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Nature of Nuclear Interaction
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1.6 fm

⇢�1/3
0 = 1.8 fm

~ 

•NN-interaction is not fundamental

•analogous to van der Waals interaction 
between neutral atoms

• induced via mutual polarization of quark 
and gluon distributions

•acts only if the nucleons overlap, i.e., at 
short ranges

•genuine 3N-interaction is important



NN 3N 4N

L
O

N
L
O

N
2
L
O

N
3
L
O

Ä Ç ´

É

¼

£

¼

µ

Æ Ä Ç ´

É

¾

£

¾

µ

Æ

¾

Ä Ç ´

É

¿

£

¿

µ

Æ

¿

Ä Ç ´

É

£

µ

Robert Roth - TU Darmstadt - February 2013

Nuclear Interactions from Chiral EFT
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•QCD non-perturbative at low 
energies

• low-energy effective field theory 
for relevant degrees of (π,N) based 
on symmetries of QCD

• long-range pion dynamics explicitly

• short-range physics absorbed in 
contact terms, low-energy 
constants fitted to experiment (NN, 
πN, ...)

•hierarchy of consistent NN, 3N, ... 
interactions (plus currents)
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From QCD to Nuclear Structure

4

Low-Energy QCD

Nuclear Structure
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From QCD to Nuclear Structure

4

Low-Energy QCD

Nuclear Structure

NN+3N interaction 
from Chiral EFT

NN 3N 4N

L
O

N
L
O

N
2
L
O

N
3
L
O

Ä Ç ´

É

¼

£

¼

µ

Æ Ä Ç ´

É

¾

£

¾

µ

Æ

¾

Ä Ç ´

É

¿

£

¿

µ

Æ

¿

Ä Ç ´

É

£

µ



Robert Roth - TU Darmstadt - February 2013

From QCD to Nuclear Structure

4

Low-Energy QCD

Nuclear Structure

NN+3N interaction 
from Chiral EFT

Unitary Transformed 
Hamiltonian

adapt Hamiltonian to truncated 
low-energy model spaces
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From QCD to Nuclear Structure

4

Low-Energy QCD

Nuclear Structure

NN+3N interaction 
from Chiral EFT

Unitary Transformed 
Hamiltonian

Exact & Approx. Many-
Body Methods

•ab initio solution of the 
manybody problem for light & 
medium-mass nuclei (NCSM, CC)

•controlled approximations for 
heavier nuclei (HF & MBPT)

•all rely on restricted model 
spaces & benefit from unitary 
transformations
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Similarity Renormalization Group
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continuous transformation driving 
Hamiltonian to band-diagonal form

with respect to a chosen basis

•unitary transformation of Hamiltonian (and other observables)

•evolution equations for     and     depending on generator    

•dynamic generator: commutator with the operator in whose 
eigenbasis    shall be diagonalized 

H̃↵ = U†
↵ H U↵

H̃↵ U↵

d

d↵
H̃↵ =

h
⌘↵, H̃↵

i
⌘↵

d

d↵
U↵ = �U↵ ⌘↵

H

⌘↵ = (2µ)2
h
Tint, H̃↵

i
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Calculations in A-Body Space

6

Three SRG-Evolved Hamiltonians
• NN only: start with NN initial Hamiltonian and keep two-body terms 

only

• NN+3N-induced: start with NN initial Hamiltonian and keep two-and 
induced three-body terms

• NN+3N-full: start with NN+3N initial Hamiltonian and keep two-and 
three-body terms

H̃ [n]
↵•evolution induces n-body contributions        to Hamiltonian

• truncation of cluster series inevitable - formally destroys unitarity and 
invariance of energy eigenvalues (independence of   )

H̃↵ = H̃ [1]
↵ + H̃ [2]

↵ + H̃ [3]
↵ + H̃ [4]

↵ + . . .

↵



Sven Binder - TU Darmstadt - March 2013

Calculations in A-Body Space

6

Three SRG-Evolved Hamiltonians
• NN only: start with NN initial Hamiltonian and keep two-body terms 

only

• NN+3N-induced: start with NN initial Hamiltonian and keep two-and 
induced three-body terms

• NN+3N-full: start with NN+3N initial Hamiltonian and keep two-and 
three-body terms

H̃ [n]
↵•evolution induces n-body contributions        to Hamiltonian

• truncation of cluster series inevitable - formally destroys unitarity and 
invariance of energy eigenvalues (independence of   )

H̃↵ = H̃ [1]
↵ + H̃ [2]

↵ + H̃ [3]
↵ + H̃ [4]

↵ + . . .

