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Outline 

  EFT 

  Nucleon-alpha system  

  Alpha-alpha system 

  6He  

   Other systems 

  Outlook 
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Nuclear physics scales 

expansion in  

2~ , , ,QCD NM m m Fρ ππ 

1/~ , ,nuc NNM F r mπ π

perturbative QCD 
Qln

~1 GeV 

~100 MeV 

hadronic theory 

unknown; 
use brute force 
(lattice, …) 

sα

no small coupling constants! 

Contact EFT 

Chiral EFT 

QCDQ M

nucQ M1~ NNaℵ~30 MeV 
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rλ 

r

( ) ( )3 0d Ar rV rρ= ∫
 

0r ≈

λ

( ) ( ) ( ) ( ) ( ) ( )0 3 0 3 0 30 0 0i i ji i jr r r r r r r rA d A d A d rρ ρ ρ   = + ⋅ + ∂ ∂ + ∂∫ ∫ ∫
  



( )0 0qA= ( )0D E= − ⋅
  ( ) ( )21 0

3 ij ij i jq r Q Eδ= − + ∂

r
λ

 
 
 

 2

2r
λ

 
 
 



Expansion in powers of r
λ

distance scale of underlying distribution 

distance scale of interest 

All interactions for point charge allowed by gauge invariance 
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pionless EFT 

• degrees of freedom: nucleons 
• symmetries: Lorentz, B, P, T 
• expansion in: 

,
N

nuc

QQ
Q

m
mM π


= 
 

multipole 

non-relativistic 

~ nucQ Mℵ

simplest formulation: auxiliary field for two-nucleon bound states 

( )3
1d SN N+   vector field d





( )1
0d S∗   isovector field ∗d

Kaplan ’97 
v.K. ’99 

( )

4 2

3

2

0

0

2 2

8 2

EF
N

T

N N

gN i N d d d NN N N d h d d N N

N N d i d

m

m m
σ

+ + + + + + +

+ +

 
 = + + − + + +   

 

∇
∂

∇ ∇   
+ + + +   

   
∂

∆


 





 

omitting  
 spin, isospin sign 
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First orders apply 
also to atoms 1nuc vdWM l→

4

6( )
2

vdWV r
mr
l

= − +from 

 describes structure and reactions of bound states --  

    deuteron, triton, alpha particle 

 can be extended to p-shell nuclei with No-Core Shell Model 

 makes evident new phenomena --  

    from one-parameter three-body force at LO: 

    SU(4) invariance, limit-cycle behavior, Phillips line, Efimov spectrum, Tjon line 

6A <


Bedaque, Hammer + v.K.  ’98, ’99, ‘00 
Hammer, Platter + Meissner ’04 

Stetcu, Barrett + v.K. ’07 
Rotureau, Stetcu, Barrett + v.K. ‘11 

… 

- many-body systems get complicated rapidly, just as for models 



10/23/2012 7 

halo/cluster 
states 

loosely bound nucleons around tightly bound cores (“normal” nuclei) 
new scale leads to proliferation of shallow states (near driplines): 

2 2

2 2
c

corese
N

p
N m

E ME
m
ℵ   

= =   
   

 separation 
energy 

core 
excitation 

energy 

p 
n 

n 

n 

p 
p 

1 ℵ

1 31 c uc n cAM M

p 
n 

n 
p 

core 

2

2 N

m
m
π 

<  
 


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He5

He6

resonance 0.8 MeVnE α 2/3p

0.97 MeVnnE α 

e.g. alpha particle family 

8 Be 0.09 MeVEαα resonance 0s

12C

bound state 0s

0.38 MeVEααα 0s resonance 

He4

18 MeVRk Em ααα= 

38 V2 MeR nNmk E α 

ℵ
1.6 MeVnE αα bound state 2/3p

5 Li resonance 1.7 MeVpE α 2/3p 56 V2 MeR pNmk E α 

6 Be 1.4 MeVppE α 0s resonance 

0.19 MeVpE αα 
9 B 2/3p resonance 

9 Be

etc. 

1 34 100 MeVcM Fπ 

2

 20 MeV > 5 MeV
2

c
t p

N

ME
m+ ≅ 
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halo/cluster 
EFT 

• degrees of freedom: nucleons, cores 

• symmetries: Lorentz, B, P, T 

• expansion in: non-relativistic 

multipole 

simplest formulation: auxiliary fields for cores + nucleon states 

e.g. He4

4 He N+

ϕ fieldscalar   











+≡
−≡
+≡









3

1

 field 3/2-spin1
 field 1/2-spin1

 field 0-spin0

2
3

2
1

2
1

Tp
Tp

ss

~ cQ Mℵ

,
,

N c

c

m mQ QQ
M Q mπ


= 
 
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( )

0 0

2 2

2

3 3

3
3

0

1
1 1 1

3

0

1

3 0

2 2

2( )

