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QCD on a Lattice: Numerical Feynman Integration

Monte Carlo sampling with Prob[U, ¢, 9] ~ e~ SIU:#¥]

(0) = / DUDYDY O[U, 1), ] e~ SV
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QCD on a Lattice: Numerical Feynman Integration

Monte Carlo sampling with Prob[U, ¢, 9] ~ e~ SIU:#¥]

= / DUDYDY O[U, 1), ] e~ SV

N
= DU O Hf [¢ + mf] Sq[U] - — Z
0=t — —ixy = —iT
o Euclidean QFT: ¢ p’=FE — ips
(N(t)N(0)) — e P7
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QCD on a Lattice: Numerical Feynman Integration

Monte Carlo sampling with Prob[U, ¢, 9] ~ e~ SIU:#¥]

= / DUDYDY O[U, 1), ] e~ SV
N
DU O 1y [ +my] e 5oV — — Z
2=t — —ixy = —iT
o Euclidean QFT: { p° = E — ipy
(N)N(0)) — e 7
@ Fields on a discrete space-time grid: )
Aj(x) 5 Uppp = Pei T dw (A" 5 U R

1
(Dup), = ~(Usupoti = ¢a) Y

Se[Au] ~ (F)? = ATe([P}) + BTx([R_}) P

@ Fermions on a lattice: pick two from
no “doublers”; chiral symmetry; economy.
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QCD on a lattice

QCD on a Lattice: Numerical Feynman Integration

Monte Carlo sampling with Prob[U, ¢, 9] ~ e~ SIU:#¥]

= / DUDYDY O[U, 1), ] e~ SV

N

DU O T, [+ my] 5 L3 0
0=t — —ixy = —iT
o Euclidean QFT: ¢ p’=FE — ips

(N()N(0)) — e BT
@ Fields on a discrete space-time grid: )
AZ(x) — Ux,u = Pe_if;+“ dac~(A“>\T)

(Duy), — %(Uz,ucpzﬂz ~ ¢z)
Se[Au] ~ (F)? = ATe([P}) + BTx([R_})

@ Fermions on a lattice: pick two from
no “doublers”; chiral symmetry; economy.

@ Tune (a'gt,amud,ams) to reproduce e.g. (M, mg,mq).
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Lattice QCD is a Hard Problem

Solving QCD numerically is hard because

S. N. Syritsyn (LHP) (LBNL)

light quarks are expensive: cost ~ ——

1

. . T 4
need large physical size of the box L 2 T

have to take continuum limit @ — 0, Lj;; = % — 00
chiral symmetry is expensive to preserve in lattice regularization
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N[:2+l Wilson-Clover (LHP)
Nr:2+l Hyb a=0.124 fm (LHP)
Nt:Z ‘Wilson-Clover (QCDSF)
N{:Z Twisted Mass (ETM)

N=2+1 DWF (RBC)
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Hadron Matrix Elements

Extract (P'|O|P) from 3-pt correlators
Sege” T THT (N (ALF) O(r,§) N(0))

where for the proton
No = e®eul [(ub) T Crysde]

All QCD states are present:
(N(A) O() N(O)) ~ Yy Vo - € S Oy e BT
Excited states can lead to systematic bias in m.e. :
NiaeQ) = [N) + C|X), AM =My — My,
(N|O|N)iat 2 (N|O|N) + |C|2(X|O|X)e AM-AL 1 “ails”

H . 3
Signal / noise ~ e~ (Mn=35mx)-At
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Hadron Matrix Elements are Challenging

@ 2008: The first calculation of hadron spectrum by the
Budapest-Marseille-Wuppertal collaboration [Diirr et al, Science, 322:1224 (2008)]

@ Hadron Structure > Hadron Spectrum

Quark-bilinear insertion

N N
(P'|qTq|P) = —+ & v

@ Disconnected contractions are noisy

@ Gluon operators are noisy (especially with dynamical fermions)

Only quenched calculations (no dynamical fermions) have been performed for
gluon and disconnected quark EM tensors.
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Quark GPDs

@ Generalized Parton Distributions

<P'\0W’1<m>\P> = {H,&,H,EY(x,€,¢%),
o0l (@) = [ 2 27 gy [VL (Y W(=Xn, An)}CI(An)

>
@ Moments 0, = [dz2"O(z) — ¢yt (iD1)"q
may be computed on a lattice using local operators

