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H.J. Pirner and J.P. Vary,  
Phys. Rev. Lett. 46, 1376 (1981); 
Phys. Rev. C. 84, 015201(2011);  
arXiv: nucl-th/1008.4962;  

Under what conditions do we require a quark-based  
description on nuclear structure? 

Probes with Q > 1 GeV/c 
Spin content of the proton 
Nuclear form factors at high Q 
DIS on nuclei: EMC, Bjorken x > 1 
Nuclear EOS at high T and/or ρ 

Quark percolation in cold and hot nuclei 

Bridge between  
       scales 



DIS from nuclei at high Q in the Quark Cluster Model 

Not like this: 

  Like this: 
    uy = ξ  
“Nachtmann 
 variable” X 

All kinematically 
accessible final 

states 
A 

u 

y 

i-q cluster 

H.J. Pirner and J.P. Vary,  
Phys. Rev. Lett. 46, 1376 (1981) 



DIS in the quark cluster model 
Convolution model based on ab initio structure (assumes scale separation) 

Ab initio NRWF inputs 

H.J. Pirner and J.P. Vary,  
Phys. Rev. Lett. 46, 1376 (1981) 

Nachtmann variable: 



J.P. Vary, Proc. VII Int’l Seminar on High Energy Physics Problems,  
"Quark Cluster Model of Nuclei and Lepton Scattering Results,"  
Multiquark Interactions and Quantum Chromodynamics, V.V. Burov, Ed.,  
Dubna #D-1, 2-84-599 (1984) 186 [staircase function for x > 1] 
 
See also: Proceedings of HUGS at CEBAF1992, & many conf. proceedings 
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Comparison between Quark-Cluster Model and JLAB data 

Data:       K.S. Egiyan, et al., Phys. Rev. Lett. 96, 082501 (2006) 
Theory:   H.J. Pirner and J.P. Vary, Phys. Rev. Lett. 46, 1376 (1981) 
               and Phys. Rev. C 84, 015201 (2011); nucl-th/1008.4962;  
               M. Sato, S.A. Coon, H.J. Pirner and J.P. Vary, Phys. Rev. C 33, 1062 (1986) 







Beyond	  Model	  Building	  
•  Central	  problems	  in	  hadron	  physics:	  

–  Structure	  of	  hadron	  -‐>	  Parton	  distribuOon?	  	  
–  Spin	  structure	  of	  hadron	  -‐>	  Where	  does	  proton	  spin	  come	  from?	  
	  

•  These	  problems	  involve	  the	  non-‐perturbaOve	  aspects	  of	  QCD	  
	  	  	  	  	  	  	  	  	  	  	  not	  well	  understood	  so	  far	  
	  

•  LaRce	  QCD	  set	  up	  in	  imaginary	  Ome	  
–  	  	  	  	  	  	  limited	  ability	  in	  extracOng	  hadron	  structure	  

•  A	  reliable	  non-‐perturbaOve	  approach	  in	  real	  Ome	  needed.	  
•  Basis	  Light-‐Front	  QuanOzaOon	  (BLFQ)	  approach!	  

–  Solve	  quantum	  field	  theory	  in	  the	  Hamiltonian	  framework	  	  



•  Basic	  idea:	  solve	  generalized	  wave	  eq.	  for	  quantum	  field	  evoluOon	  

	  

	  
	  
	  
•  Time:	  	  	  	  

•  Hamiltonian:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

•  On-‐shell	  condiOon:	  
	  	  

Basis	  Light-‐Front	  QuanOzaOon	  Approach	  

i !
!x+

!(x+ ) = P+ !(x
+ )i !

!t
!(t) = H !(t)2 HAMILTONIAN DYNAMICS 19

Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x̃) = ||∂x/∂x̃||, particularly
d4x = J (x̃) d4x̃. We shall keep track of the Jacobian only implicitly. The three-volume
element dω0 is treated correspondingly.

All the above considerations must be independent of this reparametrization. The
fundamental expressions like the Lagrangian can be expressed in terms of either x or x̃.
There is however one subtle point. By matter of convenience one defines the hypersphere
as that locus in four-space on which one sets the ‘initial conditions’ at the same ‘initial
time’, or on which one ‘quantizes’ the system correspondingly in a quantum theory. The
hypersphere is thus defined as that locus in four-space with the same value of the ‘time-
like’ coordinate x̃0, i.e. x̃0(x0, x) = const. Correspondingly, the remaining coordinates
are called ‘space-like’ and denoted by the spatial three-vector x̃ = (x̃1, x̃2, x̃3). Because
of the (in general) more complicated metric, cuts through the four-space characterized
by x̃0 = const are quite different from those with x̃0 = const. In generalized coordinates
the covariant and contravariant indices can have rather different interpretation, and one
must be careful with the lowering and rising of the Lorentz indices. For example, only
∂0 = ∂/∂x̃0 is a ‘time-derivative’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P 0

which in general are completely different objects. The actual choice of x̃(x) is a matter
of preference and convenience.

