, t〉〈0|are
− i

! H(t−t0)a†r′ |0〉

G.F.
One-body system: excitation from ”vacuum” |0〉

M-B system: propagation through an interacting |0〉!

〈0| ≡ 〈ΨN
0 | =

(quasi)particle
gαβ(t > t0)

(quasi)hole
gαβ(t0 > t)

β

βα

α

time

N+1 body
system

N-1 body
system

〈0| ≡ 〈ΨN
0 | =

t0
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One-body Green’s function (or propagator) describes the motion of quasi- 
particles and holes: 
 
 
 
 
 …this contains all the structure information probed by nucleon transfer 
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Green’s functions in many-body theory 
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FIG. 1: (Color online) Left. One of the diagrams included in the correlated self-energy, Σ̃(ω). Arrows up (down) refer to quasiparticle
(quasihole) states, the Π(ph) propagators include collective ph and charge-exchange resonances, and the gII include pairing between two

particles or two holes. The FRPA method sums analogous diagrams, with any numbers of phonons, to all orders [21, 25]. Right. Single-

particle spectral distribution for neutrons in 56Ni, obtained from FRPA. Energies above (below) EF are for transitions to excited states of
57Ni (55Ni). The quasiparticle states close to the Fermi surface are clearly visible. Integrating over r [Eq. (4)] gives the SFs reported in Tab. I.

poles give the experimental energy transfer for nucleon pickup

(knockout) to the excited states of the systems with A+1 (A-1)

particles. The propagator (2) is obtained by solving the Dyson

equation [g(ω) = g(0)(ω) + g(0)(ω) Σ"(ω) g(ω)], where

g(0)(ω) propagates a free nucleon. The information on nuclear

structure is included in the irreducible self-energy, which was

split into two contributions:

Σ"(r, r′;ω) = ΣMF (r, r′;ω) + Σ̃(r, r′;ω) . (3)

The term ΣMF (ω) includes both the nuclear mean field (MF)

and diagrams describing two-particle scattering outside the

model space, generated using a G-matrix resummation [24].

As a consequence, it acquires an energy dependence which

is induced by SRC among nucleons [23]. The second term,

Σ̃(ω), includes the LRC. In the present work, Σ̃(ω) is calcu-

lated in the so-called Faddeev random phase approximation

(FRPA) of Refs. [21, 25]. This includes diagrams for particle-

vibration coupling at all orders and with all possible vibration

modes, see Fig. 1, as well as low-energy 2p1h/2h1p configu-

rations. Particle-vibration couplings play an important role in

compressing the single-particle spectrum at the Fermi energy

to its experimental density. However, a complete configura-

tion mixing of states around the Fermi surface is still missing

and would require SM calculations.

Each spectroscopic amplitude ψA±1(r) appearing in Eq. (2)

has to be normalized to its respective SF as

Zα =

∫

dr |ψA±1α (r)|2 =
1

1 −
∂Σ"
α̂α̂
(ω)

∂ω

∣

∣

∣

∣

∣

∣

∣

∣

ω=±(EA±1α −E
A
0
)

, (4)

where Σ"
α̂α̂
(ω) ≡< ψ̂α|Σ

"(ω)|ψ̂α > is the matrix element of

the self-energy calculated for the overlap function itself but

normalized to unity (
∫

dr |ψ̂α(r)|
2 = 1). By inserting Eq. (3)

into (4), one distinguishes two contributions to the quenching

of SFs. For model spaces sufficiently large, all low-energy

physics is described by Σ̃(ω). Then, the derivative of ΣMF (ω)

accounts for the coupling to states outside the model space

and estimates the effects of SRC alone [33].

In general, the SC self-energy (3) is a functional of the one-

body propagator itself, Σ" = Σ"[g]. Hence the FRPA equa-

tions for the self-energy and the Dyson equation have to be

solved iteratively. The mean-field part, ΣMF [g], was calcu-

lated exactly in terms of the fully fragmented propagator (2).

For the FRPA, this procedurewas simplified by employing the

Σ̃[gIPM] obtained in terms of a MF-like propagator

gIPM(r, r′;ω) =
∑

n /∈F

(φn(r))
∗ φn(r

′)

ω − εIMPn + iη
+
∑

k∈F

φk(r) (φk(r
′))∗

ω − εIMP
k
− iη

,

(5)

which is updated at each iteration to approximate Eq. (2) with

a limited number of poles. Eq. (5) defines a set of undressed

single-particle states that can be taken as a basis for SM ap-

plications. This feature will be used below to estimate the im-

portance of configuration mixing effects on the quenching of

spectroscopic factors. The present calculations employed the

N3LO interaction from chiral perturbation theory [26] with a

modification of the tensor monopoles to correct for missing

three-nucleon interactions [27].

Results.— The calculated single-particle spectral function

[S 56Ni(r,ω) =
1
π
|g(r = r′;ω)|2] is shown in Fig. 1 for the case

of neutron transfer on 56Ni. This picture puts in evidence the

quasiparticle and quasihole states associated with valence or-

bits in the 0p1 f shell. The corresponding SFs are reported

in Tab. I, including both protons and neutrons. The first col-

umn is obtained by including only the derivative of ΣMF (ω)

when calculating Eq. (4). Since N3LO is rather soft com-

pared to other realistic interactions the effect of SRC is rela-

tively small. From other models one could expect a quenching

up to about 10% [16], as confirmed by recent electron scatter-

ing experiments [14, 15, 28]. This difference would not affect

sensibly the conclusions below. The complete FRPA result for

SFs is given in the second column. For the transition between

the 56Ni and 57Ni ground states, our result agrees with knock-
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all the structure information probed by one-nucleon transfer

gαβ(ω) =
∑

n

〈ΨN
0 |aα|ΨN+1

n 〉〈ΨN+1
n |a†β |ΨN

0 〉
ω − (EN+1

n − EN
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+
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n |aα|ΨN
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ω − (EN
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n ) − iη
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FIG. 1: (Color online) Left. One of the diagrams included in the correlated self-energy, Σ̃(ω). Arrows up (down) refer to quasiparticle
(quasihole) states, the Π(ph) propagators include collective ph and charge-exchange resonances, and the gII include pairing between two

particles or two holes. The FRPA method sums analogous diagrams, with any numbers of phonons, to all orders [21, 25]. Right. Single-

particle spectral distribution for neutrons in 56Ni, obtained from FRPA. Energies above (below) EF are for transitions to excited states of
57Ni (55Ni). The quasiparticle states close to the Fermi surface are clearly visible. Integrating over r [Eq. (4)] gives the SFs reported in Tab. I.

poles give the experimental energy transfer for nucleon pickup

(knockout) to the excited states of the systems with A+1 (A-1)

particles. The propagator (2) is obtained by solving the Dyson
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structure is included in the irreducible self-energy, which was

split into two contributions:
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The term ΣMF (ω) includes both the nuclear mean field (MF)

and diagrams describing two-particle scattering outside the

model space, generated using a G-matrix resummation [24].

As a consequence, it acquires an energy dependence which

is induced by SRC among nucleons [23]. The second term,

Σ̃(ω), includes the LRC. In the present work, Σ̃(ω) is calcu-

lated in the so-called Faddeev random phase approximation
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FIG. 1: (Color online) Left. One of the diagrams included in the correlated self-energy, Σ̃(ω). Arrows up (down) refer to quasiparticle
(quasihole) states, the Π(ph) propagators include collective ph and charge-exchange resonances, and the gII include pairing between two

particles or two holes. The FRPA method sums analogous diagrams, with any numbers of phonons, to all orders [21, 25]. Right. Single-

particle spectral distribution for neutrons in 56Ni, obtained from FRPA. Energies above (below) EF are for transitions to excited states of
57Ni (55Ni). The quasiparticle states close to the Fermi surface are clearly visible. Integrating over r [Eq. (4)] gives the SFs reported in Tab. I.
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structure is included in the irreducible self-energy, which was

split into two contributions:
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The term ΣMF (ω) includes both the nuclear mean field (MF)

and diagrams describing two-particle scattering outside the

model space, generated using a G-matrix resummation [24].

As a consequence, it acquires an energy dependence which

is induced by SRC among nucleons [23]. The second term,

Σ̃(ω), includes the LRC. In the present work, Σ̃(ω) is calcu-

lated in the so-called Faddeev random phase approximation

(FRPA) of Refs. [21, 25]. This includes diagrams for particle-

vibration coupling at all orders and with all possible vibration

modes, see Fig. 1, as well as low-energy 2p1h/2h1p configu-

rations. Particle-vibration couplings play an important role in

compressing the single-particle spectrum at the Fermi energy

to its experimental density. However, a complete configura-

tion mixing of states around the Fermi surface is still missing

and would require SM calculations.

Each spectroscopic amplitude ψA±1(r) appearing in Eq. (2)

has to be normalized to its respective SF as

Zα =

∫

dr |ψA±1α (r)|2 =
1
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where Σ"
α̂α̂
(ω) ≡< ψ̂α|Σ

"(ω)|ψ̂α > is the matrix element of

the self-energy calculated for the overlap function itself but

normalized to unity (
∫

dr |ψ̂α(r)|
2 = 1). By inserting Eq. (3)

into (4), one distinguishes two contributions to the quenching

of SFs. For model spaces sufficiently large, all low-energy

physics is described by Σ̃(ω). Then, the derivative of ΣMF (ω)

accounts for the coupling to states outside the model space

and estimates the effects of SRC alone [33].

In general, the SC self-energy (3) is a functional of the one-

body propagator itself, Σ" = Σ"[g]. Hence the FRPA equa-

tions for the self-energy and the Dyson equation have to be

solved iteratively. The mean-field part, ΣMF [g], was calcu-

lated exactly in terms of the fully fragmented propagator (2).

For the FRPA, this procedurewas simplified by employing the

Σ̃[gIPM] obtained in terms of a MF-like propagator

gIPM(r, r′;ω) =
∑
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which is updated at each iteration to approximate Eq. (2) with

a limited number of poles. Eq. (5) defines a set of undressed

single-particle states that can be taken as a basis for SM ap-

plications. This feature will be used below to estimate the im-

portance of configuration mixing effects on the quenching of

spectroscopic factors. The present calculations employed the

N3LO interaction from chiral perturbation theory [26] with a

modification of the tensor monopoles to correct for missing

three-nucleon interactions [27].

