
T even TMDs and Nucleon Deformation  

• Proton form factor, model calculation- 
proton not round via  spin dependent 
density

• Model independent neutron charge 
density

• Measure shape of proton on lattice (impact 
parameter dependent GPD) coordinate-
space probability, and in    experiment  
(TMD): TMD is momentum-space probability

• GAM “Transverse Charge Densities” arXive:
1002.0355,Ann.Rev.Nucl.Part.Sci. 60 (2010) 1-25 1
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γ

Impulse approximation

carry orbital angular momentum

This feature of not reaching asymptotic values of Q2 may

be understood by examining the dependence of the inte-

grands of Eqs. !22" and !23" on the value of # . We may write

F1,2!Q
2"!!

0

1

d#I1,2!# ,Q2", !30"

and determine the important regions by examining

I1,2(# ,Q
2). As shown in Figs. 3 and 4 the important contri-

butions occur for a very narrow band of values close to 1

"#!x3!0.145. The sharp peaking is maintained for all of
the values of Q2 considered here, and is a central reason for

the qualitative success of the approximations !28" and !29".
The small factor 1"# multiplies the large factor Q appear-

ing in Eq. !27", and suppresses the dominance of the terms
proportional to Q. The integrands peak at x3!0.15, a small
value !compared to 0.33, expected if each quark were to
carry the same momentum" that indicates the presence of

FIG. 3. Important region of integration for F1, Eq. !30". The
curves show the derivative of I1 for values of Q2

!2,4,6,8,10 GeV2, with the larger values occurring for the smaller
values of Q2.

FIG. 4. Important region of integration for F2, Eq. !30". The
curves show the derivative of I1 for values of Q2

!2,4,6,8,10 GeV2, with the larger values occurring for the smaller
values of Q2.

FIG. 5. The effect of varying the parameter $ that governs the

power of the falloff of the wave function of Eq. !14". The curves for
F2 are labeled by the value of $!3.5 that is the correct model value
!solid" or $!3.9 !dashed".

FIG. 6. The effect of varying the parameter $ that governs the

power of the falloff of the wave function of Eq. !14". The curves for
Q F2 /F1 are labeled by the value of $!3.5 !solid" or $!3.9
!dashed". The data for 2%Q2%3.5 GeV2 are from Ref. &1', and
those for 3.5%Q2%5.5 GeV2 are from Ref. &2'.
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Flat due to orbital 
angular momentum
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Model exists

•  lower components of Dirac spinor 
•  orbital angular momentum
•  shape of proton?? Wigner Eckart
   no quadrupole moment
• spin dependent densities SDD
         non-relativistic example
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Shapes of the proton

vectors n, K, S

Momentum space

Relation between coordinate and momentum space 
densities?  Model independent technique needed.

How to measure?-Lattice and/or experiment

so that we may compute probabilities for a quark to have a

position r!(r ," ,#) and spin direction n. We find

$%r,n&!'(s!$̂%r,n&!(s)

!" d3k*†%k ,r&
1

2
%1"+0!•n+5&*%k ,r&, %14&

with

*%k ,r&!# Fk%r &!s)

#i"• r̂Gk%r &!s)
$ , %15&

and Fk(r)!,d3K-(k ,K).E(K)"M /1/2eiK•r,Gk(r)

!0/0r,d3K-(k ,K)eiK•r/.E(K)"M /1/2. We find

$%r,n&!$U%r & 12 %1"n• ŝ&"$L%r &
1
2 %1"2 r̂• ŝn• r̂#n• ŝ&,

%16&

where $U(r)!,d3kFk
2(r),$L(r)!,d3kGk

2(r). The pattern

is similar to that in momentum space, with $(r,n! ŝ)

!$U(r)"$L(r)cos
2", $(r,n!# ŝ)!$L(r)sin

2", and $„r,n
!( x̂" ŷ)/!2…! 1

2 $U(r)"
1
2 $L(r) .1"2/!2cos " sin "(cos#

"sin#)/.
The ratio $L /$U , which determines the size of the rela-

tivistic effects, can be much larger %Fig. 4& than the factor
+(K) %Fig. 1& controlling the momentum-space shapes, so
that extreme deviations from a spherical shape are possible.