2D Forms of Hamiltonian Dynamics

Obviously, one has many possibilities to parametrize space-time by introducing some
generalized coordinates x̃(x). But one should exclude all those which are accessible by a

2 HAMILTONIAN DYNAMICS 19

Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x̃) = ||∂x/∂x̃||, particularly
d4x = J (x̃) d4x̃. We shall keep track of the Jacobian only implicitly. The three-volume
element dω0 is treated correspondingly.

All the above considerations must be independent of this reparametrization. The
fundamental expressions like the Lagrangian can be expressed in terms of either x or x̃.
There is however one subtle point. By matter of convenience one defines the hypersphere
as that locus in four-space on which one sets the ‘initial conditions’ at the same ‘initial
time’, or on which one ‘quantizes’ the system correspondingly in a quantum theory. The
hypersphere is thus defined as that locus in four-space with the same value of the ‘time-
like’ coordinate x̃0, i.e. x̃0(x0, x) = const. Correspondingly, the remaining coordinates
are called ‘space-like’ and denoted by the spatial three-vector x̃ = (x̃1, x̃2, x̃3). Because
of the (in general) more complicated metric, cuts through the four-space characterized
by x̃0 = const are quite different from those with x̃0 = const. In generalized coordinates
the covariant and contravariant indices can have rather different interpretation, and one
must be careful with the lowering and rising of the Lorentz indices. For example, only
∂0 = ∂/∂x̃0 is a ‘time-derivative’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P 0

which in general are completely different objects. The actual choice of x̃(x) is a matter
of preference and convenience.

2D Forms of Hamiltonian Dynamics

Obviously, one has many possibilities to parametrize space-time by introducing some
generalized coordinates x̃(x). But one should exclude all those which are accessible by a

t ! x0 t ! x+ = x0 + x3

H ! P0 H ! P+ =
P0 "P3

2

P0 = m2 +P!
2 +P3

2 P+ =
m2 +P!

2

2P+

[Dirac	  1949]	  

equal	  Ome	  quanOzaOon	  	  	  	  	  	  	  	  	  	  	  	  	  	  vs	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  light	  front	  quanOzaOon	  	  

	  	  Boost-‐	  
Invariant	  





QED & QCD	


QCD	


Elementary vertices in LF gauge	






Discretized Light Cone Quantization (c1985)	


Basis Light Front Quantization*	
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where a"{ } satisfy usual (anti-) commutation rules.

Furthermore, f"
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=> Wide range of choices for          and our initial choice is 	
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Orthonormal:	

	


Complete:	


*J.P. Vary, H. Honkanen, J. Li, P. Maris, S.J. Brodsky, A. Harindranath, G.F. de Teramond,  
P. Sternberg, E.G. Ng and C. Yang, PRC 81, 035205 (2010). ArXiv:0905:1411 



Set of transverse 2D HO modes for n=4	


m=0	
 m=1	
 m=2	


m=3	
 m=4	


J.P. Vary, H. Honkanen, J. Li, P. Maris, S.J. Brodsky, A. Harindranath,  
G.F. de Teramond, P. Sternberg, E.G. Ng and C. Yang, PRC 81, 035205 (2010).  
ArXiv:0905:1411 



J.P. Vary, H. Honkanen, J. Li, P. Maris, S.J. Brodsky, A. Harindranath,  
G.F. de Teramond, P. Sternberg, E.G. Ng and C. Yang, PRC 81, 035205 (2010). ArXiv:0905:1411 



•  Enumerate Fock-space basis subject to symmetry constraints 
•  Evaluate/renormalize/store H in that basis (it is very sparse!) 
•  Diagonalize (Lanczos) 
•  Iterate previous two steps for sector-dep. renormalization 
•  Evaluate observables using eigenvectors (LF amplitudes) 
•  Repeat previous 4 steps for new regulator(s) 
•  Extrapolate to infinite matrix limit – remove all regulators 
•  Compare with experiment or predict new experimental results 
 

Steps to implement BLFQ 

Above achieved for QED test case – electron in a trap 
H. Honkanen, P. Maris, J.P. Vary, S.J. Brodsky, 
Phys. Rev. Lett. 106, 061603 (2011) 
 
Improvements:  trap independence, (m,e) renormalization, . . . 
X. Zhao, H. Honkanen, P. Maris, J.P. Vary, S.J. Brodsky, in prep’n 



Symmetries & Constraints	


 

bi
i
! = B

(mi
i
! + si ) = Jz
ki

i
! = K

2ni + |mi | +1[ ] " N max
i
!

