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A  BASIC  PRINCIPLE ?

2

Operators must satisfy 
the commutation relations 
of the physical quantities 
that they are meant to represent 
in order for their matrix elements 
to be identified 
with those physical quantities.
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I. Spin, boosts and angular momentum 

4

Binding moves spin from static non-relativistic 
         view to include orbital contributions

e.g. Electron in hydrogenic atom:  (where                                 )

but  norm 

ψ†ψ ∝ {1 +
[
(1− γ)

Zα

]2

[(cosθ)2 + (sinθ)2]}

and so “spin” 

ψ ∝





1
0

−ı (1−γ)
Zα cosθ

ı (1−γ)
Zα sinθeıφ





γ =
√

1− Z2α2

ψ†Σ3ψ ∝
1

1 +
[

(1−γ)
Zα

]2 {1 +
[
(1− γ)

Zα

]2

[(cosθ)2 − (sinθ)2]}

which integrates to
1

1 +
[

(1−γ)
Zα

]2 < 1
Difference 
must be 
made up 
by orbital

{1st correction at                  }O(Z4α4)
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Axial current or generator of rotations?

5

Σ3 =
[

σ3 0
0 σ3

]

from generator of 3-axis rotations: 

Same effect for bound state wavefunctions, 
       but -- 

1
2
ψ̄σ12ψ =

1
2
ψ†

[
σ3 0
0 −σ3

]
ψ

1
2
ψ̄γ3γ5ψ =

1
2
ψ†Σ3ψ

∫(c2 - s2) = ∫(s2-c2) = 0

Or recall Melosh: S⊥  and S‖  boost differently + Wigner rotation 
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Basic Boosts: 
Accelerating a polarized fermion 

from rest distributes angular 
momentum from spin to spin plus 

orbital angular momentum 

6

Rest Frame solution 
of Dirac equation 
for spin up fermion: 

ψ(x, t) =





1
0
0
0



 e−ı(mt=pµxµ)
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Boost FRAME - along spin direction 

7

Ψ(pµxµ) ➔ e-iσ03ω/2 Ψ(pµxµ)  
         =  e{−          ω/2} Ψ(pµxµ)

0 σ3

σ3 0

1

0
0
0

= {cosh(ω/2)1 −        sinh(ω/2)}   e-i(Et-pz)

=                 e-i(Et-px)

 cosh(ω/2)
0

  sinh(ω/2)   
0

cosh(ω) = E/m
sinh (ω) = p/m

cosh(ω/2) = √{[1+cosh(ω)]/2}
sinh(ω/2) = √{[cosh(ω)-1]/2}

0 σ3

σ3 0
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or in terms of energy and momentum

8

ΨL(pµxµ) =                                e-i(Et-px)
1

0
    p/(E+m)

0
    Cf. σ•p/(E+m) ➝
Spin-flip + Orbital L=1 ¡ lim p ➝ E ➝ ∞ ! c.f. p = 0

ψ̄σ12ψ =
(E + m)2 − p2

2m(E + m)
= 1

ψ†Σ3ψ =
(E + m)2 + p2

2m(E + m)
=

E

m

√
E + m

2m
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Boost FRAME- transverse to spin direction

7

Ψ(pµxµ) ➔ e-iσ01ω/2 Ψ(pµxµ)  
         =  e-{           ω/2} Ψ(pµxµ)

0 σ1

σ1 0

1

0
0
0

= { cosh(ω/2)1 -        sinh(ω/2)}   e-i(Et-pz)

=                 e-i(Et-px)

  cosh(ω/2)
0
0

 -sinh(ω/2)

cosh(ω) = E/m
sinh (ω) = p/m

cosh(ω/2) = √{[1+cosh(ω)]/2}
sinh(ω/2) = √{[cosh(ω)-1]/2}

0 σ1

σ1 0
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ΨT(pµxµ) =                                 e-i(Et-px)

1

0
0

   -p/(E+m)