Oh I Q[V{ul [ ]ZD ZDun}}q
and reduced to Generalized Form Factors

<P/‘On|P> — {Ani-,Bniacn-,leniaéni}(QQ)
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Twist-2 Operators on a Hypercubic Lattice
Mellin moments of GPDs <= symmetric, trace = 0 quark operators:

@ In continuum: Lorentz symmetry preserves operators from mixing
@ On a lattice: Hybercubic group has 20 irreducible representations

n=1 qvg — 41
<>
n=2 q’h{#iDy} — (Tr>]q — 3f &) 6;{
< A xd
n=3 q[vuiDviDyy — (Tr)]qg — 8] © 4, ®4;
Exd <> <>

n=4 qyuiD,iD,iDyy —(Tr)]q — 17 @3] ®6] @2 1] @ 6] @65
s [Gockeler et al, Phys.Rev.D54,5705(1996)]

Mixing coefficients ~ Aﬁlv_dQ = (%)dﬁd2
E.g. for n =2 0%t = OPYs + O(a?)
For higher n:

@ subtraction with non-perturbative mixing coefficients

@ QCD on a more symmetric (Celmaster) 4D lattice
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Generalized form factors A,,(Q?)
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(normalized A, 0(Q?)/A;.,0(0))

@ Noise grows with n
e Generalized radii (r2_;) > (r2_,) > (r2_,)
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Generalized Form Factors

n = 2 Gen. Form Factors Ay, By, Co

wd pud ud
Az B2 Coo

05
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P _ s — 20 ™
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e : iz
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Al d utd| ~ u+d u—d| ~
|45 > A5y [Bso /| > [Bsg | ~ 0,  [C5 >0 ~0

agree with large- N, scaling [Goeke et at, Prog. Part. Nucl. Phys. 47:401(2001)]

e fit with either dipole or linear form in 0 > Q% > 0.5 GeV?

@ extrapolate Byg and Cs to Q2 — 0

@ extract forward values (Q? = 0) and slopes d { Aag, Bag, Ca} /dQ?, Q% — 0
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Gener.

d Form Factors

Isovector
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A
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A

2 Gen. Form Factors Ay, By,

Cs (cont.)
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Generalized Form Factors

Chiral Extrapolations (isovector part)

forward values Q% — 0

e A
B,
v C

20
ud

20
ud

T

d{Az, Bao, Ca} / dQ?,

0.8f

5 B
: 3 3
. | . | . | . | . | . [ L R . . R T .
0O 01 02 03 04 05 06 0 01 02 03 04 05 06
m_ [GeV] m_ [GeV]

@ simultaneously fit forward values and slopes at Q% — 0

@ Cov. Baryon xPT [Dorati et al Nucl. Phys. A798:96 (2008)]

e eg., for (u—d): 12 data points, 8 fit parameters, x?/dof ~ 1.5
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Quark Momentum and Angular momentum

Quark energy-momentum tensor T/*”

T = cj[’y{“ iB”} - (trace)] q qp
(N(P")|TF|N(P)) — {Az0, Bao, C2}(Q?) ‘p‘i bt
@ quark momentum fraction ?g [>pg N

| (2)g = A%(0) |
@ quark angular momentum [X. Ji '97]:
= 3[A43,(0) + B4,(0)]

Separating contributions to nucleon spin:

e quark spin | S, = 13, = 1(1)a,

@ quark orbital angular momentum | L, = J, — %Eq

@ gluons : the rest | Jgue = 5 — 35, — Ly
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Quark energy-momentum tensor in the nucleon

Quark Momentum Fraction (z), 4

=

—
T

*

Phenomenolog,y [CTEQ6]
N=2+ DWF (LHP)
N; =2+1 Hybrid (LHP)

005 r :2 Wilson-Clover (QCDSF)
[ v =2+1 DWF (RBC)
0 L. L L L L L L L L L L L L L
0 0.1 0.2 0.3
m_? [GeV’]

(z)q = A3(0)
_ / dzz (q(z) + g(x))

Sources of discrepancy:

o renormalization?
o finite-volume?

@ sea quarks?

@ fermion action?

@ excited states?

@ perturbative vs. non-perturbative renormalization
@ agreement between (2.5 fm)3 and (3.5 fm)? at m, = 350 MeV

@ results are consistently above the phenomenological value by 15 — 25%.
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Quark energy-momentum tensor in the nucleon

Quark Momentum Fraction (z),.4

08" .
07" 1 (@)= A%(0)
SN E
7 06 _— — = /dwm(q(x) +q(x))
(= B |
F0s! ;
I 0.4F E .
3 oak | Sources of discrepancy:
N o renormalization?
J02r o NSTBWERLAR |4 i 2
0.1 DNt |
'0§ o e ‘Over‘(Q‘ ‘) 1 e sea quarks?
0 0.1 , 0-22 0.3 @ fermion action?
[GeV] :
m, @ excited states?