Results.— The calculated single-particle spectral function

[S 56Ni(r,ω) =
1
π
|g(r = r′;ω)|2] is shown in Fig. 1 for the case

of neutron transfer on 56Ni. This picture puts in evidence the

quasiparticle and quasihole states associated with valence or-

bits in the 0p1 f shell. The corresponding SFs are reported

in Tab. I, including both protons and neutrons. The first col-

umn is obtained by including only the derivative of ΣMF (ω)

when calculating Eq. (4). Since N3LO is rather soft com-

pared to other realistic interactions the effect of SRC is rela-

tively small. From other models one could expect a quenching

up to about 10% [16], as confirmed by recent electron scatter-

ing experiments [14, 15, 28]. This difference would not affect

sensibly the conclusions below. The complete FRPA result for

SFs is given in the second column. For the transition between

the 56Ni and 57Ni ground states, our result agrees with knock-
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FIG. 1: (Color online) Left. One of the diagrams included in the correlated self-energy, Σ̃(ω). Arrows up (down) refer to quasiparticle
(quasihole) states, the Π(ph) propagators include collective ph and charge-exchange resonances, and the gII include pairing between two

particles or two holes. The FRPA method sums analogous diagrams, with any numbers of phonons, to all orders [21, 25]. Right. Single-

particle spectral distribution for neutrons in 56Ni, obtained from FRPA. Energies above (below) EF are for transitions to excited states of
57Ni (55Ni). The quasiparticle states close to the Fermi surface are clearly visible. Integrating over r [Eq. (4)] gives the SFs reported in Tab. I.

poles give the experimental energy transfer for nucleon pickup

(knockout) to the excited states of the systems with A+1 (A-1)

particles. The propagator (2) is obtained by solving the Dyson

equation [g(ω) = g(0)(ω) + g(0)(ω) Σ"(ω) g(ω)], where

g(0)(ω) propagates a free nucleon. The information on nuclear

structure is included in the irreducible self-energy, which was

split into two contributions:

Σ"(r, r′;ω) = ΣMF (r, r′;ω) + Σ̃(r, r′;ω) . (3)

The term ΣMF (ω) includes both the nuclear mean field (MF)

and diagrams describing two-particle scattering outside the

model space, generated using a G-matrix resummation [24].

As a consequence, it acquires an energy dependence which

is induced by SRC among nucleons [23]. The second term,

Σ̃(ω), includes the LRC. In the present work, Σ̃(ω) is calcu-

lated in the so-called Faddeev random phase approximation

(FRPA) of Refs. [21, 25]. This includes diagrams for particle-

vibration coupling at all orders and with all possible vibration

modes, see Fig. 1, as well as low-energy 2p1h/2h1p configu-

rations. Particle-vibration couplings play an important role in

compressing the single-particle spectrum at the Fermi energy

to its experimental density. However, a complete configura-

tion mixing of states around the Fermi surface is still missing

and would require SM calculations.

Each spectroscopic amplitude ψA±1(r) appearing in Eq. (2)
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"(ω)|ψ̂α > is the matrix element of

the self-energy calculated for the overlap function itself but

normalized to unity (
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2 = 1). By inserting Eq. (3)

into (4), one distinguishes two contributions to the quenching

of SFs. For model spaces sufficiently large, all low-energy

physics is described by Σ̃(ω). Then, the derivative of ΣMF (ω)

accounts for the coupling to states outside the model space

and estimates the effects of SRC alone [33].
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which is updated at each iteration to approximate Eq. (2) with

a limited number of poles. Eq. (5) defines a set of undressed

single-particle states that can be taken as a basis for SM ap-

plications. This feature will be used below to estimate the im-

portance of configuration mixing effects on the quenching of

spectroscopic factors. The present calculations employed the

N3LO interaction from chiral perturbation theory [26] with a

modification of the tensor monopoles to correct for missing

three-nucleon interactions [27].

Results.— The calculated single-particle spectral function

[S 56Ni(r,ω) =
1
π
|g(r = r′;ω)|2] is shown in Fig. 1 for the case

of neutron transfer on 56Ni. This picture puts in evidence the

quasiparticle and quasihole states associated with valence or-

bits in the 0p1 f shell. The corresponding SFs are reported

in Tab. I, including both protons and neutrons. The first col-

umn is obtained by including only the derivative of ΣMF (ω)

when calculating Eq. (4). Since N3LO is rather soft com-

pared to other realistic interactions the effect of SRC is rela-

tively small. From other models one could expect a quenching

up to about 10% [16], as confirmed by recent electron scatter-

ing experiments [14, 15, 28]. This difference would not affect

sensibly the conclusions below. The complete FRPA result for

SFs is given in the second column. For the transition between

the 56Ni and 57Ni ground states, our result agrees with knock-
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FIG. 1: (Color online) Left. One of the diagrams included in the correlated self-energy, Σ̃(ω). Arrows up (down) refer to quasiparticle
(quasihole) states, the Π(ph) propagators include collective ph and charge-exchange resonances, and the gII include pairing between two

particles or two holes. The FRPA method sums analogous diagrams, with any numbers of phonons, to all orders [21, 25]. Right. Single-

particle spectral distribution for neutrons in 56Ni, obtained from FRPA. Energies above (below) EF are for transitions to excited states of
57Ni (55Ni). The quasiparticle states close to the Fermi surface are clearly visible. Integrating over r [Eq. (4)] gives the SFs reported in Tab. I.

poles give the experimental energy transfer for nucleon pickup

(knockout) to the excited states of the systems with A+1 (A-1)

particles. The propagator (2) is obtained by solving the Dyson

equation [g(ω) = g(0)(ω) + g(0)(ω) Σ"(ω) g(ω)], where

g(0)(ω) propagates a free nucleon. The information on nuclear

structure is included in the irreducible self-energy, which was

split into two contributions:

Σ"(r, r′;ω) = ΣMF (r, r′;ω) + Σ̃(r, r′;ω) . (3)

The term ΣMF (ω) includes both the nuclear mean field (MF)

and diagrams describing two-particle scattering outside the

model space, generated using a G-matrix resummation [24].

As a consequence, it acquires an energy dependence which

is induced by SRC among nucleons [23]. The second term,

Σ̃(ω), includes the LRC. In the present work, Σ̃(ω) is calcu-

lated in the so-called Faddeev random phase approximation

(FRPA) of Refs. [21, 25]. This includes diagrams for particle-

vibration coupling at all orders and with all possible vibration

modes, see Fig. 1, as well as low-energy 2p1h/2h1p configu-

rations. Particle-vibration couplings play an important role in

compressing the single-particle spectrum at the Fermi energy

to its experimental density. However, a complete configura-

tion mixing of states around the Fermi surface is still missing

and would require SM calculations.
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normalized to unity (
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2 = 1). By inserting Eq. (3)

into (4), one distinguishes two contributions to the quenching

of SFs. For model spaces sufficiently large, all low-energy

physics is described by Σ̃(ω). Then, the derivative of ΣMF (ω)

accounts for the coupling to states outside the model space

and estimates the effects of SRC alone [33].

In general, the SC self-energy (3) is a functional of the one-

body propagator itself, Σ" = Σ"[g]. Hence the FRPA equa-

tions for the self-energy and the Dyson equation have to be

solved iteratively. The mean-field part, ΣMF [g], was calcu-
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plications. This feature will be used below to estimate the im-
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spectroscopic factors. The present calculations employed the

N3LO interaction from chiral perturbation theory [26] with a
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7

By inserting the integral representation of the theta function and reading out the Fourier transform one obtains the
propagator in the energy representation

G11
ab(ω) =

∑

N

|cN |2
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k

〈ψN
0 |aa|ψN+1
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∗

ω − E− (N)
k − iη

(39)

where the spectroscopic amplitudes in the N -particle system are defined as

X k (N)
a ≡ 〈ψN+1

k |a†a|ψN
0 〉 , (40a)

Yk (N)
a ≡ 〈ψN−1

k |aa|ψN
0 〉 , (40b)

and the separation energies are

E+(N)
k ≡ EN+1

k − EN
0 , (41a)

E− (N)
k ≡ EN

0 − EN−1
k . (41b)

From the amplitudes (40) one defines the spectroscopic factors
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2
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interpreted, respectively, as the probabilities to add (remove) a nucleon to (from) the N-particle ground-state, while
leaving the residual nucleus in its kth excited state.
In a similar way it is possible to derive the spectral form of the other normal Green’s function

G22
ab(ω) =

∑

N

|cN |2
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k
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∗
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. (43)

These results show that it is possible to obtain, without further assumptions, an exact Lehmann representation for
the normal Gorkov propagators. Poles are present for all values of N and correspond to energy differencies between
the N -particle ground-state and the (N ± 1)-particle eigenstates. Although contributions are present for all values of
N , the strengths of such poles are weighted by the coefficients cN , resulting in a distribution which is prominently
peaked around the average particle number demanded through Eq. (16).
Let us now apply the same procedure to anomalous propagators, taking G21 as an example. One first expands the

reference states and use the Schrödinger representation (21) to obtain

G21
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At this point, unlike in the case of the normal propagator, the additional assumption (18) has to employed in order
to group the argument of the exponentials and have them multiplied by (t − t′) before inserting, as previously, a
complete set of eigenstates of Ω. In this case only the states with N + 1 particles will survive in both terms

G21
ab(t, t

′) ≈ −iθ(t− t′)
∑

N

c∗N+2cN
∑

k

e−i[EN+1
k −EN

0 −µ](t−t′) 〈ψN+2
0 |ā†a|ψN+1

k 〉〈ψN+1
k |a†b|ψ

N
0 〉

+ iθ(t′ − t)
∑

N

c∗N+2cN
∑

k

ei[E
N+1
k −EN

0 −µ](t−t′) 〈ψN+2
0 |a†b|ψ

N+1
k 〉〈ψN+1

k |ā†a|ψN
0 〉 . (45)

7

By inserting the integral representation of the theta function and reading out the Fourier transform one obtains the
propagator in the energy representation

G11
ab(ω) =

∑

N

|cN |2
∑

k

〈ψN
0 |aa|ψN+1

k 〉〈ψN+1
k |a†b|ψN

0 〉
ω − [EN+1

k − EN
0 − µ] + iη

+
∑

N

|cN |2
∑

k

〈ψN
0 |a†b|ψ

N−1
k 〉〈ψN−1

k |aa|ψN
0 〉

ω + [EN−1
k − EN

0 + µ]− iη

Gab(ω) =
∑

k

X k (N)
a

∗
X k (N)

b

ω − E+ (N)
k + iη

+
∑

k

Yk (N)
a Yk (N)

b

∗

ω − E− (N)
k − iη

(39)

where the spectroscopic amplitudes in the N -particle system are defined as

X k (N)
a ≡ 〈ψN+1

k |a†a|ψN
0 〉 , (40a)