↵

  -variation provides a 
diagnostic tool to assess the 

contributions of omitted many-body 
interactions

↵



Light Nuclei 
from the IT-NCSM

R. Roth, J. Langhammer, A. Calci et al. --- Phys. Rev. Lett. 107, 072501 (2011)

P. Navrátil et al. --- Phys. Rev. C 82, 034609 (2010)

R. Roth --- Phys. Rev. C 79, 064324 (2009)
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IT-NCSM
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•CI: truncate wave operator     at some excitation level

• .

•NCSM: truncate at excitation energy  

• .

•center-of-mass part factorizes in the wave function

• IT-NCSM: extend range of NCSM by selective inclusion of basis 
states according to their individual importance for the problem at 
hand

ĈNCSM = c0 +
X

ai

cai â†aâi +
X

abij

cabij â†aâ
†
bâj âi + . . .

ĈCISD = c0 +
X

ai

cai â†aâi +
X

abij

cabij â†aâ
†
bâj âi

N
max

~⌦

⇣
ea + eb · · ·� ei � ej  N

max

⌘

Ĉ
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4He: Ground-State Energies

9

NN-only NN+3N-induced NN+3N-full
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4He: Ground-State Energies

9

strong α-dependence :
induced 3N interactions

NN-only NN+3N-induced NN+3N-full
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4He: Ground-State Energies

9

strong α-dependence :
induced 3N interactions

no α-dependence : 
no induced 4N interactions

NN-only NN+3N-induced NN+3N-full
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4He: Ground-State Energies

9

strong α-dependence :
induced 3N interactions

no α-dependence : 
no induced 4N interactions

need initial 
3N force

NN-only NN+3N-induced NN+3N-full
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4He: Ground-State Energies

9

strong α-dependence :
induced 3N interactions

no α-dependence : 
no induced 4N interactions

no α-dependence : 
no induced 4N interactions

need initial 
3N force

NN-only NN+3N-induced NN+3N-full



2 4 6 8 10 12 14 ∞
Nmax

-34

-32

-30

-28

-26

-24

-22

.

E
[M

eV
]

2 4 6 8 10 12 ∞
Nmax

Exp.

2 4 6 8 10 12 ∞
Nmax

Sven Binder - TU Darmstadt - March 2013

6Li: Ground-State Energies
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NN-only NN+3N-induced NN+3N-full
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12C: Ground-State Energies

11

NN-only NN+3N-induced NN+3N-full



2 4 6 8 10 12 14 ∞
Nmax

-110

-100

-90

-80

-70

-60

.

E
[M

eV
]

2 4 6 8 10 12 ∞
Nmax

Exp.

2 4 6 8 10 12 ∞
Nmax

Sven Binder - TU Darmstadt - March 2013

12C: Ground-State Energies

11

NN-only NN+3N-induced NN+3N-full
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12C: Ground-State Energies

11

emerging 
flow-parameter 

dependence

NN-only NN+3N-induced NN+3N-full
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16O: Ground-State Energies

12



NN-only NN+3N-induced NN+3N-full
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16O: Ground-State Energies

12

clear signature of 
induced 4N originating 

from initial 3N
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16O: Ground-State Energies

12

clear signature of 
induced 4N originating 

from initial 3N

caused by long-range 
2π terms (ci)
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16O: Ground-State Energies

12
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3N interaction with 400 
MeV cutoff, cE fitted to 4He 

ground state

clear signature of 
induced 4N originating 

from initial 3N

caused by long-range 
2π terms (ci)
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16O: Ground-State Energies

12
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choice for 
medium-mass 

nuclei



Coupled Cluster Method
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G. Hagen, T. Papenbrock, D.J. Dean, M. Hjorth-Jensen --- Phys. Rev. C 82, 034330 (2010)

G. Hagen, T. Papenbrock, D.J. Dean et al. --- Phys. Rev. C 76, 034302 (2007)
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Coupled Cluster Approach
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•exponential Ansatz for wave operator

•      : npnh excitation (cluster) operators

•similarity-transformed Schroedinger equation

•     : non-Hermitian effective Hamiltonian

T̂n

| i = ⌦̂|�0i = eT̂1+T̂2+···+T̂A |�0i

T̂n =
1

(n!)2

X

ijk...
abc...

tabc...ijk...{â†aâ
†
bâ

†
c . . . âkâj âi}

Ĥ|�0i = �E|�0i , Ĥ = e�T̂ ĤN eT̂

Ĥ
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Coupled Cluster Approach

15

T̂•CCSD: truncate    at the 2p2h level, T̂ = T̂1 + T̂2



|Φ0〉
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Coupled Cluster Approach
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T̂•CCSD: truncate    at the 2p2h level, T̂ = T̂1 + T̂2
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Coupled Cluster Approach
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T̂•CCSD: truncate    at the 2p2h level, T̂ = T̂1 + T̂2
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Coupled Cluster Approach