Global Color Singlets (QCD)
Light Front Gauge
Optional -  Fock space cutoffs

Finite basis regulators	




Regularization and Renormalization Schemes 

1.  Basis space regulators (2-D HO params, K) 
2.  Additional Fock space truncations (if any) 
3.  Counterterms identified/tested* 
4.  Sector-dependent renormalization** 
5.  SRG, OLS, . . . Adapted to BLFQ 

*D. Chakrabarti, A. Harindranath and J.P. Vary,  
“A Study of q-qbar States in Transverse Lattice QCD  
Using Alternative Fermion Formulations,”  
Phys. Rev. D 69, 034502 (2004); hep-ph/0309317 
 
**V. A. Karmanov, J.-F. Mathiot, and A. V. Smirnov,  
Phys. Rev. D 77, 085028 (2008);  
and new paper -  arXiv:1204.3257 
 



Evaluate	  Electron	  g-‐2	  with	  BLFQ	  Approach	  

•  Electron	  anomalous	  magneOc	  moment	  

•  Leading	  contribuOon	  to	  	  	  	  	  	  is	  from	  QED	  	  
	  
	  	  	  	  
	  	  	  
•  	  	  	  	  	  is	  electron	  Pauli	  form	  factor	  at	  zero-‐moment	  transfer	  limit:	  
	  
	  
•  In	  BLFQ,	  	  
	  
	  

ae !
g" 2
2

ae = F2 (q
2 ! 0)

ae

ae

ae = ephysical F̂2 (q
2 ! 0) ephysical

ae =
!
2"

  != 1
137

!

"
#

$

%
&

[Schwinger	  1948]	  





ae / e
2

=
1
8! 2 = 0.11254...

•  	  	  As	  Nmax	  ∞,	  results	  approach	  Schwinger	  result	  
•  	  	  Less	  than	  1%	  deviaOon	  from	  Schwinger’s	  result	  (by	  linear	  extrapl.)	  
•  	  	  Convergence	  over	  wide	  range	  of	  ω’s	  (by	  a	  factor	  of	  25!)	  

Major	  update	  to:	  	  H.	  Honkanen,	  P.	  Maris,	  J.P.	  Vary,	  S.J.	  Brodsky,	  
Phys.	  Rev.	  Lej.	  106,	  061603	  (2011)	  

Numerical	  Results	  for	  Electron	  g-‐2	  	  

X.	  Zhao,	  H.	  Honkanen,	  J.P.	  Vary,	  P.	  Maris	  and	  S.J.	  Brodsky,	  in	  preparaOon	  



*	  *	  *	  Featured	  next	  *	  *	  *	  	  	  
Preliminary	  invesOgaOons	  of	  ISU	  PhD	  students:	  

Paul	  Wiecki	  
Yang	  Li	  

	  
Mentoring	  Team:	  

JPV	  
Xingbo	  Zhao	  
Pieter	  Maris	  



Toy	  problem	  –	  Hydrogen	  atom	  in	  3D	  HO	  Basis	  

b	  =	  a0	  

b	  =	  a0/2	  

b	  =	  2a0	  

b	  =	  a0	  
b	  =	  4a0	  

Exact	  result	  marked	  by	  “X”	  on	  the	  verOcal	  scale	  
Convergence	  is	  fastest	  when	  HO	  length	  (b)	  is	  on	  the	  scale	  of	  the	  bound	  state	  WF	  
	  

b	  =	  2a0	  



Sample	  convergence	  study	  of	  quarkonia	  spectra	  
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Xingbo	  Zhao	  and	  Anton	  Ilderton	  lead	  this	  project	  





•  Nonlinear	  Compton	  effect:	  
–  Electron	  absorbs	  mulOple	  photons	  	  	  	  	  	  	  	  	  	  with	  	  frequency	  ω	  and	  emit	  a	  

single	  photon	  	  	  	  	  	  	  with	  frequency	  ω’	  

•  IniOal	  state:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Final	  state:	  
	  

	  
	  
•  Important	  observable	  characterizing	  the	  energy	  transfer:	  

invariant	  mass	  of	  the	  final	  electron	  and	  photon	  pair:	  “	  	  	  	  	  ”	  

	  

laser	  beam	   	  	  	  	  	  	  	  rest	  electron	   γ’	  

' 'e n eγ γ+ → +

ω	  
ω	  

s

nγ
'γ

Electron	  in	  Strong	  Laser	  Field	  
NonperturbaOve	  Approach	  



•  Nonlinear	  Compton	  scajering:	  simplest	  laser-‐parOcle	  scajering	  
–  	  	  

•  Space-‐Ome	  structure	  

	  

•  Two	  effects:	  electron	  acceleraOon	  and	  photon	  emission	  
	  

e+ n! (laser)! e '+! '

Electron	  in	  Strong	  Laser	  Field	  	  
	  NonperturbaOve	  Approach	  

x!