Yk (N)
a ≡ 〈ψN−1

k |aa|ψN
0 〉 , (40b)

and the separation energies are

E+(N)
k ≡ EN+1

k − EN
0 , (41a)

E− (N)
k ≡ EN

0 − EN−1
k . (41b)

From the amplitudes (40) one defines the spectroscopic factors

SN+1
k ≡

∑

a

∣
∣〈ψN+1

k |a†a|ψN
0 〉

∣
∣
2
=

∑

a

∣
∣
∣X k (N)

a

∣
∣
∣

2
, (42a)

SN−1
k ≡

∑

a

∣
∣〈ψN−1

k |aa|ψN
0 〉

∣
∣
2
=

∑

a

∣
∣
∣Yk (N)

a

∣
∣
∣

2
, (42b)

interpreted, respectively, as the probabilities to add (remove) a nucleon to (from) the N-particle ground-state, while
leaving the residual nucleus in its kth excited state.
In a similar way it is possible to derive the spectral form of the other normal Green’s function

G22
ab(ω) =

∑

N

|cN |2
∑

k

Yk (N)
ā

∗
Yk (N)
b̄

ω + E− (N)
k + iη

+
∑

N

|cN |2
∑

k

X k (N)
ā X k (N)

b̄

∗

ω + E+(N)
k − iη

. (43)

These results show that it is possible to obtain, without further assumptions, an exact Lehmann representation for
the normal Gorkov propagators. Poles are present for all values of N and correspond to energy differencies between
the N -particle ground-state and the (N ± 1)-particle eigenstates. Although contributions are present for all values of
N , the strengths of such poles are weighted by the coefficients cN , resulting in a distribution which is prominently
peaked around the average particle number demanded through Eq. (16).
Let us now apply the same procedure to anomalous propagators, taking G21 as an example. One first expands the

reference states and use the Schrödinger representation (21) to obtain

G21
ab(t, t

′) = −i
∑

NN ′

c∗N ′cN 〈ψN ′

0 |T
{

ā†a(t)a
†
b(t

′)
}

|ψN
0 〉

= −i
∑

N

c∗N+2cN 〈ψN+2
0 |T

{

ā†a(t)a
†
b(t

′)
}

|ψN
0 〉

= −iθ(t− t′)
∑

N

c∗N+2cN 〈ψN+2
0 |ā†a(t)a

†
b(t

′)|ψN
0 〉+ iθ(t′ − t)

∑

N

c∗N+2cN 〈ψN+2
0 |a†b(t

′)ā†a(t)|ψN
0 〉

= −iθ(t− t′)
∑

N

c∗N+2cN ei[E
N+2
0 −µ(N+2)]te−i(EN

0 −µN)t′ 〈ψN+2
0 |ā†a e−iΩ(t−t′) a†b|ψ

N
0 〉

+ iθ(t′ − t)
∑

N

c∗N+2cN ei[E
N+2
0 −µ(N+2)]t′e−i(EN

0 −µN)t 〈ψN+2
0 |a†b e

iΩ(t−t′) ā†a|ψN
0 〉 . (44)

At this point, unlike in the case of the normal propagator, the additional assumption (18) has to employed in order
to group the argument of the exponentials and have them multiplied by (t − t′) before inserting, as previously, a
complete set of eigenstates of Ω. In this case only the states with N + 1 particles will survive in both terms

G21
ab(t, t

′) ≈ −iθ(t− t′)
∑

N

c∗N+2cN
∑

k

e−i[EN+1
k −EN

0 −µ](t−t′) 〈ψN+2
0 |ā†a|ψN+1

k 〉〈ψN+1
k |a†b|ψ

N
0 〉

+ iθ(t′ − t)
∑

N

c∗N+2cN
∑

k

ei[E
N+1
k −EN

0 −µ](t−t′) 〈ψN+2
0 |a†b|ψ

N+1
k 〉〈ψN+1

k |ā†a|ψN
0 〉 . (45)
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Lehmann representation

7

and one obtains

G11
ab(t, t

′) = −iθ(t− t′)
∑

N

|cN |2
∑

k

e−i[EN+1
k

−EN
0 −µ](t−t′) 〈ψN

0 |aa|ψN+1
k 〉〈ψN+1

k |a†b|ψ
N
0 〉

+ iθ(t′ − t)
∑

N

|cN |2
∑

k

ei[E
N−1
k −EN

0 +µ](t−t′) 〈ψN
0 |a†b|ψ

N−1
k 〉〈ψN−1

k |aa|ψN
0 〉 . (39)

By inserting the integral representation of the theta function and reading out the Fourier transform one obtains the
propagator in the energy representation

G11
ab(ω) =

∑

N

|cN |2
∑

k

〈ψN
0 |aa|ψN+1

k 〉〈ψN+1
k |a†b|ψN

0 〉
ω − [EN+1

k − EN
0 − µ] + iη

+
∑

N

|cN |2
∑

k

〈ψN
0 |a†b|ψ

N−1
k 〉〈ψN−1

k |aa|ψN
0 〉

ω + [EN−1
k − EN

0 + µ]− iη

Gab(ω) =
∑

k

X k (N)
a

∗
X k (N)

b

ω − E+ (N)
k + iη

+
∑

k

Yk (N)
a Yk (N)

b

∗

ω − E− (N)
k − iη

(40)

where the spectroscopic amplitudes in the N -particle system are defined as

X k (N)
a ≡ 〈ψN+1

k |a†a|ψN
0 〉 , (41a)

Yk (N)
a ≡ 〈ψN−1

k |aa|ψN
0 〉 , (41b)

and the separation energies are

E+(N)
k ≡ EN+1

k − EN
0 , (42a)

E− (N)
k ≡ EN

0 − EN−1
k . (42b)

From the amplitudes (41) one defines the spectroscopic factors

SN+1
k ≡

∑

a

∣
∣〈ψN+1

k |a†a|ψN
0 〉

∣
∣
2
=

∑

a

∣
∣
∣X k (N)

a

∣
∣
∣

2
, (43a)

SN−1
k ≡

∑

a

∣
∣〈ψN−1

k |aa|ψN
0 〉

∣
∣
2
=

∑

a

∣
∣
∣Yk (N)

a

∣
∣
∣

2
, (43b)

interpreted, respectively, as the probabilities to add (remove) a nucleon to (from) the N-particle ground-state, while
leaving the residual nucleus in its kth excited state.
In a similar way it is possible to derive the spectral form of the other normal Green’s function

G22
ab(ω) =

∑

N

|cN |2
∑

k

Yk (N)
ā

∗
Yk (N)
b̄

ω + E− (N)
k + iη

+
∑

N

|cN |2
∑

k

X k (N)
ā X k (N)

b̄

∗

ω + E+(N)
k − iη

. (44)

These results show that it is possible to obtain, without further assumptions, an exact Lehmann representation for
the normal Gorkov propagators. Poles are present for all values of N and correspond to energy differencies between
the N -particle ground-state and the (N ± 1)-particle eigenstates. Although contributions are present for all values of
N , the strengths of such poles are weighted by the coefficients cN , resulting in a distribution which is prominently
peaked around the average particle number demanded through Eq. (17).
Let us now apply the same procedure to anomalous propagators, taking G21 as an example. One first expands the

reference states and use the Schrödinger representation (22) to obtain

G21
ab(t, t

′) = −i
∑

NN ′

c∗N ′cN 〈ψN ′

0 |T
{

ā†a(t)a
†
b(t

′)
}

|ψN
0 〉

= −i
∑

N

c∗N+2cN 〈ψN+2
0 |T

{

ā†a(t)a
†
b(t

′)
}

|ψN
0 〉

= −iθ(t− t′)
∑

N

c∗N+2cN 〈ψN+2
0 |ā†a(t)a

†
b(t

′)|ψN
0 〉+ iθ(t′ − t)

∑

N

c∗N+2cN 〈ψN+2
0 |a†b(t

′)ā†a(t)|ψN
0 〉

= −iθ(t− t′)
∑

N

c∗N+2cN ei[E
N+2
0 −µ(N+2)]te−i(EN

0 −µN)t′ 〈ψN+2
0 |ā†a e−iΩ(t−t′) a†b|ψ

N
0 〉

+ iθ(t′ − t)
∑

N

c∗N+2cN ei[E
N+2
0 −µ(N+2)]t′e−i(EN

0 −µN)t 〈ψN+2
0 |a†b e

iΩ(t−t′) ā†a|ψN
0 〉 . (45)

{
Separation energies

and
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and one obtains

G11
ab(t, t

′) = −iθ(t− t′)
∑

N

|cN |2
∑

k

e−i[EN+1
k

−EN
0 −µ](t−t′) 〈ψN

0 |aa|ψN+1
k 〉〈ψN+1

k |a†b|ψ
N
0 〉

+ iθ(t′ − t)
∑

N

|cN |2
∑

k

ei[E
N−1
k −EN

0 +µ](t−t′) 〈ψN
0 |a†b|ψ

N−1
k 〉〈ψN−1

k |aa|ψN
0 〉 . (43)

By inserting the integral representation of the theta function and reading out the Fourier transform one obtains the
propagator in the energy representation

G11
ab(ω) =

∑

N

|cN |2
∑

k

〈ψN
0 |aa|ψN+1

k 〉〈ψN+1
k |a†b|ψN

0 〉
ω − [EN+1

k − EN
0 − µ] + iη

+
∑

N

|cN |2
∑

k

〈ψN
0 |a†b|ψ

N−1
k 〉〈ψN−1

k |aa|ψN
0 〉

ω + [EN−1
k − EN

0 + µ]− iη

Gab(ω) =
∑

k

X k (N)
a

∗
X k (N)

b

ω − E+ (N)
k + iη

+
∑

k

Yk (N)
a Yk (N)

b

∗

ω − E− (N)
k − iη

(44)

where the spectroscopic amplitudes in the N -particle system are defined as

X k (N)
a ≡ 〈ψN+1

k |a†a|ψN
0 〉 , (45a)

Yk (N)
a ≡ 〈ψN−1

k |aa|ψN
0 〉 , (45b)

and the separation energies are

E+ (N)
k ≡EN+1

k − EN
0 (46a)

E− (N)
k ≡EN

0 − EN−1
k (46b)

From the amplitudes (45) one defines the spectroscopic factors

SN+1
k ≡

∑

a

∣
∣〈ψN+1

k |a†a|ψN
0 〉

∣
∣
2
=

∑

a

∣
∣
∣X k (N)

a

∣
∣
∣

2
, (47a)