15

T̂•CCSD: truncate    at the 2p2h level, T̂ = T̂1 + T̂2
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Coupled Cluster Approach
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Coupled Cluster Approach

15

T̂•CCSD: truncate    at the 2p2h level, T̂ = T̂1 + T̂2

�ECCSD = h�0|Ĥ|�0i
0 = h�a

i |Ĥ|�0i , 8 a, i

0 = h�ab
ij |Ĥ|�0i , 8 a, b, i, j

•CCSD equations
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Coupled Cluster - Spherical Scheme
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•exploit spherical symmetry for closed-shell nuclei, use spherical 
tensor operator formulation

•angular-momentum coupling of external lines

                                                                                  etc.

•express CCSD equations in terms of

T̂1 =
X

ai

tai

n

â†a ⌦ ˆ̃ai
o(0)

0

T̂2 =
X

abij

X

J

tabij (J)

⇢

n

â†a ⌦ â†b

o(J)
⌦

n

ˆ̃aj ⌦ ˆ̃ai
o(J)

�(0)

0



1
4 Pab Pij

X

cdekl

hkla|w|cdei heb|t2|kli hc|t1|ii hd|t1|ji

− 1
4 P(J)

ab P(J)
i j

(
Ĵ ̂i ̂ j
)−1

(−1) ja+ jb−J
∑

cdekl

∑

J′J′′
Ĵ′ Ĵ′′

×
{

J′ J′′ J
ja jb je

}
〈klã||w||cde〉

J′ J

J′′

〈eb|t2|kl〉
J′M′ J′M′

〈c̃|t1|i〉
00

〈d̃|t1| j〉
00

.
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Coupled Cluster - Spherical Scheme

17

• implementation manually (real labor ⇒ painful)
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Coupled Cluster - Spherical Scheme

17

• implementation manually (real labor ⇒ painful)

no 
automated derivation 

and implementation such 
as TCE
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Coupled Cluster - Spherical Scheme

17

• implementation manually (real labor ⇒ painful)

no 
automated derivation 

and implementation such 
as TCE

no BLAS
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Spherical CCSD - NN only

18

CCSD (HO)
  NN-only
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Spherical CCSD - NN only

18

CCSD (HO)
  NN-only

m-scheme: 273 x 109

spherical: 600 x 106

#
�
tai , t

ab
ij
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Spherical CCSD - NN only

18

CCSD (HO)
  NN-only

m-scheme: 273 x 109

spherical: 600 x 106

#
�
tai , t

ab
ij

 spherical CCSD 
gives access to 
nuclear chart
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Spherical CCSD - NN only

18

CCSD (HO)
  NN-only

m-scheme: 273 x 109

spherical: 600 x 106

#
�
tai , t

ab
ij

 spherical CCSD 
gives access to 
nuclear chart

BUT: 
need to include 

3N forces



Normal-Ordering 
Two-Body

Approximation

19

G. Hagen, T. Papenbrock, D.J. Dean et al. --- Phys. Rev. C 76, 034302 (2007)

R. Roth, S. Binder, K. Vobig et al. --- Phys. Rev. Lett. 109, 052501(R) (2012)

S. Binder, J. Langhammer, A. Calci et al. --- Phys. Rev. C 82, 021303 (2013)
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Normal-Ordered 3N Interaction

20

avoid technical challenge of 
including explicit 3N interactions in 

many-body calculation

• idea: write 3N interaction in normal-ordered form with respect to 
an A-body reference Slater determinant (       state)

•Normal-Ordering Two-Body Approximation (NO2B): discard 
residual normal-ordered 3B part 

0~⌦

W 3B

V̂3N =
X

V 3N
������ â†�â

†
�â

†
�â�â�â�

= W 0B +
X

W 1B
�� â†�â� +

X
W 2B

���� â†�â
†
�â�â�

+
X

W 3B
������ â†�â

†
�â

†
�â�â�â�



Sven Binder - TU Darmstadt - March 2013

Normal-Ordered 3N Interaction

20

avoid technical challenge of 
including explicit 3N interactions in 

many-body calculation

• idea: write 3N interaction in normal-ordered form with respect to 
an A-body reference Slater determinant (       state)

•Normal-Ordering Two-Body Approximation (NO2B): discard 
residual normal-ordered 3B part 