68	  
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x!

69	  

Laser	  beam	  trajectory	  



Nonlinear	  Compton	  Process	  in	  BLFQ	  
1.  Write	  down	  the	  Hamiltonian	  P+:	  

2.  Prepare	  iniOal	  state	  	  	  	  	  	  	  	  	  	  	  	  	  out	  of	  eigenstates	  of	  
QED	  Hamiltonian	  
—  e.g.,	  a	  staOc	  electron	  is	  from	  solving	  

3.  Apply	  the	  Ome	  evoluOon	  operator	  to	  	  	  	  	  	  	  	  	  	  	  and	  
obtain	  	  

	  

–  Work	  in	  interacOon	  picture	  :	  

4.	  	  	  Extract	  observables:	  	  

)0())(1)()(1())(1(

)0(')'(exp)0()0,()(

12

0

ΨΔ−Δ−Δ−→

Ψ⎟
⎠
⎞⎜

⎝
⎛−=Ψ=Ψ

++++++

++++ ∫
+

xxiVxxiVxxiV

dxxViTxUx

L
I

L
I

L
I

x L
I



QEDP+

)0(Ψ

( ) ( )
QED QEDiP x iP xL L

IV x e V x e
+ +

+ +−+ +=

)0()0( Ψ=Ψ+ e
QED mP

kinetic Q LVVP P+ + += +

            QED LaserPPP ++ += +

)0(Ψ
)( +Ψ x

)(ˆ)()( +++ ΨΨ= xOxxO

kineticP+(	  	  	  	  	  	  	  	  	  	  	  	  	  	  for	  laser	  is	  absent)	  



Solving	  Nonlinear	  Compton	  Scajering	  in	  tBLFQ	  

1.  Write	  down	  the	  Hamiltonian	  P+:	  
	  
2.  Solve	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  for	  the	  tBLFQ	  basis	  	  
3.  Prepare	  iniOal	  state	  	  	  	  	  	  	  	  	  	  	  	  
-  physical	  electron:	  the	  ground	  state	  of	  	  	  	  	  	  	  	  	  	  	  	  with	  nf=1	  

4.  Calculate	  matrix	  elements	  for	  VLAS	  
	  

5	  .	  	  Solve	  for	  the	  generalized	  wave-‐equaOon	  numerically	  

	  
	  

!(0)

  
! j V LAS (x+ ) !i I

= ei( P+
j"P+

i )x+ ! j V LAS (x+ ) !i

P+
QED

  P+ (x+ ) = P+
QED +V LAS (x+ )

i !
!x+

"i #(x
+ )

I
= "i V

LAS " j I
" j #(x

+ )
I

j
$

 P+
QED !i = !P+

i !i !i

71	  



A	  Simple	  Laser	  Field	  Profile	  

•  Key	  properOes:	  
― 	  	  	  	  	  	  is	  treated	  classically	  
― 	  	  	  	  	  	  is	  in	  lightcone	  gauge,	  	  
― 	  	  	  	  	  	  is	  uniform	  in	  x1,2	  	  and	  light=front	  Ome	  x+	  	  
― 	  	  	  	  	  	  depends	  on	  x-‐	  	  	  	  	  	  	  	  	  	  	  	  	  	  :	  electric	  field	  in	  
longitudinal	  (x-‐)	  direcOon	  

― 	  	  	  	  	  	  describes	  the	  field	  strength	  	  
― 	  	  	  	  	  	  describes	  the	  laser	  field’s	  spaOal	  frequency	  in	  x-‐	  

	  

a0
ω

  V
LAS = e!" +!A+

   
A+ (x! ) = a0 exp ! i

2
" x!#

$%
&
'(

with	  

 A
+ = 0

 F
+!