SN−1
k ≡

∑

a

∣
∣〈ψN−1

k |aa|ψN
0 〉

∣
∣
2
=

∑

a

∣
∣
∣Yk (N)

a

∣
∣
∣

2
, (47b)

interpreted, respectively, as the probabilities to add (remove) a nucleon to (from) the N-particle ground-state, while
leaving the residual nucleus in its kth excited state.
In a similar way it is possible to derive the spectral form of the other normal Green’s function

G22
ab(ω) =

∑

N

|cN |2
∑

k

Yk (N)
ā

∗
Yk (N)
b̄

ω + E− (N)
k + iη

+
∑

N

|cN |2
∑

k

X k (N)
ā X k (N)

b̄

∗

ω + E+(N)
k − iη

. (48)

These results show that it is possible to obtain, without further assumptions, an exact Lehmann representation for
the normal Gorkov propagators. Poles are present for all values of N and correspond to energy differencies between
the N -particle ground-state and the (N ± 1)-particle eigenstates. Although contributions are present for all values of
N , the strengths of such poles are weighted by the coefficients cN , resulting in a distribution which is prominently
peaked around the average particle number demanded through Eq. (21).
Let us now apply the same procedure to anomalous propagators, taking G21 as an example. One first expands the

reference states and use the Schrödinger representation (26) to obtain

G21
ab(t, t

′) = −i
∑

NN ′

c∗N ′cN 〈ψN ′

0 |T
{

ā†a(t)a
†
b(t

′)
}

|ψN
0 〉

= −i
∑

N

c∗N+2cN 〈ψN+2
0 |T

{

ā†a(t)a
†
b(t

′)
}

|ψN
0 〉

= −iθ(t− t′)
∑

N

c∗N+2cN 〈ψN+2
0 |ā†a(t)a

†
b(t

′)|ψN
0 〉+ iθ(t′ − t)

∑

N

c∗N+2cN 〈ψN+2
0 |a†b(t

′)ā†a(t)|ψN
0 〉

= −iθ(t− t′)
∑

N

c∗N+2cN ei[E
N+2
0 −µ(N+2)]te−i(EN

0 −µN)t′ 〈ψN+2
0 |ā†a e−iΩ(t−t′) a†b|ψ

N
0 〉

+ iθ(t′ − t)
∑

N

c∗N+2cN ei[E
N+2
0 −µ(N+2)]t′e−i(EN

0 −µN)t 〈ψN+2
0 |a†b e

iΩ(t−t′) ā†a|ψN
0 〉 . (49)
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One-body Green’s function (or propagator) describes the motion of quasi- 
particles and holes: 
 
 
 
 
 …this contains all the structure information probed by nucleon transfer 
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Green’s functions in many-body theory 

gαβ(E) =
∑

n

〈ΨA
0 |cα|Ψ

A+1
n 〉〈ΨA+1

n |c†β|Ψ
A
0 〉

E − (EA+1
n − EA

0 ) + iη
+
∑

k

〈ΨA
0 |c

†
β|Ψ

A−1
k 〉〈ΨA−1

k |cα|ΨA
0 〉

E − (EA
0 − EA−1

k )− iη
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FIG. 1: (Color online) Left. One of the diagrams included in the correlated self-energy, Σ̃(ω). Arrows up (down) refer to quasiparticle
(quasihole) states, the Π(ph) propagators include collective ph and charge-exchange resonances, and the gII include pairing between two

particles or two holes. The FRPA method sums analogous diagrams, with any numbers of phonons, to all orders [21, 25]. Right. Single-

particle spectral distribution for neutrons in 56Ni, obtained from FRPA. Energies above (below) EF are for transitions to excited states of
57Ni (55Ni). The quasiparticle states close to the Fermi surface are clearly visible. Integrating over r [Eq. (4)] gives the SFs reported in Tab. I.

poles give the experimental energy transfer for nucleon pickup

(knockout) to the excited states of the systems with A+1 (A-1)

particles. The propagator (2) is obtained by solving the Dyson

equation [g(ω) = g(0)(ω) + g(0)(ω) Σ"(ω) g(ω)], where

g(0)(ω) propagates a free nucleon. The information on nuclear

structure is included in the irreducible self-energy, which was

split into two contributions:

Σ"(r, r′;ω) = ΣMF (r, r′;ω) + Σ̃(r, r′;ω) . (3)

The term ΣMF (ω) includes both the nuclear mean field (MF)

and diagrams describing two-particle scattering outside the

model space, generated using a G-matrix resummation [24].

As a consequence, it acquires an energy dependence which

is induced by SRC among nucleons [23]. The second term,

Σ̃(ω), includes the LRC. In the present work, Σ̃(ω) is calcu-

lated in the so-called Faddeev random phase approximation

(FRPA) of Refs. [21, 25]. This includes diagrams for particle-

vibration coupling at all orders and with all possible vibration

modes, see Fig. 1, as well as low-energy 2p1h/2h1p configu-

rations. Particle-vibration couplings play an important role in

compressing the single-particle spectrum at the Fermi energy

to its experimental density. However, a complete configura-

tion mixing of states around the Fermi surface is still missing

and would require SM calculations.

Each spectroscopic amplitude ψA±1(r) appearing in Eq. (2)

has to be normalized to its respective SF as

Zα =

∫

dr |ψA±1α (r)|2 =
1

1 −
∂Σ"
α̂α̂
(ω)

∂ω

∣

∣

∣

∣

∣

∣

∣

∣

ω=±(EA±1α −E
A
0
)

, (4)

where Σ"
α̂α̂
(ω) ≡< ψ̂α|Σ

"(ω)|ψ̂α > is the matrix element of

the self-energy calculated for the overlap function itself but

normalized to unity (
∫

dr |ψ̂α(r)|
2 = 1). By inserting Eq. (3)

into (4), one distinguishes two contributions to the quenching

of SFs. For model spaces sufficiently large, all low-energy

physics is described by Σ̃(ω). Then, the derivative of ΣMF (ω)

accounts for the coupling to states outside the model space

and estimates the effects of SRC alone [33].

In general, the SC self-energy (3) is a functional of the one-

body propagator itself, Σ" = Σ"[g]. Hence the FRPA equa-

tions for the self-energy and the Dyson equation have to be

solved iteratively. The mean-field part, ΣMF [g], was calcu-

lated exactly in terms of the fully fragmented propagator (2).

For the FRPA, this procedurewas simplified by employing the

Σ̃[gIPM] obtained in terms of a MF-like propagator

gIPM(r, r′;ω) =
∑

n /∈F

(φn(r))
∗ φn(r

′)

ω − εIMPn + iη
+
∑

k∈F

φk(r) (φk(r
′))∗

ω − εIMP
k
− iη

,

(5)

which is updated at each iteration to approximate Eq. (2) with

a limited number of poles. Eq. (5) defines a set of undressed

single-particle states that can be taken as a basis for SM ap-

plications. This feature will be used below to estimate the im-

portance of configuration mixing effects on the quenching of

spectroscopic factors. The present calculations employed the

N3LO interaction from chiral perturbation theory [26] with a

modification of the tensor monopoles to correct for missing

three-nucleon interactions [27].

Results.— The calculated single-particle spectral function

[S 56Ni(r,ω) =
1
π
|g(r = r′;ω)|2] is shown in Fig. 1 for the case

of neutron transfer on 56Ni. This picture puts in evidence the

quasiparticle and quasihole states associated with valence or-

bits in the 0p1 f shell. The corresponding SFs are reported

in Tab. I, including both protons and neutrons. The first col-

umn is obtained by including only the derivative of ΣMF (ω)

when calculating Eq. (4). Since N3LO is rather soft com-

pared to other realistic interactions the effect of SRC is rela-

tively small. From other models one could expect a quenching

up to about 10% [16], as confirmed by recent electron scatter-

ing experiments [14, 15, 28]. This difference would not affect

sensibly the conclusions below. The complete FRPA result for

SFs is given in the second column. For the transition between

the 56Ni and 57Ni ground states, our result agrees with knock-
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Shear viscosity with CBF
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PNS dynamical evolution with BHF
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By inserting the integral representation of the theta function and reading out the Fourier transform one obtains the
propagator in the energy representation
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where the spectroscopic amplitudes in the N -particle system are defined as

X k (N)
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k |a†a|ψN
0 〉 , (40a)
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From the amplitudes (40) one defines the spectroscopic factors
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interpreted, respectively, as the probabilities to add (remove) a nucleon to (from) the N-particle ground-state, while
leaving the residual nucleus in its kth excited state.
In a similar way it is possible to derive the spectral form of the other normal Green’s function
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ā X k (N)

b̄

∗

ω + E+(N)
k − iη

. (43)

These results show that it is possible to obtain, without further assumptions, an exact Lehmann representation for
the normal Gorkov propagators. Poles are present for all values of N and correspond to energy differencies between
the N -particle ground-state and the (N ± 1)-particle eigenstates. Although contributions are present for all values of
N , the strengths of such poles are weighted by the coefficients cN , resulting in a distribution which is prominently
peaked around the average particle number demanded through Eq. (16).
Let us now apply the same procedure to anomalous propagators, taking G21 as an example. One first expands the

reference states and use the Schrödinger representation (21) to obtain
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0 |ā†a(t)a

†
b(t

′)|ψN
0 〉+ iθ(t′ − t)

∑

N

c∗N+2cN 〈ψN+2
0 |a†b(t
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At this point, unlike in the case of the normal propagator, the additional assumption (18) has to employed in order
to group the argument of the exponentials and have them multiplied by (t − t′) before inserting, as previously, a
complete set of eigenstates of Ω. In this case only the states with N + 1 particles will survive in both terms
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By inserting the integral representation of the theta function and reading out the Fourier transform one obtains the
propagator in the energy representation
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where the spectroscopic amplitudes in the N -particle system are defined as
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interpreted, respectively, as the probabilities to add (remove) a nucleon to (from) the N-particle ground-state, while
leaving the residual nucleus in its kth excited state.
In a similar way it is possible to derive the spectral form of the other normal Green’s function
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These results show that it is possible to obtain, without further assumptions, an exact Lehmann representation for
the normal Gorkov propagators. Poles are present for all values of N and correspond to energy differencies between
the N -particle ground-state and the (N ± 1)-particle eigenstates. Although contributions are present for all values of
N , the strengths of such poles are weighted by the coefficients cN , resulting in a distribution which is prominently
peaked around the average particle number demanded through Eq. (16).
Let us now apply the same procedure to anomalous propagators, taking G21 as an example. One first expands the

reference states and use the Schrödinger representation (21) to obtain
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At this point, unlike in the case of the normal propagator, the additional assumption (18) has to employed in order
to group the argument of the exponentials and have them multiplied by (t − t′) before inserting, as previously, a
complete set of eigenstates of Ω. In this case only the states with N + 1 particles will survive in both terms
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and one obtains
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By inserting the integral representation of the theta function and reading out the Fourier transform one obtains the
propagator in the energy representation
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where the spectroscopic amplitudes in the N -particle system are defined as
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From the amplitudes (41) one defines the spectroscopic factors
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interpreted, respectively, as the probabilities to add (remove) a nucleon to (from) the N-particle ground-state, while
leaving the residual nucleus in its kth excited state.
In a similar way it is possible to derive the spectral form of the other normal Green’s function