@ perturbative vs. non-perturbative renormalization
@ agreement between (2.5 fm)3 and (3.5 fm)3 at m, = 350 MeV

@ qualitative agreement with phenomenology (no disc. contractions!)
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Quarks Angular Momentum (1): Ju*?

1 Following [X. Ji PRL '97],

| J3 = (N| [ &% M12|N),

- O.2Zﬁ ,: MOKY — pHTOV _ prap
; ; E q q
T0.15; E and
0‘1? +  N=2+T Hybrid (LHP) 7 J1= % [Ago(o) + Bgo (0)]
r ° Nf=2+l DWEF (LHP) ]

0.05F Ni=2 Wilson-Clover (QCDSF) -]
r v Nf=2 Twisted mass (ETM) ]
0 L L L L | L L L L | L L L L | L L
0 0.1 0.2 0.3

m_ [GeV’]

@ Gluon contribution J9 = £ — J% ~ 52% of the nucleon spin
@ result agrees with QCD sum rule estimations [Balitsky, Ji (1997)]
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Quarks Angular Momentum (2): J*, J?

Following [X. Ji PRL '97],

| J3 = (N| [ &%z MO12|N),

1 MO = ghTOV — VTN
q q

=, 0.15F v N=2 Twisied Mass (ETM) E
L Nf=2 Wilson-Clover (QCDSF) ]
0.1 e N=2+1 DWF (LHP) E and
: +  N=2+1 Hybrid (LHP) ] — -
0'05? —— J1=3 [Azo(o) + By (0)]
0 :f:if::iiiiiiiZi%:::::::&::::::u::::::::jjjjjjj;f:::: ,,,,,,,,,,, ;:
_ E . L L ! ‘
0.055 0.1 0.2 03
m_ [GeVT]

Most contribution to the nucleon spine comes from u-quarks:

PARSEPA
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Quark Spin and OAM

0.5
0.4- ] 1

r u ] Sq = ,qu
0.3 : 2

0.2 = / dx (Aq(x) + Aq(x))

L1 =J9— 89,

>
Y]
S
N
AN

0.1 ;

03 04 05
m_ [GeV]

79 < 89, 1LY
L < L, LY
In agreement with [Higler et a/ (2007)]
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Quark energy-momentum tensor in the nucleon

Quark Spin and OAM

0.5
04t ; S, = TAX
03" s I

02 a2 ,/_/_,.;—:_"'::i:‘—; = / dz (Aq(z) + Aq(w))

L1 =J9— 89,

AT

01 R ‘

o N=2+TDWF(LHP)

L 0.5F + N2+ Hybrid (LHP)
o - 1 N’:Z Wil: er (QCDSF)
5 ] 0.4F v N=2Tw
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1T < 189, |17 02001 oizmo‘fGeV?‘A 05 06
|Lu+d‘<< |Lu|,|Ld| |L“+d|<<%

In agreement with [Higler et a/ (2007)]
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Excited States Contamination
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Mass Gap AM = Meye — My

Wilson-Clover 322 x 48, m, = 200 MeV

M[MeV] oM aAM
™ 200 0.118
2r/L 334 0.196
N 1021 0.600
Nrm 1421  0.835 0.235
N 1463 0.860 0.260
“N(1440)"  (?)1520 0.894  0.294
Nrm 1637  0.962 0.362
N 1786  1.050 0.450

“N(1710)"  (?)1790 1.052  0.452

Copt best fit  ~ 2130 1.25(19) 0.65(19)
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Momentum fraction ()% % vary At

0.30 : : ‘
T/a = 8,10,12 plateau values ——
025 L fit values —=— |
+ 4 %
i
0.20 | I %{
5 |
8 0.15
=
: 010 |
N
0.05 +
0.00
7005 L L L
0.10 0.15 0.20 0.25 0.30
mz (GeV)

@ Separate N and N with At = 0.93, 1.16, 1.39 fm
@ m, ~ 150, 200 and 250 MeV, my ~ 0.97...1.06 GeV
o Fit to a 2-state model with fixed AM
Also reported in [Renner et al (ETMC Collab)]
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Momentum fraction (z)* % fix AM