0~⌦

W 3B

V̂3N =
X

V 3N
������ â†�â
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�â�â�
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Benchmark of Normal-Ordered 3N
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↵ = 0.04 fm4

↵ = 0.05 fm4

↵ = 0.0625 fm4

↵ = 0.08 fm4

•compare IT-NCSM 
results with explicit 
3N to normal-ordered 
3N truncated at the 
2B level (NO2B)

• typical deviations up 
to 2% for       and 
1% for 

4He
16O
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16O: IT-NCSM vs. CCSD
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NN only (HO)
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NN+3N-induced (HO)
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NN+3N-full (HO)
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3N interaction 
with 400 MeV cutoff, cE 

refitted to 4He 
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CCSD with Explicit 
3N Interactions 

(CCSD3B)

29

G. Hagen, T. Papenbrock, D.J. Dean et al. --- Phys. Rev. C 76, 034302 (2007)

S. Binder, J. Langhammer, A. Calci et al. --- Phys. Rev. C 82, 021303(R) (2013)
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• the CCSD equations with explicit 3N read

•all new contributions stem from

•CCSD3B probes new parts of the 
Hamiltonian and new excitation 
types

Ŵ3B
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•excellent agreement between NO2B and explicit 3N 
(deviation < 1% for all nuclei considered)

•quality of NO2B independent of 

•  efficient and accurate way to include 3N interactions    

e
max

, ~⌦,↵
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E3max Truncation

34

E
3max



8
<

:

12 : CC, explicit 3N
14, . . . : NCSM, explicit 3N
14, . . . : CC,NCSM NO2B

• full         matrix too large to handle

•E3max truncation: use         matrix elements                         with

•current limits:

ep + eq + er  E
3max

_ es + et + eu  E
3max

ep = 2np + lp

storage 

production 

Ŵ3B

Ŵ3B
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E
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<

:

12 : CC, explicit 3N
14, . . . : NCSM, explicit 3N
14, . . . : CC,NCSM NO2B

• full         matrix too large to handle

•E3max truncation: use         matrix elements                         with

•current limits:

ep + eq + er  E
3max

_ es + et + eu  E
3max

ep = 2np + lp

storage 

production 

E3max=14 
Hamiltonian ≈

300 GB

Ŵ3B

Ŵ3B
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•E3max not significant for soft 
interactions up to A≈60

•harder interactions: up to 
2% change in g.s. energies for                 
E3max 12 → 14

•    -dependence for NN+3N 
induced gets reduced for 
larger E3max

•    -dependence for NN+3N 
full gets enhanced for larger 
E3max

↵

↵
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E3max Dependence (CCSDNO2B)

36

•E3max not significant for soft 
interactions up to A≈60

•harder interactions: up to 
2% change in g.s. energies for                 
E3max 12 → 14

•    -dependence for NN+3N 
induced gets reduced for 
larger E3max

•    -dependence for NN+3N 
full gets enhanced for larger 
E3max

↵

↵

current E3max cuts do not 
allow to go beyond A≈60 even for 

soft interactions



ΛCCSD(T)

37

A.G. Taube, R. J. Bartlett, The Journal of Chemical Physics 128, 044110 (2008)

A.G. Taube, R. J. Bartlett, The Journal of Chemical Physics 128, 044111 (2008)

G. Hagen, T. Papenbrock, D.J. Dean, M. Hjorth-Jensen --- Phys. Rev. C 82, 034330 (2010)



•CCSDT, i.e.,                                , expensive

•solution of the Coupled-Cluster Λ equations give a posteriori 
fourth-order correction to CC energy functional

•due to triple excitations (non-iterative)
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ΛCCSD(T) - Improving upon CCSD

38

⇤

⇤
⇤

⇤

⇤

⇤⇤⇤⇤⇤⇤⇤⇤
⇤⇤⇤⇤

⇤⇤⇤⇤

T̂ = T̂1 + T̂2 + T̂3

E = h�0|(1 + ⇤̂)Ĥ|�0iC

•ΛCCSD(T) : denominator         rotationally invariant

          ⇒ spherical implementation possible
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ΛCCSD(T)NO2B
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ΛCCSD(T) / CCSD

HF Basis
E3max = 14
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ΛCCSD(T)NO2B
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CCSDNO2B  vs. ΛCCSD(T)NO2B

42

• inclusion of triples excitations 
mandatory (up to 6% more 
binding for heavier nuclei)

• cluster truncation works better for 
softer interactions

•results for harder interactions not 
necessarily closer to exact bare 
result than results for softer 
interactions

•       truncated CC calculations with 
bare 3N interaction suffer from 
cluster truncation and E3max cut

)

NN+3N induced

C
C

SD

Λ
C

C
SD

(T)

-380

-375

-370

-365

-360

-355

-350

.