G22
ab(ω) =

∑

N

|cN |2
∑

k

Yk (N)
ā
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These results show that it is possible to obtain, without further assumptions, an exact Lehmann representation for
the normal Gorkov propagators. Poles are present for all values of N and correspond to energy differencies between
the N -particle ground-state and the (N ± 1)-particle eigenstates. Although contributions are present for all values of
N , the strengths of such poles are weighted by the coefficients cN , resulting in a distribution which is prominently
peaked around the average particle number demanded through Eq. (17).
Let us now apply the same procedure to anomalous propagators, taking G21 as an example. One first expands the

reference states and use the Schrödinger representation (22) to obtain
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By inserting the integral representation of the theta function and reading out the Fourier transform one obtains the
propagator in the energy representation
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where the spectroscopic amplitudes in the N -particle system are defined as
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interpreted, respectively, as the probabilities to add (remove) a nucleon to (from) the N-particle ground-state, while
leaving the residual nucleus in its kth excited state.
In a similar way it is possible to derive the spectral form of the other normal Green’s function
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These results show that it is possible to obtain, without further assumptions, an exact Lehmann representation for
the normal Gorkov propagators. Poles are present for all values of N and correspond to energy differencies between
the N -particle ground-state and the (N ± 1)-particle eigenstates. Although contributions are present for all values of
N , the strengths of such poles are weighted by the coefficients cN , resulting in a distribution which is prominently
peaked around the average particle number demanded through Eq. (21).
Let us now apply the same procedure to anomalous propagators, taking G21 as an example. One first expands the

reference states and use the Schrödinger representation (26) to obtain
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Fixing the low-energy constants of a chiral 3NF 
Leading terms at order N2LO [van Kolck (1994), Epelbaum et al (2002)] 

c-terms                  D                        E 

c-terms (from pion-nucleon scattering) still with considerable uncertainties  

Low-energy coefficients D and E of contact terms from A>2 nuclei  

[P. Navratil, V. G. Gueorguiev, J. P. Vary, W. E. Ormand, and A. Nogga, Phys. Rev. Lett. 99, 042501 (2007)]   

Structure of A ! 10–13 Nuclei with Two- Plus Three-Nucleon Interactions
from Chiral Effective Field Theory

P. Navrátil,1 V. G. Gueorguiev,1,* J. P. Vary,1,2 W. E. Ormand,1 and A. Nogga3
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3Forschungszentrum Jülich, Institut für Kernphysik (Theorie), D-52425 Jülich, Germany
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Properties of finite nuclei are evaluated with two-nucleon (NN) and three-nucleon (NNN) interactions
derived within chiral effective field theory. The nuclear Hamiltonian is fixed by properties of the A ! 2
system, except for two low-energy constants (LECs) that parametrize the short range NNN interaction,
which we constrain with the A ! 3 binding energies. We investigate the sensitivity of 4He, 6Li, 10;11B, and
12;13C properties to the variation of the constrained LECs. We identify observables that are sensitive to this
variation and find preferred values that give the best overall description. We demonstrate that the NNN
interaction terms significantly improve the binding energies and spectra of mid-p-shell nuclei not just with
the preferred choice of the LECs but even within a wide range of the constrained LECs. We find that a very
high quality description of these nuclei requires further improvements to the chiral Hamiltonian.

DOI: 10.1103/PhysRevLett.99.042501 PACS numbers: 21.60.Cs, 21.30.Fe, 27.20.+n

The nuclear strong interaction has proven to be compli-
cated and replete with ambiguities. However, chiral per-
turbation theory (ChPT) [1] provides a promising bridge to
the underlying theory, QCD, that could remove ambigu-
ities. Beginning with the pionic or the nucleon-pion system
[2], one works consistently with systems of increasing
nucleon number [3–5]. One makes use of spontaneous
breaking of chiral symmetry to systematically expand the
strong interaction in terms of a generic small momentum
and takes the explicit breaking of chiral symmetry into
account by expanding in the pion mass. Thereby, the NN
interaction, the NNN interaction, and also !N scattering
are related to each other. At the same time, the pion mass
dependence of the interaction is known, which will enable
a connection to lattice QCD calculations in the future [6].
Nuclear interactions are nonperturbative, because dia-
grams with purely nucleonic intermediate states are en-
hanced [1]. Therefore, the ChPT expansion is performed
for the potential. Solving the Schrödinger equation for this
potential then automatically sums diagrams with purely
nucleonic intermediate states to all orders. Up to the
fourth- or next-to-next-to-next-to-leading order (N3LO)
of the ChPT, all the low-energy constants (LECs) can be
determined by the A ! 2 data with the exception of two
LECs that must be fitted to properties of A> 2 systems.
The resulting Hamiltonian predicts all other nuclear prop-
erties, including those of heavier nuclei. We demonstrate
that this reductive program works to predict the properties
on mid-p-shell nuclei with increasing accuracy when the
NNN interaction is included.

We adopt the potentials of ChPT at the orders presently
available; the NN at N3LO of Ref. [7] and the NNN
interaction at N2LO [8]. Since the NN interaction is non-
local, the ab initio no-core shell model (NCSM) [9–11] is
the only approach currently available to solve the resulting

many-body Schrödinger equation for mid-p-shell nuclei.
In this Letter, we use the NCSM to evaluate binding
energies, spectra, and other observables for 6Li, 10;11B,
and 12;13C. We also present our results for the s-shell nuclei
3H, 3He, and 4He. We use the A ! 3 binding energies to
constrain the two unknown LECs of the NNN contact
terms, cD and cE [12]. cD (cE) is the strength of the
NN-!-N (NNN) contact term; see diagrams in Fig. 1.
Their determination from three-nucleon scattering data is
difficult due to a correlation of the 3H binding energy and,
e.g., the nd doublet scattering length [8] and, in general,
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FIG. 1 (color online). Relations between cD and cE for which
the binding energy of 3H (8.482 MeV) and 3He (7.718 MeV) are
reproduced. (a) 4He ground-state energy along the averaged
curve. (b) 4He charge radius rc along the averaged curve.
Dotted lines represent the rc uncertainty due to the uncertainties
in the proton charge radius.
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showing deviations below 1%. For! ¼ 0:08 fm4 the NO2B
approximation yields "310ð2Þ MeV and "472ð1Þ MeV
as compared to "309ð1Þ MeV and "468ð1Þ MeV for the
Nmax ¼ 8 ground-state energy with the exact NN þ
3N-induced and NN þ 3N-full Hamiltonians, respectively.

For a comprehensive picture of its anatomy, we analyze
the expectation values of the 3N interaction at different
levels of the NOnB approximation using IT-NCSM eigen-
states obtained with the exact 3N interaction for 4He, 16O,
and 40Ca for fixed Nmax. Figure 2 summarizes these expec-
tation values of the 3N interaction for a set of NN þ
3N-induced and NN þ 3N-full Hamiltonians. For 16O
and 40Ca a similar pattern emerges: The NO2B approxi-
mation does reproduce the expectation value of the exact
3N interaction very well, both for the NN þ 3N-induced
and the NN þ 3N-full Hamiltonian. The pattern observed
for the sequence of NOnB approximations is different for
both types of Hamiltonians. For NN þ 3N-induced the 1B
and 2B contributions of the normal-ordered Hamiltonian
have opposite sign, with the 1B contribution being signifi-
cantly larger, whereas for the NN þ 3N-full Hamiltonian
the 1B and 2B contributions are both attractive and of
similar size. In all cases the 0B contribution is the largest
and overestimates the exact 3N expectation value. For 4He
the pattern is different. The 0B term does not provide the
largest contribution and underestimates the 3N expectation
value. The signs and relative sizes of the 1B and 2B terms
again depend on the Hamiltonian, and the NO2B approxi-
mation still shows a sizable deviation from the exact 3N
expectation value, contrary to the single example presented
in Ref. [8].

This case study shows that there is no universal pattern
and no hierarchy in the individual NOnB contributions.
The size of the individual terms and also the deviation of
the NO2B approximation from the exact 3N result depends
on the Hamiltonian, the nucleus, and the oscillator fre-
quency. Nonetheless, the 3N expectation values in Fig. 2
and the ground-state energies in Fig. 1 demonstrate that the
NO2B approximation works very well beyond the lightest
nuclei.
Application in coupled-cluster theory.—After validating

the NO2B approximation, we are now applying it in ground-
state calculations for heavier closed-shell nuclei in the
framework of the coupled-cluster method. Coupled-cluster
theory is a natural framework since normal-ordering of the
Hamiltonian with respect to a reference state is inherent to
the formulation of the approach. We have developed an
efficient coupled-cluster code using the J-coupled scheme
discussed in Ref. [23], which enables us to go to very large
model spaces. We limit ourselves to coupled cluster with
singles and doubles excitations (CCSD), which has been
shown to be a good approximation for soft SRG-evolved
interactions [23]. An additional approximation present in
the CCSD calculations for technical reasons is a truncation
of the 3N matrix elements entering the NO2B to harmonic-
oscillator principal quantum numbers e1 þ e2 þ e3 &
E3max ¼ 14.
In a first step, we confront the CCSD results for 16O

with the previous IT-NCSM results, both using the NO2B
approximation. Figure 3 shows the convergence of the
ground-state energies in both methods using the NN þ
3N-induced and NN þ 3N-full Hamiltonian. We observe
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FIG. 2 (color online). Anatomy of the NOnB approximation of
the ground-state energies of 4He, 16O, and 40Ca. The bar charts
show the expectation values of the 3N interaction computed at
different levels of the normal-ordering approximation, i.e.,
NO0B, NO1B, NO2B, and exact 3N. We employ the NN þ
3N-induced and NN þ 3N-full Hamiltonians, each with two
values of ! (see labels). We use the eigenstates obtained for
the exact 3N interaction in Nmax ¼ 10 for 4He and 16O and
Nmax ¼ 8 for 40Ca, all at @! ¼ 20 MeV.
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Elements of Green Function theory

FADDEEV RANDOM-PHASE APPROXIMATION FOR MOLECULES PHYSICAL REVIEW A 83, 042517 (2011)

TABLE I. FRPA results for a set of small molecules in a cc-pVDZ basis set. The ground-state energy E0 is given in hartree, the ionization
energy I in electronvolt, equilibrium bond distances are in Angstrom, and the equilibrium angles in degrees. FRPA and FTDA refer to the
calculations after the first iteration, while FRPA(c) and FTDA(c) refer to the calculations where consistency at the Hartree-Fock level was
applied. The calculated data are compared to the coupled-cluster method at the level of CCSD(T) and to experimental data or exact calculations
taken from Ref. [27]. The FCI energies were calculated at the FRPA(c) geometry.