0.26 T T T T T T

T T

from fit ———
from dt=8,10,12 plateaus ~—=—
0.24 -

. Hﬁmmmﬂm
ﬁl -

<x> (bare)

0.2

syst.error

AM from fit

i i i i i i i i
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
AM

@ Separate N and N with At =0.93, 1.16, 1.39 fm
@ One point m,; ~ 200 MeV, my = 1.00 GeV
o Fit to a 2-state model with fixed AM
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Dirac radius (r?)*~%: fix AM

%}Hﬁr N |
o Hﬁmmmm H
20 - | | | 7

@ m, ~ 200 MeV, my ~ 1.00 GeV
@ Separate N and N with At = 0.93, 1.16, 1.39 fm
@ Fit to a 2-state model with fixed AM
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Summary

@ Extrapolated results from different LQCD actions/volumes/discretizations
agree near the physical point;
o disagreement with phenomenology for (z),—_q
e qualitative agreement with phenomenology for quark angular momentum

Calculations at mP"* are necessary
@ Systematic bias due to excited states is likely to increase towards mPh¥s

@ Need a systematic “overhaul” of hadron structure calculations:

o better control of excited states
o additional statistics
e disconnected contractions
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BACKUP

BACKUP SLIDES
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BACKUP

Generalized Radii

0.25; 0.25;
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(spin-independent)
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m_ [GeV]
(spin-dependent)
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BACKUP

n = 2 Spin-dependent GFFs 12120. Bzo

isovector
09 F ' '

‘ C Ay = |1 09 f ' ' ' [ Ay ~
=403 Mev | A =403 MeV | A
08 | M © , 08 | M ¢

isoscalar

u-d gyu-d
7\20 ’ BZO

u+d pu+d
7\20 YBZO

0.0 02 04 0.6 0.8 K
Q [GeV?]
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BACKUP

@ On a lattice, rotational symmetry is broken O(4) — H(4)
@ Tensors split into irred. reps. of H(4)
For energy-momentum tensor there are two irred.” of H(4):
(4)**=1,86,8 6353,
——
trace=0, symm.

[Gockeler et al, hep-lat/9602029]
(both 63 and 3, are needed to extract gen. form factors)
Use non-perturbative renormalization (RI/MOM) for quark-bilinear T}

1.79 ; : w ‘ ‘ ‘
1.78 | P P
1.77
1.76
1.75 F
174 + Zscale—indep. o Zlét(a#)
173 F i 1 o o Z?om(l‘)
L R et e ]
171 ’/%% ! Ly 01 280y | 31 /763
i T 2828 ~ 08

0 2 4 6 8 10 12 14

W [GeV?] Normalize to MS at 1% = (2 GeV)?
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Quark Angular Momentum: p,n-DVCS

[Lab Hall APRL*07; HERMES JHEP"08]
1.0

1
0.5 -

‘ LHPC arXiv:1001.3620 (this work)

‘ LHPC PRD "08 0705.4295

‘ QCDSF (Ohtani et al.) 0710.1534

u Goloskokov&Kroll EPJC"09 0809.4126
-0.5 [ Wakamatsu o0s.0072

Il DiFeJakr EPJC 05 hep-phi040s173
‘ (Myhrer&)Thomas PRL'08 0803.2775

Jd
o
=)

3

-1.0

-1.0 -0.5 0.0 0.5 1.0 —
S MS at 2 GeV

Picture: Ph. Hagler, MENU 2010, W&M, Virginia, USA; J.Phys.Conf.Ser.295:012009,2011
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Quark Angular Momentum: p,n-DVCS

[Lab Hall APRL*07; HERMES JHEP"08]
1.0

variation from disc.
contribution to (u+d)

= .

‘ LHPC arXiv:1001.3620 (this work)

Il LHPC PRD 08 07054295

(g QCDSF (Ohtani et al.) o710.1534

u Goloskokov&Kroll EPJC"09 0809.4126
-0.5 [ Wakamatsu o0s.0072

‘ DiFeJaKr EPJC "05 hep-ph/0408173
‘ (Myhrer&)Thomas PRL'08 0803.2775

Jd
o
=)

3

-1.0

-1.0 -0.5 0.0 0.5 1.0 —
S MS at 2 GeV

Picture: Ph. Hagler, MENU 2010, W&M, Virginia, USA; J.Phys.Conf.Ser.295:012009,2011
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