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Lattice Calculation of gA
3 and <x>u-d

Isovector gA <x>Isovector gA <x>u-d

22
These involve connected insertion calculations.



Hadron Structure withHadron Structure with
Disconnected Insertion CalculationDisconnected Insertion CalculationDisconnected Insertion CalculationDisconnected Insertion Calculation

•• PionPion--Nucleon Sigma Term, Strangeness Content in NNucleon Sigma Term, Strangeness Content in N
Q k S i d O bit l A l M t i N lQ k S i d O bit l A l M t i N l•• Quark Spin and Orbital Angular Momentum in NucleonQuark Spin and Orbital Angular Momentum in Nucleon

•• Sea Quark Contributions in <x>, and <xSea Quark Contributions in <x>, and <x22>>
•• Strangeness Electric and Magnetic Form FactorsStrangeness Electric and Magnetic Form Factors•• Strangeness Electric and Magnetic Form FactorsStrangeness Electric and Magnetic Form Factors
•• MuonMuon Anomalous M. M. (gAnomalous M. M. (g--2) (light2) (light--byby--light)light)
•• Neutron Electric Dipole MomentNeutron Electric Dipole Momenteut o ect c po e o e teut o ect c po e o e t

× ),,)((5 sdutΨΨ γγμ

))(( 55 tdduu γγγγ μμ +

×
))(( 55 γγγγ μμ

0t ft
0t ft
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Strange Parton MomentsStrange Parton Moments
•• Strange Strange partonparton distribution is distribution is not well known not well known –– H.L. Lai et al. H.L. Lai et al. 

(CTEQ), JHEP 0704:089 (2007)(CTEQ), JHEP 0704:089 (2007)

•• 0.018 < <x>0.018 < <x>ss < 0.040< 0.040

•• NuTeVNuTeV measurement of sinmeasurement of sin2 2 θθWW is 3 is 3 σσ above the standard above the standard 
model            strangeness asymmetry, i.e.                        ?model            strangeness asymmetry, i.e.                        ?( ) ( )s x s x≠

•• CTEQ: the sign of                                is uncertain.CTEQ: the sign of                                is uncertain.

L tti l l tL tti l l t

[ ( ) ( )]dx x s x s x−∫
2 2[ ( ) ( )]d〈 〉 ∫•• Lattice can calculateLattice can calculate 2 2[ ( ) ( )]sx dx x s x s x〈 〉 = −∫
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Implication on Fitting of PDFImplication on Fitting of PDFImplication on Fitting of PDFImplication on Fitting of PDF

0 655(43) [quenched]⎧〈 〉 0.655(43) [quenched]
0.894 (47) [full QCD](DI)

s s

u u

x
x

+

+

⎧〈 〉
= ⎨〈 〉 ⎩

0 4sx〈 〉

( )/2

~ 0.4s

u dx +

〈 〉
〈 〉

Global PDF Fitting  à la CTEQ

Is there a discrepancy?p y
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CSV qqq += CSq DSDS qq ?)(≠=
K.F. Liu, PRD (2000)Path Integral Formulation of DIS 

2Q
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Parton degrees of freedom: valence, connected sea and Parton degrees of freedom: valence, connected sea and 
disconnected seadisconnected sea
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Physical ConsequencesPhysical Consequences

•• Is it necessary to separate out the CS from the DS?Is it necessary to separate out the CS from the DS?

1)1) Small x behaviorSmall x behavior

)( 2/1−− Rα

(Reggeon exchange, no pomeron exchange)(Reggeon exchange, no pomeron exchange)

)( ~, , 2/1
0 → xxqqq R

xCSCSV
α

( gg g p g )( gg g p g )
1

0   ~ , −
→ xqq xDSDS

(Pomeron exchange)(Pomeron exchange)

page 9



2)   Gottfried Sum Rule Violation2)   Gottfried Sum Rule Violation

Rule)SumGottfried(1);10());()((21);10( 2
1

2 =+= ∫ QSxdxudxQS

NMC:NMC:

Rule)SumGottfried(
3

);1,0(  ));()((
33

);1,0(
0

=−+= ∫ QSxdxudxQS GPPG

GSR) from (5 016.0240.0)GeV 4;1,0( 2 σ±=GS
2Q 2Q

2Q 2Q2Q
× ×

Q

1t 2t

Q Q

× ×
1t 2t

0 t
)(

0 t
two flavor traces (            )       one flavor trace (            )two flavor traces (            )       one flavor trace (            )

K F Liu and S J Dong PRL 72 1790 (1994)K F Liu and S J Dong PRL 72 1790 (1994)

0 )(c

DSDS du = CSCS du ≠

K.F. Liu and S.J. Dong, PRL 72, 1790 (1994)K.F. Liu and S.J. Dong, PRL 72, 1790 (1994)
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HERMES – Kaon production in DIS, PL B666, 446 (2008) 
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3)  Fitting of experimental data3)  Fitting of experimental data K.F. Liu, PRD (2000)

O.K.        2/1
0

−
→⎯⎯→⎯− xdu x

u, ( 000)

ButBut is not a  de quate.   u d s+ ∝

A better fit A better fit ( ) ( ) ( ) ( ),    1
2

u x d x f s x c x f+
= + ≈

where           where           

( ) ( ),
2

f f

1/2
0( )     like in   ( ) ( )xc x x u x d x−

→⎯⎯⎯→ −

4)   Unlike DS, CS evolves the same way as the valence.
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Connected Sea Partons

11( ) ( ) ( )( ) ( )( );CSx d u x x d u x x s s x
R

+ = + − +

CT10 lattice expt

page 13

(lattice) ~ 0.857
( )

s

u

xR
x DI
〈 〉

=
〈 〉

CT10 lattice expt



1

0

Gottfried Sum Rule Violation

  ( ( ) ( )) 0CS CSdx d x u x⇒ − >∫
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Results from Drell-Yan Experiment – E866/NuSea
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Results for <x2> Nf=2+1

PreliminaryPreliminary

<x2>(s)<x2>(ud) [DI]

16



Quark and Glue Quark and Glue MomentaMomenta and and 
Angular Angular MomentaMomenta

•• Quark and glue spin Quark and glue spin –– experimentsexperiments
•• Glue spin operator and gauge invarianceGlue spin operator and gauge invarianceGlue spin operator and gauge invarianceGlue spin operator and gauge invariance
•• Momentum and angular momentum sum Momentum and angular momentum sum 

rulesrulesrulesrules
•• Lattice calculationLattice calculation

1717



0 245 0 05q qΔΣ = Δ + Δ = ±∑

1818

0.245 0.05
q

q qΔΣ = Δ + Δ = ±∑



Horst Fischer DIS2010See Talk 1193 by F. Kunne 1919



Quark Orbital Angular Momentum 
(connected insertion)

2020



Nucleon SpinNucleon SpinNucleon SpinNucleon Spin
•• Quark spinQuark spin ΔΣΔΣ ~~ 2020 30% of proton spin30% of proton spin•• Quark spin Quark spin ΔΣΔΣ ~ ~ 20 20 -- 30% of proton spin 30% of proton spin 

((DIS, Lattice)DIS, Lattice)
•• Quark orbital angular Quark orbital angular momentum?       momentum?       

((lattice calculation (LHPC,QCDSF)lattice calculation (LHPC,QCDSF) ~ 0)~ 0)
•• Glue spin Glue spin ΔΔG/G G/G small (small (COMPASS, STAR) COMPASS, STAR) ??
•• Glue orbital angular momentum is smallGlue orbital angular momentum is smallGlue orbital angular momentum is small Glue orbital angular momentum is small 

(Brodsky and Gardner) ?              (Brodsky and Gardner) ?              