( ) H.c.
2

( ) H.c.
2

( ) H.c.
2

EF
N

N

T N i N i

T i T

g T S N N

gs

m m

m m

s s N

gT T T N N

α

α

ϕ ϕ

ϕ ϕ

σ ϕ

σ

ϕ

ϕ

+ +

+

+ +

+ +

+ +

   
= + + +   

   
  

+ + −  +   

 + ⋅ − + 

 + − + + 

+

 + − + ⋅

∇ ∇
∂ ∂

∇
∂

∇ ∇

∇ − + 

∆

∆

+

∇

∆

 





















Bertulani, Hammer + v.K. ’02 
Bedaque, Hammer + v.K. ’03 

spin transition 
operator 
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nT α = nα + + 
… 

= 

3 3

3 33 3
2

2
2E

i i
k

σ σ
σ µσ

µ
∆

= =
− ∆−

reduced  mass 

2/3p
resonance at 

and if 
~Q ±ℵ

33 0σ ∆ >

2
3

3

22 1~ , ~ ,
4 cM
g

µ π µ
∆

ℵ


+ +        … = 

2 2~
Q

µ
−ℵ

2 3 2

2 2 2 2 22 2

2

2

4~ ~
4c c

Q Q Q Q
Q Q QM MQ

µ µ µπ
µ π

 
 − − − ℵ ℵ ℵ

21 1
1~ , ~ ,c

c

a r M
M+ +ℵ



1

width 
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0

1 3

0

1

1 1~ , ~ ,

1~ , ~ ,

c c

c
c

a r

a

M

M
M

r

M+ +

− −







2 2
0 1

0 1

2

~ ~ ~ ,

1 1~ , ~ ,
4 4

c

c

g

M

g
Mπ πµ µ

∆ ∆ 



other waves: 

+ +     … = 

1~
cM 2

2 31 4 1~ ~
4c c c

Q Q
M M M

Qπ
πµ µ

 
 
 

2 3 3

2 2

2

2

1 4 1~ ~
4c c c cM
Q Q

M M
Q

MQ
µ

µ µ
π

π
 
 
 

2
1s

2
1p 1~

cM
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2 2 2

2 2 2 2 2 2

22 3

24~ 1 0

0 0 0

c c

c c

nT

M M

M M

Q Q Q Q Q
Q Q Q

Q
α

π
µ

     
 + + +    − − −     
 
   + + +   
 

+ + + 
 

ℵ ℵ ℵ











2/1p

2/1s

2/3p

0=ν 2=ν1=ν

2
1

1~ cMa −
+

−ℵ

1
0 ~ ca M+

−

1 ~ cr M+

1
1 ~ cM+

−

1
0 ~ cr M+

−

( ) ( ) ( )2 2 4 2 1
1

2 1, 2 1 cos
2 4
l l

l
l l

l
l

rT lk k k kP i
a

kπθ θ
µ

−

+ 
= + − + + + − 

 




3
1 ~ ca M−

−

etc. 
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Bedaque, Hammer + v.K. ’03 

Haesner et al. ‘83 

NNDC, BNL 

0=ν

1=ν

2=ν
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except at 
2

cM
Q

 
= ±  



ℵ
ℵ


 where 

3~ cMµ
ℵ

+ + 
… 

= 

2 3

3 2

2

32

4~ ~
4

c c

c

M M
M

µ µµ
µ
π

π
 
 
 

ℵ ℵ
ℵ ℵ ℵ

2/3p

enhanced by cM
ℵ

resum self-energy 

( 1)
1

2 ( ) 2
( ) 22 RE

E
E E

T
iE

i
µ

π
µ

−
+

Γ
Γ

=
− +
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1−=ν

mod 1−=ν

Bertulani, Hammer + v.K. ’02 

Haesner et al. ‘83 

NNDC, BNL 

0=ν
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Bertulani, Hammer + v.K. ’02 

0=ν
1−=ν

0=ν

2+=ν

mod 1−=ν

1−=ν
PSA, Arndt et al. ’73 

1,0,1 +−=ν

0.80 MeVRE ≅
( ) 0.55 MeVREΓ ≅

scatt length only 

( )5 4He res. He n= +
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2
1

1~ cMa −
+

−ℵ

1
0 ~ ca M+

−

1 ~ cr M+
1

1 ~ cM+
−

1
0 ~ cr M+

−

3
1 ~ ca M−

−

Arndt et al ‘73 

1 ~ cr M−
cf. 

100MeVcM 

30MeVℵ
consistent… 
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( )8 4 4Be res. He He= +

Other two-body states 

( )5 4Li res. He p= +

Main issues: 
role of Coulomb, further fine-tuning… 

Higa, Bertulani + v.K.  in progress 

Higa, Hammer + v.K. ’08 
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( )6 4He b.s. He n n= + +

( )12 4 4 4C b.s. He He He= + +

( )9 4 4Be b.s. He He n= + +

Next: three-body states 

( )6 4Be res. He p p= + +

( )9 4 4B res. He He p= + +

Main issue:  
three-body force in LO as in pionless EFT? 