Molecule FTDA FTDA(c) FRPA FRPA(c) CCSD(T) FCI Expt.

H2

E0 −1.170 −1.161 −1.170 −1.161 −1.164 −1.164 −1.175
rH−H 0.769 0.757 0.770 0.757 0.761 0.741

I 16.16 16.03 16.16 16.03 16.12 16.08
HF

E0 −100.175 −100.224 −100.173 −100.228 −100.228 −100.231
rH−F 0.904 0.916 0.897 0.913 0.920 0.917
I 15.70 15.70 15.56 15.54 15.42 16.12

HCl
E0 −460.295 −460.256 −460.293 −460.255 −460.254

rH−Cl 1.314 1.297 1.314 1.293 1.290 1.275
I 12.44 12.24 12.44 12.24 12.26

BF
E0 −124.331 −124.365 −124.332 −124.368 −124.380

rB−F 1.285 1.284 1.305 1.285 1.295 1.267
I 11.35 10.75 11.73 10.94 11.01

BeH2

E0 −15.855 −15.831 −15.856 −15.832 −15.835 −15.836
rBe−H 1.374 1.337 1.383 1.337 1.339 1.340

I 11.89 11.78 11.84 11.76 11.89
H2O

E0 −76.248 −76.240 −76.243 −76.236 −76.241
rH−O 0.986 0.964 0.981 0.962 0.967 0.958

!O−H−O 101 102 100 102 102 104
I 12.07 12.15 12.25 12.21 11.94 12.61

N2

E0 −109.258 −109.272 −109.276
rN−N 1.104 1.106 1.119 1.098

I 15.37 14.80 15.05 15.58
CO

E0 −113.096 −113.037 −113.100 −113.048 −113.055
rC−O 1.140 1.130 1.133 1.123 1.145 1.128

I 14.39 13.69 14.23 14.44 13.64 14.01
CO2

E0 −188.139 −188.134 −188.148
rC−O 1.162 1.162 1.175 1.162

I 13.25 13.42 13.26 13.78
C2H2

E0 −77.102 −77.093 −77.111
rC−C 1.298 1.298 1.232 1.203
rC−H 1.083 1.080 1.081 1.063

I 11.26 11.14 11.08 11.49

has to be included in the construction of the matrix F in
Eq. (35):

εα,β = 〈α|T |β〉 +
∑

γ ,δ

〈αγ |V |βδ〉nγ ,δ. (39)

The implementation of this self-consistency will be indicated
with a (c) attached to the method [FRPA(c), FTDA(c)]. Note
that, both in FRPA and ADC(3), this partially self-consistent
treatment is needed to include all static self-energy diagrams
up to third order.

III. RESULTS AND DISCUSSION

The FRPA method is tested for a set of small molecules and
its accuracy is evaluated by comparing to the ADC(3) method
and to coupled-cluster calculations with single, double,
and perturbative triple [CCSD(T)] excitations. The latter
method should be of a comparable level of theory as both
the ADC(3) and FRPA. Where possible, the comparison
with full configuration interaction (FCI) and experimental
results (or computational basis-set limits) [27–29] is also
made.

042517-5

M. Degroote, D. Van Neck and C. Barbieri, Phys. Rev. A 83, 042517 (2011)

!Accuracy of many-body truncation in FTDA approach
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!

SRG evolution of NN + 3NF 

(more 3NF also arise naturally at N2LO – esp Fujita-Miyazawa)!

duced many-body forces can be directly identified. Having
chosen such a basis, we obtain coupled first-order differ-
ential equations for the matrix elements of the flowing
Hamiltonian H!, where the right side of Eq. (2) is eval-
uated using simple matrix multiplications.

Our calculations are performed in the Jacobi coordinate
harmonic oscillator (HO) basis of the no-core shell model
(NCSM) [14]. This is a translationally invariant, antisym-
metric basis for each A, with a complete set of states up to a
maximum excitation of Nmax@! above the minimum en-
ergy configuration, where ! is the harmonic oscillator
parameter. The procedures used here build directly on
Ref. [13], which presents a one-dimensional implementa-
tion of our approach along with a general analysis of the
evolving many-body hierarchy.

We start by evolving H! in the A ¼ 2 subsystem, which

completely fixes the two-body matrix elements hVð2Þ
! i.

Next, by evolving H! in the A ¼ 3 subsystem we deter-
mine the combined two-plus-three-body matrix elements.
We can isolate the three-body matrix elements by subtract-

ing the evolved hVð2Þ
! i elements in the A ¼ 3 basis [13].

Having obtained the separate NN and NNN matrix ele-
ments, we can apply them unchanged to any nucleus. We
are also free to include any initial three-nucleon force in
the initial Hamiltonian without changing the procedure. If
applied to A $ 4, four-body (and higher) forces will not be
included and so the transformations will be only approxi-
mately unitary. The questions to be addressed are whether
the decreasing hierarchy of many-body forces is main-
tained and whether the induced four-body contribution is
unnaturally large. We summarize in Table I the different
calculations to be made for 3H and 4He to confront these
questions.

The initial (! ¼ 1) NN potential used here is the
500 MeV N3LO interaction from Ref. [15]. The initial
NNN potential is the N2LO interaction [16] in the local
form of Ref. [17] with constants fit to the average of triton
and 3He binding energies and to triton beta decay accord-
ing to Ref. [18]. We expect similar results from other initial
interactions because the SRG drives them toward near
universal form; a survey will be given in Ref. [19].
NCSM calculations with these initial interactions and the
parameter set in Table I of Ref. [18] yield energies of
%8:473ð4Þ MeV for 3H and%28:50ð2Þ MeV for 4He com-
pared with %8:482 MeV and %28:296 MeV from experi-
ment, respectively. So there is a 20 keV uncertainty in the
calculation of 4He from incomplete convergence and a
200 keV discrepancy with experiment. The latter is con-
sistent with the omission of three- and four-body chiral

interactions at N3LO. These provide a scale for assessing
whether induced four-body contributions are important
compared to other uncertainties.
In Fig. 1, the ground-state energy of the triton is plotted

as a function of the flow parameter !. Evolution is from
! ¼ 1, which is the initial (or ‘‘bare’’) interaction, toward
! ¼ 0. We use Nmax ¼ 36 and @! ¼ 28 MeV, for which
all energies are converged to better than 10 keV. We first
consider an NN interaction with no initial NNN (‘‘NN
only’’). If H! is evolved only in an A ¼ 2 system, higher-
body induced pieces are lost. The resulting energy calcu-
lations will only be approximately unitary for A > 2 and
the ground-state energy will vary with ! (squares).
Keeping the inducedNNN yields a flat line (circles), which
implies an exactly unitary transformation; the line is
equally flat if an initial NNN is included (diamonds).
Note that the net induced three-body is comparable to the
initial NNN contribution and thus is of natural size.
In Fig. 2, we examine the SRG evolution in ! for 4He

with @! ¼ 36 MeV. The hVð2Þ
! i and hVð3Þ

! i matrix elements
were evolved inA ¼ 2 and A ¼ 3withNmax ¼ 28 and then
truncated to Nmax ¼ 18 at each ! to diagonalize 4He. The
NN-only curve has a similar shape as for the triton. In fact,
this pattern of variation has been observed in all SRG
calculations of light nuclei [3]. When the induced NNN
is included, the evolution is close to unitary and the pattern

TABLE I. Definitions of the various calculations.

NN only No initial NNN interaction and do not keep NNN-induced interaction.
NN þ NNN-induced No initial NNN interaction but keep the SRG-induced NNN interaction.
NN þ NNN Include an initial NNN interaction and keep the SRG-induced NNN interaction.
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FIG. 1 (color online). Ground-state energy of 3H as a function
of the SRG evolution parameter, !. See Table I for the nomen-
clature of the curves.
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082501-2 only depends slightly on an initial NNN interaction. In
both cases the dotted line represents the converged value
for the initial Hamiltonian. At large !, the discrepancy is
due to a lack of convergence at Nmax ¼ 18, but at !<
3 fm"1 SRG decoupling takes over and the discrepancy is
due to short-range induced four-body forces, which there-
fore contribute about 50 keV net at ! ¼ 2 fm"1. This is
small compared to the rough estimate in Ref. [20] that the
contribution from the long-ranged part of the N3LO four-
nucleon force to 4He binding is of order of a few hundred
keV. If needed, we could evolve 4-body matrix elements in
A ¼ 4 and will do so when nuclear structure codes can
accommodate them.

In Fig. 3, we show the triton ground-state energy as a
function of the oscillator basis size, Nmax, for various
calculations. The lower (upper) curves are with (without)
an initial three-body force (see Table I). The convergence
of the bare interaction is compared with the SRG evolved
to ! ¼ 2:0 fm"1. The oscillator parameter @! in each case
was chosen roughly to optimize the convergence of each
Hamiltonian. (As ! decreases, so does the optimal @!.) We
also compare to a Lee-Suzuki (LS) effective interaction,
which has been used in the NCSM to greatly improve
convergence [21,22]. These effective interactions result
from unitary transformations within the model space of a
given nucleus, in contrast to the free-space transformation
of the SRG, which yields nucleus-independent matrix
elements.