D k S i  ?Dark Spin ?
2121



Hadron Structure withHadron Structure with Quarks and GlueQuarks and Glue
•• Quark and Glue Momentum and Angular Momentum in Quark and Glue Momentum and Angular Momentum in 

the Nucleonthe Nucleon
( )( )u D u d D d tγ γ+

×
( )( )u D u d D d tμ ν μ νγ γ+

0t ft

×
( )( , , )D t u d sμ νγΨ Ψ 21

4
F F Fμα να μνδ−

0t ft 0t ft
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Momenta and Angular Momenta of Quarks and Glue 
Energy momentum tensor operators decomposed in quark and
glue parts gauge invariantly  --- Xiangdong Ji (1997)

1i ⎡ ⎤⎡ ⎤ ∫ 3
5 4

1( )   J ( )
4 2

1

q
q

iT D d x x iDμν μ νψγ ψ μ ν ψγγ ψ ψγ ψ⎡ ⎤⎡ ⎤= + ↔ → = + × −⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤

∫

∫

t r rr r

Nucleon form factors

2 31              J ( )
4

g
gT F F F d x x E Bμν μλ λν μνδ ⎡ ⎤= − → = × ×⎣ ⎦∫
r r rr

2 2
1 2

2 2 2

, | | ' ' ( , )[ ( ) ( ) / 2

i ( )( ) / ( ) / 2] ( ' ')
vp s T p s u p s T q p T q p q mμν μ ν μ α αγ σ

δ δ

= −

Momentum and Angular Momentum

2 2 2
3 4                            -iT ( )( ) / ( ) / 2] ( ' ')q q q q m T q m u p sμ ν μν μνδ δ− +
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TT11 (q(q22) and T) and T22 (q(q22))TT11 (q(q ) and T) and T22 (q(q ) ) 
33--pt to 2pt to 2--pt function ratiospt function ratios33 pt to 2pt to 2 pt function ratiospt function ratios

2 13
2 1 2 2( , ; , ) 0| ( , ) (0) ;ip x iq xpt

N NG p t q t e T x t Tμν μνχ χ− ⋅ + ⋅ ⎡ ⎤= ⎣ ⎦∑
r r r rr r r

1 2

2 1 1

,

( )3 2 2
2 1 1 2Tr ( 0, ; , ) ( ) ( )

x x

m t t Etpt
mG p t q t We e T q T qμν

− − −⎡ ⎤ ⎡ ⎤Γ = = +⎣ ⎦ ⎣ ⎦

r r

r r

Need both polarized and Need both polarized and unpolarizedunpolarized

2 1 1 2m μν⎣ ⎦ ⎣ ⎦

eed bo po a ed a deed bo po a ed a d u po a edu po a ed
nucleon and different kinematics (pnucleon and different kinematics (pii, , qqjj, s), s)
to separate out to separate out TT11 (q(q22),  T),  T22 (q(q22) and T) and T33 (q(q22) ) pp 11 (q(q ),), 22 (q(q )) 33 (q(q ))



Renormalization and QuarkRenormalization and Quark--Glue MixingGlue Mixing
Momentum and Angular Momentum Sum Rules

R L R Lx Z x x Z x〈 〉 = 〈 〉 〈 〉 = 〈 〉,   ,

,   ,    
q q q g g g

R L R L
q q q g g g

x Z x x Z x

J Z J J Z J

〈 〉 = 〈 〉 〈 〉 = 〈 〉

= =

1,

1

L L
q q g gZ x Z x〈 〉 + 〈 〉 =

1 1(0) (0) 1,

( )(0) ( )(0) 1

q g
q g

q q g g

Z T Z T

Z T T Z T T

⎧ + =
⎪⎪
⎨1

2
L L

q q g gZ J Z J+ =
Mixing

1 2 1 2

2 2

( )(0) ( )(0) 1,

(0) (0) 0

q q g g
q g

q g
q g

Z T T Z T T

Z T Z T

⎪⇒ + + + =⎨
⎪

+ =⎪⎩

( ) ( )  ( )MS R
q qq qg qx C C xμ μ μ⎡ ⎤ ⎡ ⎤〈 〉 〈 〉⎡ ⎤

=⎢ ⎥ ⎢ ⎥⎢ ⎥

Mixing

( )  ( )( ) RMS
gq gg gg

C C xx μ μμ
=⎢ ⎥ ⎢ ⎥⎢ ⎥

〈 〉〈 〉⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦
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Lattice Parameters Lattice Parameters 
•• Quenched 16Quenched 1633 x 24 lattice with Wilson x 24 lattice with Wilson 