( )3He  b.s. p p n= + +

( )3H  b.s. p n n= + +

cf. 

in pionless EFT 

Bedaque, Hammer + v.K. ‘98 

Ando + Birse ’10 
König + Hammer ‘11 
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Gamow Shell Model 

2 1dk k k k =∫


1

shN

n n
n

c ψ
=

Ψ =∑
H EΨ = Ψ

n n nh eψ ψ=int
1

K

i
i

H h H
=

= +∑

1 2
3

1k

2k 3k0k

Biκ

RkRk∗−

one channel: 
complex momentum plane 

discretized 

1 2 3shN N N N= + +

2
, ,

,
( ) ( ) 1B R B R

B R
dk k k kΨ Ψ + Ψ Ψ =∑ ∫ 



1 2 3= + +   

single-particle basis 

Berggren ‘68 

Michel, Nazarewicz, Ploszajczak + Bennaceur ’02 
… 

r rΨ ≡ Ψ
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( )5 4He b.s. or res. He n+ = + +



Rotureau 
+ v.K. ‘12 

n 

p 
n 

n 
p 

n 
1r


2r
2

2i
i

iVph αµ
= +


( ) ( ) ( ) ( ) ( )( 1
2

2 2 2) 2, , i
n n

n n

i
i i i ii i

i

V F F
A

p pk
k

p
B

p p pα α
α α

α
− Λ Λ

Λ
=

Λ+
′ ⋅′ ′
 

 

( ) ( ) ( ) ( )2 22( 21) , nnij ij ij nn nij ij nV Cp Fp p F p− Λ Λ Λ′ = ′

( ) ( )
( ) ( ) ( ) ( )2 2 2 2

(

2

1)

2 2 2

, , ,i j i j iij nn

nn nn nn nn

i j j

i j i j

V p p p p p p p p

p p p p

D

F F F F

α

α α

α

α α

− ′ ′ ′ ′⋅ ⋅=

× Λ Λ′

Λ

′ Λ Λ

       

21r

( 1) 1F x 

(0) 1F =

2

int
1

1
2

N

ij ij
i

j

j

iH V
p p
m

V
α

α

−

≠ =

⋅ 
= + + 

 
∑

 

( ) ( ) ( ), ,n n nnA B Cα αΛ Λ Λ

( ) exp( )F x x= −Here,  

known functions of ERE parameters and cutoffs 
( )nnD αΛ 3BF: similar, but not quite the same as changing ijV
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Rotureau 
+ v.K. ‘12 

2/3p

( )5 4He res. He n= +

Real part 

Imaginary part 

points: Schrödinger eq. 

lines: ERE 
3 3 nk αΛ

35shN =

( ) 1

1
2

22
2 2

n
n

n

rB
a

α
α

α π
µ +

+

Λ
Λ

 
= − + + 

 Λ

( )
3

1

12
4 2

n
nA

a
α

α π
µ

+

 
= − − +

Λ



Λ 

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Complications with basis: 

  eigenstates of h  not orthogonal and Berggren relation does not hold 

  a deep bound states appears for large cutoff 

Way around: convert energy to momentum dependence 

( 2 )n n nnnk kV V ekα αψ ψµ=′ ′′ = with n Bψ ψ≠

non -Hermitian 

1left
n n

n
ψ ψ =∑
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( )6 4He b.s. He n n= + +

Rotureau 
+ v.K. ‘12 

( ) 0nnD αΛ =

collapse no RG invariance = no good 

expt 
( )1 1

2nn

nn
nn nC

a
m

π
−  

= − − +
Λ




Λ 

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nn n nnα αΛ =Λ Λ=

Rotureau 
+ v.K. ‘12 

6 He
0.98 MeVE = −

3BF is LO! 

( )8 4He b.s. He n n n n= + + + +
predictive power? 

Other 6He observables 

, etc. 
Rotureau + v.K. in progress 
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Other cores 

( )8 7Li b.s. Li n= + Rupak + Higa ’11 
Fernando, Higa + Rupak ’11 ( )7 8Li , Lin γ

Hammer + Phillips  ‘11 ( )11 10Be b.s. Be n= + Coulomb dissociation 
of 11Be 

( )2Z b.s. ZA A n n−= + + Canham + Hammer ’08, ’10 

spin 0 
s-wave interaction 

Efimov states? 

2 9 10 12 16 18Z Li, Be, Be, C, C,A− = 
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Forecast QCD 

Pionful 
EFT 

lattice 

Pionless 
EFT 

Halo/cluster 
EFT 

extrapolates to 
realistically small  

r

mπ

Low-energy 
reactions 

SM 

extrapolate 
to larger 

and larger 

( )
( )

, ,

, ,

QCD

QCD

nuc u d

u d

M m m

Mm m

M

mπ





( ),nucM mπℵ

( ),cc nuM M ℵNCSM, … 

Faddeev* eqs, … 
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