The most likely value of $L /$U is about 0.25, but there is no
limit. The case with $L /$U!3 is shown in Fig. 5. A pretzel
form is obtained if n is out of the page.

The shape of the proton may be defined in terms of matrix

elements of spin-dependent density operators Eqs. %10& and
%13& taken for protons in any fixed polarization state. Rela-
tivity mandates the use of Dirac spinors to describe the

quarks. These components, embodied in Eq. %6&, lead to a
constant ratio of QF2 /F1 in accord with observation, and

also to shapes that depend strongly on the relative orientation

of the quark spin with respect to that of the proton total

angular momentum, Eqs. %11& and %16& %Figs. 2, 3, and 5&.
We next consider experiments aimed at measuring the

matrix element $̂(K,n), Eq. %9&, for real nucleons !N). Ob-
serve that ,d3K $̂(K,n) is a local operator. Its matrix element
is a linear combination of the charge, integrals of spin-

dependent structure functions 1q , and gA that can be deter-
mined from previous measurements. We find

" d3K'N!$̂%K,n!$ ŝ&!N)

!
1

2
'N!2̄%0 &

Q̂

e
%+0$+3+5&2%0 &!N)

! 1
2 .1$ 1

6 %1u"1d"1s &" 1
2 gA/!0.5$0.34, %17&

in which numerical values of 1q are taken from Ref. .15/.
The model we use gives 0.5$0.37 for the above quantity,

FIG. 3. %Color online& n•s!0. Left column, n! x̂ %out of page&,

central: n! ŷ, right n!( x̂" ŷ)/!2. The momentum K increases

from 1 to 4 GeV/c .

FIG. 4. Coordinate space densities.

FIG. 5. %Color online& Shape of the proton coordinate space.
Left, n!s; right, n points out of the page.

RAPID COMMUNICATIONS

GERALD A. MILLER PHYSICAL REVIEW C 68, 022201%R& %2003&

022201-4

Coordinate 
space

so that we may compute probabilities for a quark to have a

position r!(r ," ,#) and spin direction n. We find

$%r,n&!'(s!$̂%r,n&!(s)

!" d3k*†%k ,r&
1

2
%1"+0!•n+5&*%k ,r&, %14&

with

*%k ,r&!# Fk%r &!s)

#i"• r̂Gk%r &!s)
$ , %15&

and Fk(r)!,d3K-(k ,K).E(K)"M /1/2eiK•r,Gk(r)

!0/0r,d3K-(k ,K)eiK•r/.E(K)"M /1/2. We find

$%r,n&!$U%r & 12 %1"n• ŝ&"$L%r &
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J+(x−,b) =
∑

q

eqq
†
+(x−, b)q+(x−, b)

ρ∞(x−,b) = 〈p+,R = 0, λ|
∑

q

eqq
†
+(x−, b)q+(x−, b)|p+,R = 0, λ〉

ρ(b) ≡
∫

dx−ρ∞(x−,b) =
∫

QdQ

2π
F1(Q2)J0(Qb)

F1 = 〈p+,p′, λ|J+(0)|p+,p, λ〉

Model independent transverse charge density

6

Charge Density 
operator IMF
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Transverse charge densities from 
parameterizations (Alberico)

7
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Figure 4
Nucleon ρ(b). (a) Proton transverse charge density. (b) Neutron transverse charge density. These densities
are obtained by using the parameterization of Reference 91.

by a nonzero value of Q2, no matter how small, because the momentum difference between the
initial and final states appears via the use of derivatives of momentum-conserving delta functions
in the moments computed in Reference 85. Any attempt to analytically incorporate relativistic
corrections in a p2/m2

q type of expansion would be doomed by the presence of the quark mass mq

to be model dependent. This feature is explained more thoroughly in References 6 and 86.
We exploit Equation 31 by using measured form factors to determine ρ(b). Recent parameter-

izations (87–91) of GE and GM are very useful, so we use Equation 43 to obtain F1 in terms of GE,
GM . Then ρ(b) can be expressed as a simple integral of known functions,

ρ(b) =
∫ ∞

0

d Q Q
2π

J0(Qb)
GE (Q2) + τGM (Q2)

1 + τ
, 44.

where τ = Q2

4M 2 and J0 is a cylindrical Bessel function.
A straightforward application of Equation 44 to the proton using the parameterizations of

Reference 91 yields the results shown in Figure 4a. The curves obtained by using the two different
parameterizations overlap. Furthermore, there seems to be negligible sensitivity to form factors
at very high values of Q2 that are currently unmeasured. The density is peaked at low values of b
but contains has a long positive tail, suggesting a long-ranged, positively charged pion cloud.

