
Xiangdong Ji 
University of Maryland 

Shanghai Jiao Tong University 



 Non-relativistic QM and gauge potential 
 QFT: Gauge choice, quantization, and gauge 

symmetry  
 Gauge invariant extension (GIE) 
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 All calculations for hydrogen atom is done in 
“Coulomb gauge” in which, 

            A=0  
 Therefore the physical momentum in Coulomb 

gauge can be calculated with -i∂ . 
 -i∂ by itself without specifying gauge is not a gauge 

invariant quantity.   It is only physical in A=0 gauge. 
 The connection between -i∂  and A is an intrinsic 

feature of the gauge theory.  
 



  Consider a particle  of wave 
function ψ near a  solenoid. 

 When the current is turned 
    on suddenly, A is produce and 

electron gets a kinetic 
momentum kick  

 this cannot be due to -i∂ 
because the w.f. is continuous 
in time!  

 Therefore, mechanical mom is 
       -iD = -i∂  ̶  eA  
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 In the last few years, “new gauge symmetry” has 
been proposed by X. S. Chen et al.  
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 All the gauge-dependent part is in Apure.  
 Aphys contains purely physical d.o.f’s. Thus one can 

construct all the physical observables using Aphys 

 Covariant derivative can simply be  
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 One can always add more conditions to make Aphys 
unique.  

 Why these conditions are physical?  

 Why not other conditions?  

 What is the difference from ordinary gauge choices?  
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 Consider the simple U(1) theory, 
 
 
 The vector potential Aµ  

 has two physical polarizations,   

 also mediates the static electric and magnetic interactions  

 has spurious degrees of freedom   

 As it is, the dynamics of spurious dof is unspecified, 
thus, in pert. theory, this leads to a divergent photon 
propagator (we consider lattice QCD separately) 



 Choosing a gauge to quantize the theory is to 
constrain the non-physical dof. Therefore the photon 
propagator becomes finite.  

 The electron wave function or propagator depends 
on gauge choice. 

 All green’s functions are gauge-dependent. 
 S-matrix is gauge invariant, poles of propagators are 

gauge invariant.  
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 Detailed discussion can be found in Bjorken and 
Drell.  

 



 Enlarged Hilbert space 
 
 
 
 
 
 

 Physical space is determined by the constraint 



 Dynamics is given for the non-physical degrees of 
freedom 
 
 
 
 
 
 

 Selecting physical states  
   

 
 
 



 Lorentz gauge does not fix the gauge completely. 
Thus, there is an infinite number of physical states, 
which correspond to additional gauge 
transformation.  
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 Non-operator, state space formulation 
 Any gauge conditions work so long as FP 

determinant is non-vanishing 
 Easy to prove if the operator is gauge invariant the 

matrix element is also invariant. 
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 There is no known way to quantize the theory with 
both Apure, and  Aphys as quantum mechanical degrees 
of freedom.  

 Quantization only makes sense in Coulomb/radiation 
gauge where one can choose Apure =0  

 However, in any other gauge, no one knows how to 
make the quantization either in canonical way or in 
path integral formulation.  



 Consider a gauge variant operator O 
 Define its matrix element in a particular gauge  
 Require that in any other gauge, the matrix element 

has to be the same,  
 This is called GIE.  



 Defined as in any gauge 
 
 

 Assume its matrix element in A+ =0 gauge as 
physical, then in any other gauge, the operator 
becomes 
 

 
 Obviously gauge invariant, in any gauge, it generates 

the same answer.  
 

 
  



 S_g(inv) can be measured in exp. through the 
integral of the gluon distribution.   

 One can define GIE of spin in any other gauge, one 
gets a different answer.  

 S_g (inv)  has no spin interpretation in any other 
gauge.  

 S_g (inv) is non-local and  has not proper Lorentz 
symmetry properties.  



   “physical quantities” become non-local  
 
 
 
 Lorentz transformation of Aphys becomes a mess.  
 All physical theory and observables must obey  

Lorentz symmetry, even when constructing with only 
physical degrees of freedoms.  

 In fact, in any effective field theory with correct 
physical degrees of freedoms, one must go through 
constructions will all symmetry taken into account 
properly! 