fermionfermionfermionfermion
•• Quark spin and <x> were calculated Quark spin and <x> were calculated 

before for both the C I and D Ibefore for both the C I and D Ibefore for both the C.I. and D.I.before for both the C.I. and D.I.
•• κκ = 0.154, 0.155, 0.1555 (m= 0.154, 0.155, 0.1555 (mππ = 650, = 650, 

538 478538 478 MeVMeV))538, 478 538, 478 MeVMeV))
•• 500 configurations500 configurations
•• 400 noises (Optimal Z400 noises (Optimal Z44 noise with noise with 

unbiased subtraction) for DIunbiased subtraction) for DI
•• 16 nucleon sources16 nucleon sources

2626



Connected Insertions of T1 (q2) and T2 (q2) 
f /d Q kfor u/d  Quarks

cross checkcross check
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Disconnected Insertions of T1 (q2) and T2 (q2) for u/d  Quarks



Gauge Operators from the Overlap Dirac OperatorGauge Operators from the Overlap Dirac Operator

Overlap operator Overlap operator 

5 5 01 ( ); ( )WD H H D mγ ε γ= + =
Index theorem on the lattice  (Index theorem on the lattice  (HasenfratzHasenfratz, , LalienaLaliena,  ,  
NiedermayerNiedermayer, , LLüüscherscher))

a

5 5 01 ( );   ( )ov WD H H D mγ ε γ+

Local version (Local version (KikukawaKikukawa & Yamada, Adams, & Yamada, Adams, FujikawaFujikawa, , 
Suzuki)Suzuki)

5index (1 )
2ov ov
aD Tr Dγ= − −

Suzuki)Suzuki)

Study of topological structure of the vacuumStudy of topological structure of the vacuum

4 6
5 0( ) (1 ( , )) ( ) ( )

2L ov a

aq x tr D x x a q x O aγ →= − − ⎯⎯⎯→ +

Study of topological structure of the vacuumStudy of topological structure of the vacuum

SubSub--dimensional long range order of coherent charges  dimensional long range order of coherent charges  
((HorvHorvààthth et al; Thacker talk in Lattice 2006)et al; Thacker talk in Lattice 2006)((HorvHorvààthth et al; Thacker talk in Lattice 2006)et al; Thacker talk in Lattice 2006)
Negativity of the local topological charge Negativity of the local topological charge correlatorcorrelator ((HorvHorvààthth et al) et al) 



We obtain the following resultWe obtain the following result
2 3( , ) ( ),T

s ovaD x x c a F O aμν μνσtr = +

2
4

4 2 2 3/2

2 ( ( 1)) 2
T

r c c c rc s
d kc

π λ μ ν μ ν
λ

ρ
ρ

⎡ ⎤
+ − +⎢ ⎥

⎣ ⎦=
∑

∫

where, where, 1 1 368 0 11157Tr cρ= = =

4 2 2 3/2(2 ) ( [ ( 1)] )
c

s cμ νπ μ ν

ρ
π ρΣ Σ− + + −∫

Liu, Liu, AlexandruAlexandru, Horvath , Horvath –– PLB 659, 773 (2007)PLB 659, 773 (2007)

1, 1.368, 0.11157r cρ    

Noise estimationNoise estimation
with Zwith Z44 noise with colornoise with color--spin dilution and some dilution inspin dilution and some dilution in
spacespace time as welltime as well

†( , ) ( )ov x ov xD x x Dη η→

spacespace--time as well.time as well.