√
E + m

2m

or in terms of energy and momentum

ψ̄σ12ψ =
(E + m)2 + p2

2m(E + m)
=

E

m

ψ†Σ3ψ =
(E + m)2 − p2

2m(E + m)
= 1
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φR
j (0µ) =

mj

√
2





1
0
...
0




φR

j−1(0
µ) =

mj

√
2





0
1
...
0





· · · φR
−j(0

µ) =
mj

√
2





0
0
...
1





Rest Frame Spin-j “Weyl” Spinors

Weinberg-Soper
front-form formalism

Column Index = ζ

0µ ≡ (p+ = m, p1 =

p2 = 0, p− = m)
⦁

II. Lorentz irreps and angular momentum
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Wigner Conjugation Operators

Θ[1/2] =
[

0 −1
1 0

]

Θ[1] =




0 0 1
0 −1 0
1 0 0





transforms R = (1/2, 0) Weyl 
spinor into  L = (0,1/2) spinor

transforms R = (1,0) Weyl-like 
spinor into L = (0,1) spinor

ψR
1
2 ζ ➔

➔

ψL
1
2 ζ⦁

⦁φR
1ζ φL

1ζ

  Two independent R’s, one transformed to L 
     make (1/2, 0) ⊕ (0,1/2) Dirac bispinor

     One R ⊕ same transformed to L makes 
self (or anti-self)-conjugate Majorana bispinor

Similarly for spin-1: self-conjugate bi“spinor” has no charge
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After boosting along the 3-axis (quantization axis): 

φR
1 →

m√
2




p+

m
1
m
p+





In limit p+ ➔ ∞, bispinor ➔

ignoring the plane wave factor. 

Note that only helicity = ±1 survive 
in the massless limit -- and only +1 
or -1, violating parity, for each part 
{(1,0) or (0,1)} separately.

 Wigner-Weyl 
representation

φ1 ∼





0
0
1
1
0
0





 2nd

state

ξ ∼ {ζζ̇}

φξ
1 ∝





1
0
0
0
0
1




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   Structure of spin-1 “Weyl”-spinor,         
interaction with spin-½ Weyl-spinor field,      :

Is there a Lorentz group Clebsch-Gordan coefficient

to form a relation to the conventional photon field:

: No?

(
1
2
,
1
2
)RHS in             irrep

(J = 0 + 1)

χζ

using

This leaves some of the possible         components without values. Aµ

(
1

2
, 0)⊗ (

1

2
, 0) = (1, 0)⊕ (0, 0)

Γ̃µ
ξ

Γξ ↔ γµΓ̃
µ
ξ

i.e., in Dirac form:

Ψ̄Γξφ
ξ
1Ψ

φξ
1

Γ̃µ
ξφ

ξ
1 ↔ parts of Aµ

χ†
ζ Γ̄

ζζ′

ξ φξ
1χζ′
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III.   Gauge non-Invariance of Pauli 
Hamiltonian Hydrogen Eigenenergies

15

HD = !γ · (!p− e !A) + m− eA0

HDψ = ı
∂

∂t
ψ

A0 =
Z

r= Eψ

!J = !L + !S

= !r × !p +
1
2
!Σ

!Σ =
[

!σ 0
0 !σ

]

Bjorken & Drell, Vol.1 (1964) p.52
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T. Goldman, Phys. Rev. D15 (1977) 1063.
See also: Wei-min Sun:
Time Evolution Op ≠ ∫T00

∂
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∂

➔ U = e[β"α·("p−e "A)/2m]

No problem only if: 

!∇ · !A = 0

!σ · ∂ !A

∂t
× !p = 0

!σ · !∇× ∂ !A

∂t
= 0

Foldy-Wouthuysen

Pauli and Dirac Hamiltonians are not unitarily equivalent

i.e., OK only in Coulomb gauge

－
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Gauge-invariant hydrogen-atom Hamiltonian
Wei-Min Sun, Xiang-Song Chen, Xiao-Fu Lü and Fan Wang

Physical Review A 82 (2010) 012107
Time Evolution Op ≠ ∫T00 : Generator of time 
translation is not identical to energy operator

  Identifying                                            as the em field produced by 
the proton in Mp=∞ limit, and solving for H with gauge                           !∇ · !A = ∇2f(!x, t)

Aµ = (A0, !A) = (
e

4πr
− ∂f

∂t
, !∇f)