E
[M

eV
]

NN+3N full

C
C

SD

Λ
C

C
SD

(T)

40Ca



ΛCCSD(T) 
with Explicit 3N Interactions

(ΛCCSD(T)3B)

43

S. Binder, J. Langhammer, A. Calci, P. Piecuch, P. Navrátil, R. Roth --- in prep.



•effective Hamiltonian

•ΛCCSD(T) runtime dominated by    equations through
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ΛCCSD(T)3B
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ΛCCSD(T)3B
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•ΛCCSD(T)3B energy correction

•contributions from residual 3N interaction to                manageable

�E⇤CCSD(T ) =
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ΛCCSD(T)3B
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ΛCCSD(T)3B

47

•NO2B shows excellent agreement also for 
ΛCCSD(T)

• 16O: residual 3N contribute 0.5-0.7% to 
total binding energy EΛCCSD(T)3B

• .

• residual 3N (α=0.08 fm4) contribute
• 0.00 MeV or 0.0 % to
• 0.70 MeV or 2.7 % to
• 0.05 MeV or 2.2 % to

•significant contribution of residual 3N only 
for ΔECCSD

• .

E⇤CCSD(T) = h�0|Ĥ|�0i+�ECCSD +�E⇤CCSD(T)
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CCSD , etc.



Sven Binder - TU Darmstadt - March 2013

ΛCCSD(T)3B

47

•NO2B shows excellent agreement also for 
ΛCCSD(T)

• 16O: residual 3N contribute 0.5-0.7% to 
total binding energy EΛCCSD(T)3B

• .

• residual 3N (α=0.08 fm4) contribute
• 0.00 MeV or 0.0 % to
• 0.70 MeV or 2.7 % to
• 0.05 MeV or 2.2 % to

•significant contribution of residual 3N only 
for ΔECCSD

• .

E⇤CCSD(T) = h�0|Ĥ|�0i+�ECCSD +�E⇤CCSD(T)

NN+3N full

-100

-80

-60

(b)

0.02 0.04 0.08
α [fm4]

-132

-130

-128

-126

-124

.

E
[M

eV
]

≈ ≈
16O

E
R

ef
+
∆

E
N

O
2B

C
C

SD
+
∆

E
3BC

C
SD
+
∆

E
N

O
2B

Λ
+
∆

E
3BΛ
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E⇤CCSD(T) = h�0|Ĥ|�0i+�ECCSD +�E⇤CCSD(T)

NN+3N full

-100

-80

-60

(b)

0.02 0.04 0.08
α [fm4]

-132

-130

-128

-126

-124

.

E
[M

eV
]

≈ ≈
16O

E
R

ef
+
∆

E
N

O
2B

C
C

SD
+
∆

E
3BC

C
SD
+
∆

E
N

O
2B

Λ
+
∆

E
3BΛ
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ΛCCSD(T)3B

 HF basis
 emax  = 12
 E3max = 12
         = 20 MeV~⌦
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ΛCCSD(T)3B

 HF basis
 emax  = 12
 E3max = 12
         = 20 MeV~⌦



NN+3N induced

-300

-200

-100

(a)

0.02 0.04 0.08
α [fm4]

-375

-370

-365

-360

-355

-350

-345

.

E
[M

eV
]

≈ ≈
40Ca

E
R

ef
+
∆

E
N

O
2B

C
C

SD
+
∆

E
3BC

C
SD
+
∆

E
N

O
2B

Λ
+
∆

E
3BΛ

NN+3N full

-300

-200

-100

(b)

0.02 0.04 0.08
α [fm4]

-380

-375

-370

-365

-360

-355

-350

-345

.

E
[M

eV
]

≈ ≈
40Ca

E
R

ef
+
∆

E
N

O
2B

C
C

SD
+
∆

E
3BC

C
SD
+
∆

E
N

O
2B

Λ
+
∆

E
3BΛ

Sven Binder - TU Darmstadt - March 2013

ΛCCSD(T)3B

55

ΛCCSD(T)3B

 HF basis
 emax  = 10
 E3max = 12
         = 24 MeV~⌦
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ΛCCSD(T)3B

 HF basis
 emax  = 10
 E3max = 12
         = 24 MeV~⌦

residual 3N 
interaction at ΛCCSD(T) 

level insignificant
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ΛCCSD(T)3B

 HF basis
 emax  = 10
 E3max = 12
         = 24 MeV~⌦

residual 3N 
interaction at ΛCCSD(T) 

level insignificant

BUT:
for softer interactions 
important at CCSD 

level
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