Glue  T1 (q2) and T2 (q2) 



CI( )CI( ) CI(d)CI(d) CI(CI( dd)) DI( /d)DI( /d) DI( )DI( ) GlGl

Renormalized results:   Zq = 1.05, Zg = 1.05

CI(u)CI(u) CI(d)CI(d) CI(CI(u+du+d)) DI(u/d)DI(u/d) DI(s)DI(s) GlueGlue

0.4280.428 0.1560.156 0.5860.586 0.0380.038 0.0240.024 0.3130.313
<x><x>

0.428     0.428     
(40)(40)

0.1560.156
(20)(20)

0.5860.586
(45)(45)

0.0380.038
(6)(6)

0.0240.024
(6)   (6)   

0.3130.313
(56)(56)

TT22(0) (0) 0.2970.297 --.218.218 0.0640.064 --0.0020.002 --.001.001 --.059.05922( )( )
(112)(112) (80)(80) (22)(22) (2)(2) (3)(3) (52)(52)

0.7260.726 --.072.072 0.6510.651 0.0360.036 0.0230.023 0.2540.254
2J2J

0.7260.726
(128)(128)

.072.072
(82)(82)

0.6510.651
(51)(51)

0.0360.036
(7)(7)

0.0230.023
(7)(7)

0.2540.254
(76)(76)

2 2 2(0) (0) (0) 0.002(56)CI DI gT T T+ + =
S Brodsky et al NPB 593 311(2001) → no anomalous gravitomagnetic

3232

S. Brodsky et al. NPB 593, 311(2001) →  no anomalous gravitomagnetic
moment

E. Leader, arXiv:1109.1230 →  transverse angular momentum



<x>

0.313 CI(u+d)
DI(u+d)

0.586

0.024

DI(u+d)
DI(s)
Glue

0.076
0.024

2 J

0.254

2 J
CI(u+d)

( )
0.651

0.072

0.023 DI(u+d)
DI(s)
GlueGlue



FlavorFlavor--singlet gsinglet gAA

•• Quark spin puzzle (dubbed `proton spin crisis’)Quark spin puzzle (dubbed `proton spin crisis’)
–– NRQMNRQM
–– RQMRQM⎩

⎨
⎧=++=

750
10 sdug A ΔΔΔ

–– RQM                                           RQM                                           

–– Experimentally (EMC, SMC, … Experimentally (EMC, SMC, … 

⎩ 75.0

3.02.0~0 −= AgΔΣ

))(( 55 tdduu γγγγ μμ +
×

),,)((5 sdutΨΨ γγμ

×
))(( 55 tdduu γγγγ μμ +

0t ft

0t ft
0 f

conconA dug )(0
, ΔΔ += disdisA sdug )(0

, ΔΔΔ ++=
3434



S J Dong J F Lagae and KFL PRL 75 2096 (1995)

CI)(2 08
AA gsdug ≈Δ−Δ+Δ=

S.J. Dong, J.-F. Lagae, and KFL, PRL 75, 2096 (1995) 

• DI sea contribution independent of quark mass

u d sΔ Δ Δ= ≅
• This suggests U(1) anomaly at work.

• )CI(2 08
AA gsdug ≈Δ−Δ+Δ=

3535



)12(25.0))1(12.0(3)9(62.0)()(0 =−+=++++= disconA sdudug ΔΔΔΔΔ

Lattice resolution: U(1) anomaly

LatticeLattice Expt. (SMC)   Expt. (SMC)   NRQMNRQM RQMRQM

0.25(120.25(12)) 0.22(10)0.22(10) 11 0.750.75sdugA ΔΔΔ ++=0 0.25(120.25(12))
1.20(10)1.20(10)
0.61(13)0.61(13)

0.22(10)0.22(10)
1.2573(28)1.2573(28)
0.579(25)0.579(25)

11
5/35/3
11

0.750.75
1.251.25
0.750.75

sdugA ΔΔΔ ++=

dugA ΔΔ −=3

sdugA ΔΔΔ 28 −+=

0.79(11)0.79(11)
--.42(11).42(11)