The standard Lagrangian gives the energy of the electron in the field 
of the proton as:               and hence the Hydrogen Hamiltonian

Whereas the Dirac equation

ı
∂

∂t
ψe =

(
−ı#α · #∇+ e#α · #∇f + βm− e2

4πr
+ e

∂f

∂t

)
ψe = HDψe

gives HD = !α · (!p+ e !A) + βm− eA0

−e2/4πr

H = !α · (!p+ e!∇f) + βm− e2

4πr
= !α · (!p+ e !A) + βm− eA0

phys

which generates time translations but 
is not equal to the energy (except in Coulomb gauge) 

⇧

e−ıEntψn("x) → e−ıefe−ıEntψn("x)
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∂2A0 − ∂

∂t
{∂A

0

∂t
+ "∇ · "A} = −∇2A0 − ∂

∂t
("∇ · "A) = eδ3(x) + ρe

∂2 "A+ "∇{∂A
0

∂t
+ "∇ · "A} = "je

A0(!x, t) =
e

4πr
− ∂

∂t
f(!x, t) +

1

4π

∫
d3y

ρe(!y, t)

|!x− !y|

!A(!x, t) = !∇f(!x, t) + (∂2)−1!je(!x, t) +
1

4π

∫
d3y(∂2)−1

(
!x− !y

|!x− !y|3
∂

∂t
ρe(!y, t)

)

A0
phys = − 1

∇2
(ρp + ρe) does not have a unique solution.

Some details

The difference of Canonical and Belinfante energy-momentum tensor is a
surface term which makes the Belinfante tensor symmetric and gauge
invariant. But this does not solve the problem that the average value
of the Hamiltonian is gauge dependent.

(EM) multipole radiation 
has the same problem
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IV. Gauge invariance and 
                                  canonical angular momentum  

!JQED = !Se + !Le + !Sγ + !Lγ

!Se =
∫

d3x ψ†
!Σ
2

ψ

!Le =
∫

d3x ψ†!x× 1
ı
!∇ψ

!Sγ =
∫

d3x !E × !A

!Lγ =
∫

d3x !x× Ei!∇Ai

Straightforward angular momentum       
decomposition not gauge invariant:
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!JQED = !Se + !L′
e + !J ′

γ

!Se =
∫

d3x ψ†
!Σ
2

ψ

!L′
e =

∫
d3x ψ†!x× 1

ı
!Dψ

!J ′
γ =

∫
d3x !x× ( !E × !B)

BUT gauge invariant form does not obey 
       canonical commutation relations:

Therefore, despite the labels,      and       are NOT angular momenta!!L′
e

!J ′
γ
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[(!x× 1
i
(!∇− ie !A))j , (!x×

1
i
(!∇− ie !A))k]

QM example: 

     But OK if we define a 
part of the vector field as !A = !Apur

!∇× !Apur = 0

Using the gauge invariant “mechanical” 
momentum generates an extra term

[(!x× 1
i
!∇)j , (!x×

1
i
!∇)k] = ıεjkl[!x×

1
i
!∇]l

= ıεjkl{["x×
1
i
("∇− ie "A)]l + exl"x · ("∇× "A)}

See, e.g.: D. Singleton and V. Dzhunushaliev, Found. Phys. 30 (2000) 1093.

such that 
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Both requirements can be satisfied by identifying 

!∇ · !Afys = 0 , !∇× !Apur = 0
!JQED = !Se + !L′′

e + !S′′
γ + !L′′

γ

!Se =
∫

d3x ψ†
!Σ
2

ψ

!L′′
e =

∫
d3x ψ†!x× 1

ı
!Dpurψ

!S′′
γ =

∫
d3x !E × !Afys

!L′′
γ =

∫
d3x !x× Ei!∇Ai

fys

physical and pure gauge parts of the gauge field:
!A ≡ !Afys + !Apur , !Dpur ≡ !∇− ıe !Apur
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NOT Coulomb gauge: !∇ · !A = 0

So         does not contribute to charge either:             

!∇ · !Afys = 0!A ≡ !Afys + !Apur

− !Epur = F i0
pur

= ∂iA0
pur − ∂0Ai

pur

= 0

−(!∇)2A0
pur − ∂t

!∇ · !Apur = 0

!Apur
!∇ · !Epur = 0

Fµν
pur = 0

Full constraint:

This defines           piece!Apur

only
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Cf.: Momentum operator in quantum mechanics

Generalized momentum for a charged particle 
moving in EM field:
➥1st form is not gauge invariant, but satisfies the 

canonical momentum commutation relation.
➥2nd form is both gauge invariant and the canonical 

momentum commutation relation is satisfied.