The neutron results are shown in Figure 4b. The curves obtained by using the two different
parameterizations seem to overlap. Surprisingly, the central neutron charge density is negative.
The values of the integral of Equation 44 are somewhat sensitive to the regime 8 < Q2 < 16 GeV2,

14 Miller
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Γ =
1
2
(1 + n · γ) gives spin− dependent density

Generalized Coordinate Space Densities

8

Schierholtz, Zanotti  2009 -this quantity is not zero, proton 
is not round

spin-dependent density 
-depends on direction 
of b: proton is not round

Transverse Spin Structure of the Nucleon from Lattice-QCD Simulations

M. Göckeler,1 Ph. Hägler,2,* R. Horsley,3 Y. Nakamura,4 D. Pleiter,4 P. E. L. Rakow,5 A. Schäfer,1 G. Schierholz,6,4
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We present the first calculation in lattice QCD of the lowest two moments of transverse spin densities of
quarks in the nucleon. They encode correlations between quark spin and orbital angular momentum. Our
dynamical simulations are based on two flavors of clover-improved Wilson fermions and Wilson gluons.
We find significant contributions from certain quark helicity flip generalized parton distributions, leading
to strongly distorted densities of transversely polarized quarks in the nucleon. In particular, based on our
results and recent arguments by Burkardt [Phys. Rev. D 72, 094020 (2005)], we predict that the Boer-
Mulders function h?1 , describing correlations of transverse quark spin and intrinsic transverse momentum
of quarks, is large and negative for both up and down quarks.

DOI: 10.1103/PhysRevLett.98.222001 PACS numbers: 12.38.Gc, 14.20.Dh

Introduction.—The transverse spin (transversity) struc-
ture of the nucleon received a lot of attention in recent
years from both theory and experiment as it provides a new
perspective on hadron structure and QCD evolution (for a
review, see [1]). A central object of interest is the quark
transversity distribution !q!x" # h1!x", which describes
the probability of finding a transversely polarized quark
with longitudinal momentum fraction x in a transversely
polarized nucleon [2]. Much progress has been made in the
understanding of so-called transverse momentum depen-
dent parton distribution functions (TMD PDFs) like, e.g.,
the Sivers function f?1T!x; k2?" [3], which measures the
correlation of the intrinsic quark transverse momentum
k? and the transverse nucleon spin S?, as well as the
Boer-Mulders function h?1 !x; k2?" [4], describing the cor-
relation of k? and the transverse quark spin s?. While the
Sivers function is beginning to be understood, still very
little is known about the sign and size of the Boer-Mulders
function.

A particularly promising approach is based on
3-dimensional densities of quarks in the nucleon, "!x; b?;
s?; S?" [5], representing the probability of finding a quark
with momentum fraction x and transverse spin s? at dis-
tance b? from the center of momentum of the nucleon with
transverse spin S?. As we will see below, these transverse
spin densities show intriguing correlations of transverse
coordinate and spin degrees of freedom. According to
Burkardt [6,7], they are directly related to the above men-
tioned Sivers and Boer-Mulders functions. Our lattice re-
sults on transverse spin densities therefore provide for the
first time quantitative predictions for the signs and sizes of

these TMD PDFs and the corresponding experimentally
accessible asymmetries.

Lattice calculations give access to x moments of trans-
verse quark spin densities [5]
 

"n #
Z 1

$1
dxxn$1"!x; b?; s?; S?"

# 1

2

!
An0!b2?" % si?S

i
?

"
ATn0!b2?" $
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ji

m
&Si?B0
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j
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ij"Sj?
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m2
~A00
Tn0!b2?"