The SRG calculations are variational and converge
smoothly and rapidly from above with or without an initial
three-body force. The dramatic improvement in conver-
gence rate compared to the initial interaction is seen even
though the "EFT interaction is relatively soft. Thus, once

evolved, a much smaller Nmax basis is adequate for a
desired accuracy and extrapolating in Nmax is also feasible.
Figure 4 illustrates for 4He the same rapid convergence

with Nmax of an SRG-evolved interaction. However, in this
case the asymptotic value of the energy differs slightly
because of the omitted induced four-body contribution.
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of the basis size Nmax for an N3LO NN interaction [15] with and
without an initial NNN interaction [1,18]. Unevolved (‘‘bare’’)
and Lee-Suzuki (LS) results with @! ¼ 28 MeV are compared
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2 4 6 8 10 12 14 16 18 20 22
Nmax

−30

−29

−28

−27

−26

E
 [M

eV
]

bare (36)
LS (36)
LS (28)
SRG (2.0/36)
SRG (2.0/28)

8 10 12 14 16 18 20
−28.5

−28.4

bare (36)
LS (36)
LS (28)
SRG (2.0/36)
SRG (2.0/28)

4
He

NN + NNN
N

3
LO (500 MeV)

FIG. 4 (color online). Ground-state energy of 4He as a function
of the basis size Nmax for an N3LO NN interaction [15] with an
initial NNN interaction [1,18]. Unevolved (bare) results are
compared with Lee-Suzuki (LS) and SRG evolved to ! ¼
2:0 fm"1 at @! ¼ 28 and 36 MeV.

1 2 3 4 5 10 20

λ [fm
−1

]

−29

−28

−27

−26

−25

−24

G
ro

un
d-

St
at

e 
E

ne
rg

y 
[M

eV
]

NN-only
NN+NNN-induced
+NNN-initial

4
He N

3
LO (500 MeV)

Expt.

FIG. 2 (color online). Ground-state energy of 4He as a function
of the SRG evolution parameter, !. See Table I for the nomen-
clature of the curves.

PRL 103, 082501 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending

21 AUGUST 2009

082501-3

"#$!%$!&'()*+,-+.!/$!012(345.!6$!&$!7'(+,8195!!

/9:,$!6*2$!;*<$!=>?.!>@AB>=!CA>>DEF!
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(more 3NF also arise naturally at N2LO – esp Fujita-Miyazawa)!

duced many-body forces can be directly identified. Having
chosen such a basis, we obtain coupled first-order differ-
ential equations for the matrix elements of the flowing
Hamiltonian H!, where the right side of Eq. (2) is eval-
uated using simple matrix multiplications.

Our calculations are performed in the Jacobi coordinate
harmonic oscillator (HO) basis of the no-core shell model
(NCSM) [14]. This is a translationally invariant, antisym-
metric basis for each A, with a complete set of states up to a
maximum excitation of Nmax@! above the minimum en-
ergy configuration, where ! is the harmonic oscillator
parameter. The procedures used here build directly on
Ref. [13], which presents a one-dimensional implementa-
tion of our approach along with a general analysis of the
evolving many-body hierarchy.

We start by evolving H! in the A ¼ 2 subsystem, which

completely fixes the two-body matrix elements hVð2Þ
! i.

Next, by evolving H! in the A ¼ 3 subsystem we deter-
mine the combined two-plus-three-body matrix elements.
We can isolate the three-body matrix elements by subtract-

ing the evolved hVð2Þ
! i elements in the A ¼ 3 basis [13].

Having obtained the separate NN and NNN matrix ele-
ments, we can apply them unchanged to any nucleus. We
are also free to include any initial three-nucleon force in
the initial Hamiltonian without changing the procedure. If
applied to A $ 4, four-body (and higher) forces will not be
included and so the transformations will be only approxi-
mately unitary. The questions to be addressed are whether
the decreasing hierarchy of many-body forces is main-
tained and whether the induced four-body contribution is
unnaturally large. We summarize in Table I the different
calculations to be made for 3H and 4He to confront these
questions.

The initial (! ¼ 1) NN potential used here is the
500 MeV N3LO interaction from Ref. [15]. The initial
NNN potential is the N2LO interaction [16] in the local
form of Ref. [17] with constants fit to the average of triton
and 3He binding energies and to triton beta decay accord-
ing to Ref. [18]. We expect similar results from other initial
interactions because the SRG drives them toward near
universal form; a survey will be given in Ref. [19].
NCSM calculations with these initial interactions and the
parameter set in Table I of Ref. [18] yield energies of
%8:473ð4Þ MeV for 3H and%28:50ð2Þ MeV for 4He com-
pared with %8:482 MeV and %28:296 MeV from experi-
ment, respectively. So there is a 20 keV uncertainty in the
calculation of 4He from incomplete convergence and a
200 keV discrepancy with experiment. The latter is con-
sistent with the omission of three- and four-body chiral

interactions at N3LO. These provide a scale for assessing
whether induced four-body contributions are important
compared to other uncertainties.
In Fig. 1, the ground-state energy of the triton is plotted

as a function of the flow parameter !. Evolution is from
! ¼ 1, which is the initial (or ‘‘bare’’) interaction, toward
! ¼ 0. We use Nmax ¼ 36 and @! ¼ 28 MeV, for which
all energies are converged to better than 10 keV. We first
consider an NN interaction with no initial NNN (‘‘NN
only’’). If H! is evolved only in an A ¼ 2 system, higher-
body induced pieces are lost. The resulting energy calcu-
lations will only be approximately unitary for A > 2 and
the ground-state energy will vary with ! (squares).
Keeping the inducedNNN yields a flat line (circles), which
implies an exactly unitary transformation; the line is
equally flat if an initial NNN is included (diamonds).
Note that the net induced three-body is comparable to the
initial NNN contribution and thus is of natural size.
In Fig. 2, we examine the SRG evolution in ! for 4He

with @! ¼ 36 MeV. The hVð2Þ
! i and hVð3Þ

! i matrix elements
were evolved inA ¼ 2 and A ¼ 3withNmax ¼ 28 and then
truncated to Nmax ¼ 18 at each ! to diagonalize 4He. The
NN-only curve has a similar shape as for the triton. In fact,
this pattern of variation has been observed in all SRG
calculations of light nuclei [3]. When the induced NNN
is included, the evolution is close to unitary and the pattern

TABLE I. Definitions of the various calculations.

NN only No initial NNN interaction and do not keep NNN-induced interaction.
NN þ NNN-induced No initial NNN interaction but keep the SRG-induced NNN interaction.
NN þ NNN Include an initial NNN interaction and keep the SRG-induced NNN interaction.
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082501-2 only depends slightly on an initial NNN interaction. In
both cases the dotted line represents the converged value
for the initial Hamiltonian. At large !, the discrepancy is
due to a lack of convergence at Nmax ¼ 18, but at !<
3 fm"1 SRG decoupling takes over and the discrepancy is
due to short-range induced four-body forces, which there-
fore contribute about 50 keV net at ! ¼ 2 fm"1. This is
small compared to the rough estimate in Ref. [20] that the
contribution from the long-ranged part of the N3LO four-
nucleon force to 4He binding is of order of a few hundred
keV. If needed, we could evolve 4-body matrix elements in
A ¼ 4 and will do so when nuclear structure codes can
accommodate them.

In Fig. 3, we show the triton ground-state energy as a
function of the oscillator basis size, Nmax, for various
calculations. The lower (upper) curves are with (without)
an initial three-body force (see Table I). The convergence
of the bare interaction is compared with the SRG evolved
to ! ¼ 2:0 fm"1. The oscillator parameter @! in each case
was chosen roughly to optimize the convergence of each
Hamiltonian. (As ! decreases, so does the optimal @!.) We
also compare to a Lee-Suzuki (LS) effective interaction,
which has been used in the NCSM to greatly improve
convergence [21,22]. These effective interactions result
from unitary transformations within the model space of a
given nucleus, in contrast to the free-space transformation
of the SRG, which yields nucleus-independent matrix
elements.

The SRG calculations are variational and converge
smoothly and rapidly from above with or without an initial
three-body force. The dramatic improvement in conver-
gence rate compared to the initial interaction is seen even
though the "EFT interaction is relatively soft. Thus, once

evolved, a much smaller Nmax basis is adequate for a
desired accuracy and extrapolating in Nmax is also feasible.
Figure 4 illustrates for 4He the same rapid convergence

with Nmax of an SRG-evolved interaction. However, in this
case the asymptotic value of the energy differs slightly
because of the omitted induced four-body contribution.
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FIG. 3 (color online). Ground-state energy of 3H as a function
of the basis size Nmax for an N3LO NN interaction [15] with and
without an initial NNN interaction [1,18]. Unevolved (‘‘bare’’)
and Lee-Suzuki (LS) results with @! ¼ 28 MeV are compared
with SRG at @! ¼ 20 MeV evolved to ! ¼ 2:0 fm"1.
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of the basis size Nmax for an N3LO NN interaction [15] with an
initial NNN interaction [1,18]. Unevolved (bare) results are
compared with Lee-Suzuki (LS) and SRG evolved to ! ¼
2:0 fm"1 at @! ¼ 28 and 36 MeV.
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Two and Three-Body interactions

!Universal low-k physics unchanged Decoupling low -k and high-k!

!λ quenching SF ∼ 5%

We use χPT potential evolved through SRG

H̃ = U †(λ)H U(λ) = T̃ (λ) + Ṽ 2N (λ) + W̃ 3N (λ) + . . .
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2

matrix, Eq. (1),

Ũαβ = Uαβ + Vαγ,βδρδγ +
1
2

Wαγδ,βµν ρµγ ρνδ , (3)

Ṽαβ,γδ = Vαβ,γδ +Wαβµ,γδν ρνµ . (4)

where all matrix elements are properly antisymmetrized and
summation over repeated indices are implied here and in the
following. The resulting Hamiltonian, H̃ = Ũ + Ṽ +W, can be
proved to lead to the same Green function (1) for the original
hamiltonian with the caveat that only interaction irreducible
must be retained in their diagrammatic expansion [16]1. Equa-
tions (3) and (4) generalize the idea of normal ordering of the
Hamiltonian to fully correlated densities. In the following we
retain only the Ũ and Ṽ terms and discard diagrams with ex-
plicit interaction irreducible 3NF terms. This approximation
has been proven to be negligible for the present hamiltoni-
ans in [17, 18] 2. The single-particle propagator gαβ(ω) can
then be calculated for finite closed-shell nuclei by exploiting
the effective one- and two- body interactions with the already
available two-body formalism.