!∇× !A|| = 0!∇ · !A⊥ = 0

!p = m!̇r + q !A = m!̇r + q !A⊥ + q !A||

!p− q !A|| = m!̇r + q !A⊥
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We recognize

                                  as the physical momentum.
It is neither the canonical momentum:

            nor the mechanical momentum:

!p = m!̇r + q !A =
1
ı
!∇

!p− q !A = m!̇r =
1
ı

!D

!Dpur = !p− q !A|| =
1
ı
!∇− q !A||
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Gauge transformation 

only affects the longitudinal 
part of the vector potential: 

and the time component:

It does not affect the 
transverse part:

so      is physical. 

A
′

µ = Aµ + ∂µω(x),ψ
′
= eıqω(x)ψ ,

φ
′
= φ− ∂tω(x).

!A
′

|| =
!A|| + !∇ω(x),

!A
′
⊥ = !A⊥,
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Hamiltonian of hydrogen atom
Coulomb gauge:

Hamiltonian of a nonrelativistic particle:

Gauge transformed becomes:
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Following this recipe, we introduce a new 
Hamiltonian:

The matrix elements are gauge invariant, i.e., 

i.e., the hydrogen energy states calculated in 
Coulomb gauge are both gauge invariant and 
physical. See also Wei-min Sun.

fys

fys

Coulomb gauge Lorentz invariant: 

                      -- E. B. Manoukian, J. Phys. G: Nucl.Phys. 13 (1987) 1013.

∂k[Ak, Jab] = 0
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QED: !Apur = !A− !Afys

Fµν
pur = 0 ; Fµν

fys = Fµν

!∇× !Afys = !∇× !A

!∇ · !Afys = 0 ; !Afys(|x|→∞ ) = 0

!Afys(x) = !∇× 1
4π

∫
d3y

!∇(y) × !A(y)
|!x− !y|

!A′fys = !Afys ; !A′pur = !A′pur − !∇ω

A0
fys(x) =

∫ x

−∞
dxi(∂iA

0 + ∂tA
i − ∂tA

i
fys)

φ(x) = − 1
4π

∫
d3y

!∇(y) · !A(y)
|!x− !y| + φ0(x)

!Apur = −!∇φ(x) ; A0
pur = ∂tφ(x) ; ∇2φ0(x) = 0
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Multipole Radiation
Multipole radiation analysis is based on the
decomposition of EM vector potential  in 
Coulomb gauge. The results are physical 
and gauge invariant, i.e., gauge transformed 
to other gauges one obtains the same results. 

2P3/2 ➞ 2P1/2 ↔ spin-flip
2P1/2 ➞ 1S1/2 ↔ ΔL of 1

Similarly in Dalitz plot analysis to determine particle spin.
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V.Gauge Invariance and canonical 
commutation relation in QCD 
(for nucleon spin operators)

!J = !Sq + !Lq + !Sg + !Lg

!Sq =
∫

d3x ψ† 1
2
!Σ ψ

!Lq =
∫

d3x ψ† (!x× 1
ı
!∇)ψ

!Sg = 2
∫

d3xTr { !E × !A}

!Lg = 2
∫

d3xTr {!x× Ei !∇Ai}

From the QCD Lagrangian, one can obtain the 
total angular momentum by a Noether theorem:
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• Each term in this decomposition satisfies the 
canonical angular momentum algebra, so they 
may properly be called, respectively, quark spin, 
quark orbital angular momentum, gluon spin and 
gluon orbital angular momentum operators.