$
; (1)

where "n # "n!b?; s?; S?" and m is the nucleon mass.
The b?-dependent nucleon generalized form factors
(GFFs) An0!b2?"; ATn0!b2?"; . . . in Eq. (1) are related to
GFFs in momentum space An0!t"; ATn0!t"; . . . by a Fourier
transformation

 f!b2?" (
Z d2!?

!2$"2 e
$ib?)!?f!t # $!2

?"; (2)

where !? is the transverse momentum transfer to the
nucleon. Their derivatives are defined by f0 ( @b2?f and
!b?f ( 4@b2?!b

2
?@b2?"f. The generalized form factors in

this work are directly related to x moments of the corre-
sponding vector and tensor generalized parton distributions
(GPDs) (for a review, see [8]). The probability interpreta-
tion of GPDs in impact parameter space was first noted in
[9]. Apart from the orbitally symmetric monopole terms in
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ρΓ(b) =
∑

q

eq

∫
dx−q†+(x−,b)γ+Γq+(x−,b)
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Spin dependent densities-transverse- 
Lattice QCDSF, Zanotti, Schierholz...

9

This is not zero! proton is not round

Wednesday, February 15, 2012



σi+γ5 ∼ γ0γ+σi,
then relate equal time to ξ+ = 0 by integration over x

Shapes of the proton
• Relate spin dependent density to experiment
• Phys.Rev.C76:065209,2007 

Field-theoretic spin dependent 
momentum density is related to the 
transverse momentum distribution h⊥1T

Mulders Tangerman’96
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Transverse Shapes of the 
Proton

11

GERALD A. MILLER PHYSICAL REVIEW C 76, 065209 (2007)

FIG. 1. (Color online) Transverse shapes of the nucleon:√
2ρ̂RELT (KT , n)/f̃1(K2

T ). The horizontal axis is the direction of
ST and n = ŜT , φn = 0. The shapes vary from circular to highly
deformed as KT is increased from 0 to 2.0 GeV in steps of 0.25 GeV.

where φ is the angle between KT and ST and φn is the
angle between n and ST . The transverse shapes of the proton
(assuming a struck u quark), defined by the right-hand side of
Eq. (19) are shown in Fig. 1, taking φn = 0. Deformation
is seen for values of KT as small as 0.25 GeV, and this
increases as KT increases. Choosing φn = π emphasizes the
nonspherical nature because the first two terms of Eq. (19)
tend to cancel. The shapes of Eq. (19) can be thought of as
transverse projections of the shapes displayed in Ref. [10].

One complication is that it would be difficult to measure
the TMDs at all values of x needed to construct the integrals
appearing here. However, the model [16] indicates that the
functions f1, h1, and h⊥

1T have very similar x dependence, so
that measurements at values of x for which these functions
peak should be sufficient.

FIG. 2. (Color online) Transverse shapes of the nucleon, as in
Fig. 1 except that φn = π .

We also consider the TMDs using the relativistic quark
model used in Ref. [10]. Comparing Eq. (11) with Eq. (18)
to obtain f̃1 =

√
2ARELT , h̃1 =

√
2BRELT , and h̃⊥

1T =√
2CRELT . The results are essentially the same as those

shown in Figs.1 and 2. The amount of deformation can
be characterized by the ratio h̃⊥

1T (K2
T )/(f̃1(K2

T ) + h̃1(K2
T )),

which is about 10% larger for the quark model at small
values of K2

T . For higher values, the two models provide
indistinguishable shapes. See also Ref. [24].

We have shown that the nonspherical nature of the nucleon
shape is closely related to the nonvanishing of the measur-
able TMD h⊥

1T . Indeed, experiments planned at Jefferson
Laboratory aim to specifically measure h⊥

1T [25]. Thus we
await the ultimate determination of a nonzero value to clearly
demonstrate that the shape of the proton is not round.
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The weighted cross section involves p2
T
-moments of the distribution and fragmentation functions h⊥

1 and H⊥
1 ,

defined as

h⊥(n)
1 (x) ≡

∫

d2p
T

(

p2
T

2M2

)n

h⊥
1 (x,p

T
), (14)