We first solve the spherical Hartree-Fock (HF) equations
for the full Hamiltonian within the given model space. The re-
sulting propagator, gHF

αβ (ω), is then used as a reference state to
calculate the energy-dependent contribution to the self-energy.
We employ the third-order algebraic diagrammatic construc-
tion [ADC(3)] method [19, 20] and write the self-energy as

Σ(αβ(ω) =Σ∞αβ + Σ
′
αβ(ω) (5)

=Ũαβ +Cαn

[
1

ω −M

]

n n′
C†n′β + Dαk

[
1

ω −N

]

k k′
D†k′β ,

where M (N) are interaction matrices in the 2h1p (2p1h) space
and C (D) are the corresponding coupling strength to the sin-
gle particle states. In the ADC(3), these matrices are con-
structed to guarantee that all diagrams up to third order are
included in Eq.(5). We note that the ADC(n) approach de-
fines a hierarchy of truncation schemes for increasing order
n to guide systematic improvements of the method. The cor-
related propagator gαβ(ω) is finally obtained by solving the
Dyson equation,

gαβ(ω) = gHF
αβ (ω) + gHF

αγ (ω)Σ(γδ(ω)gδβ(ω) , (6)

which is diagonalized using a Lancsoz algorithm as explained
extensively in [21, 22]. Note that we employ the sc0 approxi-
mation of Refs. [11, 22] in which only the Σ′αβ(ω) contribution
of Eq. (5) depends on the reference states gHF

αβ (ω). This im-
plies the iterative solutions of Eq. (6) to evaluate Σ∞αβ=Ũαβ in
terms of the final correlated density matrix, Eq. (3).

1 A diagram is said to be interaction reducible if it can be factorized in two
lower-order diagrams by cutting an interaction vertex or, equvalently, if
there exists a group of lines (interacting or not) that leave an interaction
vertex and eventually all return to it.

2 This would be the analogous to the NO2B approximation of Ref. [18] but,
here, not tight to the choice of any reference state.

In presence of 3NFs, the ground state energy can still be
inferred from the Koltun sum rule (SR) that now acquires a
correction:

EA
0 =
∑

α β

1
4πi

∫

C↑
dω
[
Uαβ + ωδαβ

]
gβα(ω) − 1

2
〈ΨA

0 |W |ΨA
0 〉 .

(7)
Eq. (7) is still an exact equation. However, it requires to eval-
uate the expectation value of the 3NF part of the hamiltonian
〈ΨA

0 |W |ΨA
0 〉, with an accuracy comparable to the many-body

approximation in use. We calculate this correction at first or-
der in W using fully correlated propagators,

〈W3ρ〉 = 1
6

Wαβγ,µνξ ρµα ρνβ ρξγ (8)

that implicitly includes relevant higher order terms from stan-
dard many-body perturbation theory. We found that it is
mandatory to use the fully dressed propagators, i.e. solutions
of the Eq. (6), but this is sufficient to account for all relevant
contributions. The next order correction is given by

〈WT DA〉 = 1
4

Wαβγ,µνξ ρµα ∆Γνξ,βγ. (9)

where ∆Γ is the two-body density matrix after subtraction of
the zeroth-order contribution coming from two fully corre-
lated but non-interacting nucleons, to avoid double counting
Eq. (8). We estimated this using in Tamn-Dancoff approxima-
tion (TDA) [23] and found its contribution to be small com-
pared to our estimated errors, as discussed below.

The binding energy and spectra of neighboring even-odd
isotopes are extracted from the poles of propagator (1), how-
ever this requires a proper correction to account for the vari-
ation in the kinetic energy of the c.o.m. motion with chang-
ing A. To extract the energy of a system with mass A ± 1, we
recalculate gαβ(ω) for the doubly closed-subshell A-nucleon
system but with a H̃(A ± 1) corrected hamiltonian. We then
obtain:

EA±1 = ±εA±1
0 [H̃(A ± 1)] + EA

0 [H̃(A ± 1)] , (10)

were we made explicit the dependence on c.o.m. correction
for the Hamiltonian and EA

0 [H̃(A ± 1)] is obtained from the
corrected Koltun SR.

Results. We perform calculations using chiral effective field
theory (EFT) two-nucleon (2N) and 3NFs evolved to low mo-
mentum scales by using using free-space similarity renormal-
ization group (SRG) [24, 25]. The original 2N interaction is
N3LO with cutoff Λ2N=500 MeV [26, 27] while for the 3NF
we chose a N2LO in a local form [28] with a reduced cut-
off of Λ3N=400 MeV and low-energy constants cD=-0.2 and
cE=0.098 refitted to reproduce the 4He binding energies, as
discussed in Ref. [29]. The SRG evolution on the sole 2N-
N3LO interaction already generates 3N interactions, which
we will refer hereafter to as “induced” 3NFs. When the pre-
existing 3N-N2LO interaction is included in the SRG evoled
interaction will be referred to as “full” 3NFs. The two-pion
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Results

Three-body forces

! Realistic microscopic calculations cannot avoid the use of NNN forces

    ° Binding energies, saturation properties and radii

    ° Shell evolution

    ° Spin-orbit splitting

    ° Three-nucleon scattering
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FIG. 2: Single-particle energies of the neutron d5/2, s1/2 and
d3/2 orbitals measured from the energy of 16O as a function of
neutron number N . (a) SPE calculated from a G matrix and
from low-momentum interactions Vlow k. (b) SPE obtained
from the phenomenological forces SDPF-M [14] and USD-
B [15]. (c,d) SPE including contributions from 3N forces due
to∆ excitations and chiral EFT 3N interactions at N2LO [26].
The changes due to 3N forces based on ∆ excitations are
highlighted by the shaded areas.

sures N = 8, 14, 16, and 20. The evolution of the SPE
is due to interactions as neutrons are added. For the
SPE based on NN forces in Fig. 2 (a), the d3/2 orbital
decreases rapidly as neutrons occupy the d5/2 orbital,
and remains well-bound from N = 14 on. This leads
to bound oxygen isotopes out to N = 20 and puts the
neutron drip-line incorrectly at 28O. This result appears
to depend only weakly on the renormalization method
or the NN interaction used. We demonstrate this by
showing SPE calculated in the G matrix formalism [11],
which sums particle-particle ladders, and based on low-
momentum interactions Vlow k [12] obtained from chiral
NN interactions at next-to-next-to-next-to-leading order
(N3LO) [13] using the renormalization group. Both cal-
culations include core polarization effects perturbatively
(including diagram Fig. 3 (d) with the ∆ replaced by a
nucleon and all other second-order diagrams) and start
from empirical SPE [14] in 17O. The empirical SPEs con-
tain effects from the core and its excitations, including
effects due to 3N forces.
We next show in Fig. 2 (b) the SPE obtained from the

phenomenological forces SDPF-M [14] and USD-B [15]
that have been fit to reproduce experimental binding en-

ergies and spectra. This shows a striking difference com-
pared to Fig. 2 (a): As neutrons occupy the d5/2 orbital,
with N evolving from 8 to 14, the d3/2 orbital remains
almost at the same energy and is not well-bound out to
N = 20. The dominant differences between Figs. 2 (a)
and (b) can be traced to the two-body monopole compo-
nents, which determine the average interaction between
two orbitals. The monopole components of a general two-
body interaction V are given by an angular average over
all possible orientations of the two nucleons in orbitals lj
and l′j′ [16],

V mono
j,j′ =

∑

m,m′

〈jm j′m′|V |jm j′m′〉
/

∑

m,m′

1 , (1)

where the sum over magnetic quantum numbers m and
m′ can be restricted by antisymmetry (see [17, 18] for
details). The SPE of the orbital j is effectively shifted by
V mono
j,j′ multiplied by the occupation number of the orbital

j′. This leads to the change in the SPE and determines
shell structure and the location of the drip-line [17–20].
The comparison of Figs. 2 (a) and (b) suggests that the

monopole interaction between the d3/2 and d5/2 orbitals
obtained from NN theories is too attractive, and that the
oxygen anomaly can be solved by additional repulsive
contributions to the two-neutron monopole components,
which approximately cancel the average NN attraction
on the d3/2 orbital. With extensive studies based on NN
forces, it is unlikely that such a distinct property would
have been missed, and it has been argued that 3N forces
may be important for the monopole components [21].
Next, we show that 3N forces among two valence neu-

trons and one nucleon in the 16O core give rise to repul-
sive monopole interactions between the valence neutrons.
While the contributions of the FM 3N force to other
quantities can be different, the shell-model configurations
composed of valence neutrons probe the long-range parts
of 3N forces. The repulsive nature of this 3N mechanism
can be understood based on the Pauli exclusion princi-
ple. Figure 3 (a) depicts the leading contribution to NN
forces due to the excitation of a ∆, induced by the ex-
change of pions with another nucleon. Because this is
a second-order perturbation, its contribution to the en-
ergy and to the two-neutron monopole components has
to be attractive. This is part of the attractive d3/2-d5/2
monopole component obtained from NN forces.
In nuclei, the process of Fig. 3 (a) leads to a change of

the SPE of the j,m orbital due to the excitation of a core
nucleon to a ∆, as illustrated in Fig. 3 (b) where the ini-
tial valence neutron is virtually excited to another j′,m′

orbital. As discussed, this lowers the energy of the j,m
orbital and thus increases its binding. However, in nuclei
this process is forbidden by the Pauli exclusion princi-
ple, if another neutron occupies the same orbital j′,m′,
as shown in Fig. 3 (c). The corresponding contribution
must then be subtracted from the SPE change due to
Fig. 3 (b). This is taken into account by the inclusion

[Otsuka et al. 2010]

" Dripline location in O isotopes (24O) possibly due to NNN physicsT. Otsuka et al, PRL 105,032501 (2010)
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Semi-phenomenological 3BF
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3BF beyond the EoS

Shear viscosity with CBF

Benhar & Valli, PRL 99, 232501 (2007)
Benhar & Carbone, arxiv:0912.0129

PNS dynamical evolution with BHF

Burgio et al., arxiv:1106.2736

• Many-body modelers are aiming at complete descriptions!
• Consistent description of transport coefficients
• Response of nuclear & neutron matter
• Transport coefficients & dynamical evolution of NS 27 / 30

Results

Repulsive effects by filling d3/2 shell is observed in 27N, 28O, 29F!

The inclusion of an extra proton in 29F provides enough binding energy
to keep it bound
!

!Driplines around 24O

AC, C. Barbieri & P. Navrátil, arXiv:1303.4900
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! Original 3NF correct the energy curvature

! Good agreement with IM-SRG (quantitative when 3rd order included)you will see more tomorrow...

V. Somá, C. Barbieri, T. Duguet, AC, P. Navratil, in progress

3BF in Gorkov’s formalism
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Ground-state energies
Neutron drip line

Conclusions

Self Consistent Green function is a microscopic ”ab initio” method applicable
to medium mass nuclei and it is link to several (experimentally accessible)
information

!The inclusion of three-body forces lead to a significant increase of the
predictive power of SCGF. In particular it well reproduces energies:

!This approach can be naturally extended to include many other corrections
(like Coupled Cluster amplitude). Moreover the extension to open-shell
nuclei is underway

Thank you for
the attention!!