• However they are not individually gauge 
invariant, except for the quark spin.                      

 physical meaning obscure
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!J = !Sq + !L′
q + !J ′

G

!Sq =
1
2

∫
d3x ψ†!Σψ

!L′
q =

∫
d3x ψ†!x×

!D

ı
ψ

!J ′
G = 2

∫
d3x {!x× ( !Ea × !Ba)}

A Gauge Invariant Decomposition:
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• These terms do not separately satisfy the 
canonical angular momentum algebra (except 
the quark spin). In this sense the second and 
third terms are not quark orbital and gluon 
angular momentum operators.

• The physical meaning of these operators is 
obscure also. 

• Gluon spin and orbital angular momentum 
operators are not separately gauge invariant; 
only the total angular momentum of the gluon is 
gauge invariant. 

 (Similarly for the photon, but we do 
have polarized photon beams!)

Our Solution - A different decomposition:  Gauge 
invariance and angular momentum algebra both satisfied 
for individual terms. Key point is to separate out the 
transverse and longitudinal parts of the gauge field.
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Essential task: to separate properly       

Fundamental:

Adjoint: 

the pure gauge field:  

from the physical one:

!Apur

!Afys

!A = !Apur + !Afys

!Dpur = !∇− ig !Apur

!Dpur = !∇− ig[ !Apur, ]

!Dpur · !Afys = !∇ · !Afys − ig[Ai
pur, A

i
fys] = 0

!Dpur × !Apur = !∇× !Apur − ig !Apur × !Apur = 0

!A! = T a !Aa
!
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QCD: 

Solve perturbatively: !∇× !Apur = ig !Apur × !Apur

!∇ · !Apur = !∇ · !A− ig[Ai
pur, A

i]

∂iA
0
pur = −∂tA

i
pur + ig[Ai

pur, A
0
pur]

Gauge transformation: !A′
fys = U !AfysU

†

!A′
pur = U !ApurU

† − i

g
U !∇U†

!∇ · !Afys = ıg[Ai −Ai
fys, A

i
fys] = ıg[Ai, Ai

fys]
!∇× !Afys = !∇× !A = ıg(Ai −Ai

fys)× (Ai −Ai
fys)

∂tA
0
fys = ∂iA

0 + ∂t(Ai −Ai
fys)− ıg[Ai −Ai

fys, A
0 −A0

fys]
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New decomposition

We have chosen a separation between physical and gauge pieces 
of the gauge vector potential and consistently separated the gauge 

boson and fermion degrees of freedom in the interacting case. 

!JQCD = !Sq + !L′′
q + !S′′

g + !L′′
g

!Sq =
∫

d3x ψ†
!Σ
2

ψ

!L′′
q =

∫
d3x ψ† !x× 1

ı
!Dpurψ

!S′′
g =

∫
d3x !E × !Afys

!L′′
g =

∫
d3x !x× Ei !DpurA

i
fys
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M. Burkhardt, IJMPA 18 (2003) 173

for transversely polarized proton

Lattice
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Hagler et al., arXiv:0908.1283Lorce, Pasquini arXiv:1106.0139

see also: G.A. Miller, arXiv:0802.3731v1
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from Bass review: arXiv:hep-ph/0411005v2 10 Jun 2005
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   How can there be transverse orbital motion 
in the Infinite Momentum Frame?  (Large, Finite)

Experimentally, there is!

Quantum Mechanics: 

   P-wave without 
   classical motion

           DVCS

Sivers Effect

Data

FNAL E906 will test in Drell-Yan
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 The physical component of a vector gauge field 
can be identified in a gauge covariant fashion. 

The gauge covariant derivatives needed to extract 
orbital angular momentum (and mechanical 
momentum) of fermions coupled to the gauge 
field must include only the non-physical, pure 
gauge part of the vector gauge field so that: 

Both gauge invariance and canonical commutation 
relations are satisfied in order to allow physical 
interpretation of the matrix elements of these 
operators.