0.80(6)0.80(6)
--0.46(6)0.46(6)

1.331.33
--0.330.33

11
--0.25    0.25    

uΔ
dΔ

--.12(1).12(1)
0.45(6)0.45(6)
0 75(11)0 75(11)

--0.12(4)0.12(4)
0.459(8)0.459(8)
0 798(8)0 798(8)

0 0 
0.670.67

11

00
0.50.5
0 750 75

AF

D

sΔ

0.75(11)0.75(11)
0.60(2)0.60(2)

0.798(8)0.798(8)
0.575(16)0.575(16)

11
0.670.67

0.750.75
0.670.67

AD

AA DF /

2/)2(;2/)( sduDsuF AA ΔΔΔΔΔ +−=−=    
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Renormalized results:

CI(u)CI(u) CI(d)CI(d) CI(CI(u+du+d)) DI(u/d)DI(u/d) DI(s)DI(s) GlueGlue

0.7260.726 --.072.072 0.6510.651 0.0360.036 0.0230.023 0.2540.254
2J2J

0.7260.726
(128)(128)

.072.072
(82)(82)

0.6510.651
(51)(51)

0.0360.036
(7)(7)

0.0230.023
(7)(7)

0.2540.254
(76)(76)

0.950.95 --0.320.32 0.650.65 --0.120.12 --0.120.12
ggAA

0.950.95
(11)(11)

0.320.32
(12)(12)

0.650.65
(8)(8)

0.120.12
(1)(1)

0.120.12
(1)(1)

--0 250 25 0 260 26 0 000 00 0 170 17 0 150 15
2 L2 L

0.250.25
(18)(18)

0.260.26
(14)(14)

0.000.00
(10)(10)

0.170.17
(2)(2)

0.150.15
(2)(2)
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Quark Spin, Orbital Angular Momentum, 
and Gule Angular Momentumg

0.250.254
2 J

Quark Spin
Qurak OAM
Glue AM

0.49

0 25Δ 0.25;
2 0.49 (0.0(CI)+0.49(DI));q

q
L

Δ ≈
≈

2 J 0.25
q

g ≈



SummarySummary
•• PathPath--integral formulation of DIS reveals the   integral formulation of DIS reveals the   PathPath--integral formulation of DIS reveals the   integral formulation of DIS reveals the   

CS CS partonspartons in addition to DS in addition to DS partonspartons. . 
•• The The CS CS partonspartons can be isolated with the help can be isolated with the help The The CS CS partonspartons can be isolated with the help can be isolated with the help 

of the combination of experiments and lattice of the combination of experiments and lattice 
calculations.calculations.

•• Momentum fraction of quarks (both valence Momentum fraction of quarks (both valence 
and sea) and glue have been calculated for a and sea) and glue have been calculated for a 
quenched lattice:quenched lattice:
–– Glue Glue momemtummomemtum fraction is ~ 31%.fraction is ~ 31%.

00  0 25 i   i h   0 25 i   i h  –– ggAA
00 ~ 0.25 in agreement with expt. ~ 0.25 in agreement with expt. 

–– Glue angular momentum is ~ 25%.Glue angular momentum is ~ 25%.
•• Quark orbital angular momentum is large for the Quark orbital angular momentum is large for the •• Quark orbital angular momentum is large for the Quark orbital angular momentum is large for the 

sea quarks (~ 50%). sea quarks (~ 50%). 
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•• Dynamical domainDynamical domain--wall wall fermionfermion gaugegauge
(RBC + UKQCD configurations, lowest (RBC + UKQCD configurations, lowest ( KQ D f g , w( KQ D f g , w
pionpion mass ~ 180 mass ~ 180 MeVMeV on 4.5 fm box) on 4.5 fm box) 
+ overlap + overlap fermionfermion for the valencefor the valence+ overlap + overlap fermionfermion for the valence.for the valence.

•• Quark loops with low mode averagingQuark loops with low mode averaging
d i d l  td i d l  tand improved nucleon propagator.and improved nucleon propagator.
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