 A+

 A+

 A+

 A+

72	  



In	  NonperturbaOve	  Regime:	  A	  Test	  Case	  
•  Parameters:	  	  
•  Basis	  space:	  	  Nmax=6,	  K:	  1+4+7	  three	  segments	  
•  IniOal	  condiOon	  (x+=0):	  ground	  state	  electron	  in	  K=1	  segment	  

  
! = 1

137
, a0 = 0.5me , " = 3MeV

x+=0.1MeV-‐1	  

x+=2MeV-‐1	  
K=1	  state	  falling	  

K=4	  state	  rising	  

K=7	  state	  

Excited	  states	  in	  K=1,4,7	  segments	  Ground	  states	  in	  K=1,4,7	  segments	  

K=1	  state	  

K=4,7	  states	  

No	  states	  are	  excited	  

K=4	  peak	  emit	  by	  K=1	  state	  	  

73	  



In	  NonperterbaOve	  Regime:	  A	  Test	  Case	  

•  Electron	  is	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  acceleraOng	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  radiaOng	  	  
•  AcceleraOon	  process	  is	  nonperturbaOve	  (iniOal	  state	  almost	  gone!)	  
•  Faster	  electrons	  radiate	  eγ	  pair	  with	  larger	  invariant	  mass	  	  

x+=4MeV-‐1	  

x+=7.5MeV-‐1	  

K=1	  state	  falling	  
K=4	  state	  rising	  

K=7	  state	  rising	  

K=7	  peak	  emit	  by	  K=4	  state	  	  

K=7	  state	  rising	  

K=4	  state	  falling	  

Ground	  states	  in	  K=1,4,7	  segments	   Excited	  states	  in	  K=1,4,7	  segments	  

K=7	  peak	  

K=4	  peak	  

K=1	  state	  

74	  



Challenges	  and	  SoluOon	  
•  Challenges	  

–  Covariant	  perturbaOon	  theory	  calculates	  S-‐matrix	  between	  in-‐	  and	  
out-‐states	  with	  infinite	  evoluOon	  Ome	  in-‐between	  

–  Nontrivial	  transform	  between	  results	  in	  BLFQ	  basis	  and	  
momentum	  basis	  (o�en	  used	  in	  perturbaOve	  calculaOon):	  
1.  IntegraOon	  over	  HO	  wave	  funcOon	  needed	  
2.  Different	  normalizaOon	  for	  basis	  states,	  	  
	  	  	  	  	  	  	  	  Kronecker	  delta	  (BLFQ	  basis)	  vs.	  Dirac	  delta	  (momentuem	  basis)	  
3.	  	  	  	  	  Nmax	  truncaOon	  exclusive	  for	  BLFQ	  basis	  

•  SoluOon	  -‐-‐	  Ligh�ront	  (LF)	  perturbaOon	  theory	  in	  BLFQ	  basis	  
–  Able	  to	  calculate	  transiOon	  amplitude	  per	  unit	  Ome	  
–  Allows	  for	  comparison	  with	  nonpert.	  calculaOon	  on	  the	  level	  of	  
transiOon	  matrix	  element	  of	  the	  laser	  field	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  where	  	  	  	  	  	  	  	  	  	  
and	  	  	  	  	  	  	  	  	  	  	  	  are	  eigenstates	  of	  	  	  	  	  	  	  	  	  	  	  	  (adopt	  the	  interacOon	  picture)	  

' |LVΨ Ψ |Ψ
| 'Ψ QEDP+



EvoluOon	  of	  Invariant	  Mass	  of	  the	  System	  

•  Invariant	  mass	  increases	  with	  Ome	  as	  laser	  field	  “pumps”	  
energy	  in	  

•  As	  Nmax	  increases	  bejer	  agreements	  are	  achieved	  between	  
calculaOons	  based	  on	  laser	  matrix	  elements	  from	  LF.	  pert.	  and	  
nonpert.	  methods,	  intermediate	  truncaOon	  effects	  are	  
removed	  gradually	  in	  the	  nonperturbaOve	  case	  

•  Quasi-‐linear	  dependence	  on	  x+	  is	  expected	  in	  the	  perturbaOve	  
regime	  

Nmax=8	   Nmax=16	   Nmax=24	  

0
1 , 0.5

13700 ea mα = =
0

1 , 0.5
13700 ea mα = = 0

1 , 0.5
13700 ea mα = =



Conclusions 
 

We have entered an era of first principles, high precision, 
nuclear structure and nuclear reaction theory facilitated 

by leadership computational facilities and good resources 
 

New insights into the UV and IR properties  
of finite basis results are emerging 

 
Applications are underway to Light Front QCD 

and strong time-dependent QED 
 

Pioneering collaborations between Physicists, Computer Scientists 
and Applied Mathematicians have become essential to progress 