VI. Conclusion
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Quark and Gluon momentum contributions 
are also affected by these considerations: 
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Pq/h(ξ) =
1
2

∫ ∞

−∞

dx−

2π
e−ıξP+x− < ψ̄(0, x−, 0⊥)γ+Peıg

R x−
0 dy−A+

pur(0,y−,0⊥)ψ(0) >h

∫ ∞

−∞
dξξPq/h(ξ) =

1
2(P+)2

< ψ̄γ+ıD+
purψ >h

Pq/h(ξ) =
1
2

∫ ∞

−∞

dx−

2π
e−ıξP+x− < ψ̄(0, x−, 0⊥)γ+Peıg

R x−
0 dy−A+(0,y−,0⊥)ψ(0) >h

∫ ∞

−∞
dξξPq/h(ξ) =

1
2(P+)2

< ψ̄γ+ıD+ψ >h

Pg/h(ξ) =
1

ξP+

∫ ∞

−∞

dx−

2π
e−ıξP+x− < F+ν(0, x−, 0⊥)Peıg

R x−
0 dy−A+(0,y−,0⊥)Fν

+(0) >h

Pg/h(ξ) =
1

ξP+

∫ ∞

−∞

dx−

2π
e−ıξP+x− < F+i(0, x−, 0⊥)Peıg

R x−
0 dy−A+

pur(0,y−,0⊥)Ai
fys(0) >h

P∆g/h(ξ) =
1

ξP+

∫ ∞

−∞

dx−

2π
e−ıξP+x− < F+i(0, x−, 0⊥)Peıg

R x−
0 dy−A+

pur(0,y−,0⊥)εij+Aj
fys(0) >h

Polarized glue:

Tuesday, February 7, 2012



46

Conventional gluon momentum defintion:

becomes

↪

↪

1/51/2

for nf = 5:
gluon 
momentum 
fraction 

➨

∫
d3x !E × !B

∫
d3x Ei !DpurA

i
fys
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There is no proton spin crisis but only 
quark spin-axial charge confusion

The quark spin contributions measured in DIS are:

while the pure valence q3  S-wave quark model 
calculated values are:

0.82(6)− 0.44(6)− 0.10(7) = 0.29(19)
0.80(2)− 0.46(2)− 0.12(2) = 0.23(6)
0.82(4)− 0.44(4)− 0.11(4) = 0.27(12)

∆u + ∆d + ∆s

= {

∆u =
4
3
,∆d = −1

3
,∆s = 0

More recent values for sum:
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• To clarify, first recognize that the value 
measured in DIS is the matrix element of the 
quark axial-vector current operator in a nucleon 
state:

Here,                                  which is not the quark 
spin contribution calculated in the CQM. The value 
calculated in the CQM is the matrix element of the 
Pauli spin part only.

2a0S
µ =< ps|

∫
d3x ψ̄ γµγ5 ψ |ps >

a0 = ∆u + ∆d + ∆s
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The axial-vector current operator 
can be expanded as:

Spin is 1/2 of this.
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• Only the first term of the axial-vector current 
operator, which is the Pauli spin part, has been 
calculated in non-relativistic quark models. 

• The second term, the relativistic correction, has not 
been included in non-relativistic quark model 
calculations. The relativistic quark model does 
include this correction and it reduces the quark spin 
contribution by about 25%. 

• The third term,       creation and annihilation, does 
not contribute in a model with only valence quark 
configurations and so it has not been calculated in 
any quark model to our knowledge.
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An Extended CQM 
with Sea Quark Components

• To understand nucleon spin structure 
quantitatively within the CQM and to clarify 
the quark spin-axial vector confusion further 
a CQM was developed with sea quark 
components:

|N >= c0|q3 > +ΣCαβ |(q3)α(qq̄)β >
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NOTE:   3S1 NOT 3P0 -- Vector Gluons, not 0+ pairs

Improved over Isgur-Karl (all other results almost identical)
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Coupling between 3-quark and 5-quark sectors
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Motion Fock
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• The quark orbital angular momentum operator 
can be expanded as:
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• The first term is the nonrelativistic quark orbital 
angular momentum operator used in the CQM, 
which does not contribute to nucleon spin in a 
pure valence S-wave configuration.

• The second term is a relativistic correction, which 
undoes the relativistic spin reduction.

• The third term is the      creation and annihilation 
contribution, which also replaces missing spin. 
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• The quark orbital angular momentum operator 
can be expanded as:

Add to half of (see next page) cancels 2nd & 3rd terms.
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RECALL:: axial-vector current 
operator can be expanded as:

Spin is 1/2 of this.
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