H⊥(n)
1 (z) ≡ z2

∫

d2kT

(

k2
T

2M2
h

)n

H⊥
1 (z,−zkT ). (15)

While the kT -dependent function are lightfront correlation functions (i.e. ξ+ = 0), the integrated functions and
k2

T
-moments are lightcone correlation functions (i.e. ξ+ = ξT = 0 in the matrix elements) for which we expect

factorization to remain valid, although this has not yet been proven. The above two cases are summarized in
Table I. We note that a similar cos 2φ asymmetry involving the azimuthal angle of two hadrons in opposite

TABLE I. Azimuthal asymmetries 〈W 〉ABC (see Eq. 11) for the case of fully unpolarized leptoproduction. The last
column indicates the time-reversal behavior of the distribution and fragmentation function, respectively (e = even, o =
odd).

ABC W 〈W 〉ABC ·
[

4π α2 s/Q4
]−1

T

OOO 1
(

1 − y + 1
2 y2

)
∑

a,ā
e2

a xB fa
1 (xB)Da

1 (zh) ee

OOO (Q2
T /4MMh) cos(2φ!

h) (1 − y)
∑

a,ā
e2

a xB h⊥(1)a
1 (xB)H⊥(1)a

1 (zh) oo

jets appears in electron-positron annihilation [14]. In that case only T-odd fragmentation functions H⊥(1)
1 and

H
⊥(1)
1 are involved. A similar asymmetry in Drell-Yan would involve only T-odd distribution functions.
Next, we consider leading order single spin asymmetries, which we separate in single spin asymmetries for

lepton, target hadron and produced hadron, respectively. There are no leading order lepton spin asymmetries.
The one lepton spin asymmetry that is possible in one-particle inclusive leptoproduction is a sinφ!

h asymmetry.
It is, however, subleading, i.e. order 1/Q (see Ref. [15]).

There are four leading order single spin asymmetries involving the spin of the target hadron, given in Table II.
The first three involve T-even distribution functions. The fourth one involves a T-odd distribution function.

TABLE II. Leading order single spin asymmetries for the case of leptoproduction into unpolarized final states.

ABC W 〈W 〉ABC ·
[

4π α2 s/Q4
]−1

T

OLO (Q2
T /4MMh) sin(2φ!

h) −λ (1 − y)
∑

a,ā
e2

a xB h⊥(1)a
1L (xB)H⊥(1)a

1 (zh) eo

OTO (QT /Mh) sin(φ!
h + φ!

S) |ST | (1 − y)
∑

a,ā
e2

a xB ha
1(xB)H⊥(1)a

1 (zh) eo

OTO (Q3
T /6M2Mh) sin(3φ!

h − φ!
S) |ST | (1 − y)

∑

a,ā
e2

a xB h⊥(2)a
1T (xB)H⊥(1)a

1 (zh) eo

OTO (QT /M) sin(φ!
h − φ!

S) |ST |
(

1 − y + 1
2 y2

)
∑

a,ā
e2

a xB f⊥(1)a
1T (xB)Da

1 (zh) oe

The first three asymmetries are T-odd in the fragmentation part, in particular they all feature the fragmen-

tation function H⊥(1)
1 . The second of the three asymmetries was first discussed by Collins [16]. The existence

of the other two was pointed out in Refs [17,18]. The third asymmetry in Table II involves the second p2
T
/2M2

moment of the function h⊥
1T and appears also as an OTO asymmetry with slightly different azimuthal angle

dependence. For a detailed discussion of the asymmetries we refer to Refs [19,20]. The fourth entry in Table II is

again an OTO single spin asymmetry containing the T-odd distribution function f⊥(1)
1T . It appears in scattering

of unpolarized leptons off transversely polarized targets. This asymmetry is probably the easiest way to look for
the function f⊥

1T as it just requires searching for a correlation between the azimuthal angles of the produced
hadron and the target transverse spin, e.g. in ep↑ → eπX or ep↑ → eKX . This possibility was pointed out in
Ref. [7] (measurement a).

Next we consider the single spin asymmetries related to the spin of the produced hadron. At leading order
there are four single spin asymmetries, given in Table III, three of which contain the T-odd distribution function

h⊥(1)
1 .

4

There have been searches for this term
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