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Recent Results  on the Proton Radius Puzzle 
Gerald A. Miller, University of Washington

The publication: Pohl et al Nature 466,213 (8 July 2010) 

66 citations

muon H:  rp=0.84184(67) fm

electron H:  rp=0.8768(69)
X. Zhan et al

arXiv:1102.0318
rp = hr2

pi1/2 = 0.875± 0.010 fm
electron scattering

Proton radius vs. time
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The proton rms charge radius is not the most accurate quantity in the universe.

e-p scattering: rp = 0.895(18) fm (ur = 2%)

CODATA: rp = 0.8768(69) fm (ur = 0.8%)

•
•
•
electron scattering

slope of GE at Q2 = 0

•
• hydrogen spectr.

Lamb shift (S-states)

Electron scattering:

〈r2
p〉 = −6!2 dGE(Q2)

dQ2

˛

˛

˛

Q2=0
⇒ slope of GE at Q2 = 0

Vanderhaeghen, Walcher

1008.4225

Randolf Pohl APS Anaheim, 30 April 2010 p. 6

Recent results on the proton radius 
puzzle

Wednesday, August 1, 12
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Why atomic physics to learn proton radius?
Why μ H?

• Probability for lepton to reside in the 
proton: proton to atom volume ratio

•  

• Muon to electron mass ratio 205! factor is 
about 8 million times larger for muon

∼
“

rp
aB

”3
= (rp α)3 m3

Theme of this talk:  muon mass



Electron-proton interaction in atoms

•

S-states only

Coon and Bawin

Phys. Rev. C 60, 025207 (1999Proton current

Jµ = ū(p′)
“

γµF1(−q2) + iσµν

2M qνF2(−q2)
”

u(p), q ≡ p′ − p

non-relativistic limit J0 → GE(q2) = F1(q
2) − q

2

4M2F2(q
2)

∆Vc(r) = 4πα
R d3qeiq·r

(2π)3q2 (GE(q2) − 1), GE(q2) − 1 ≈ 1 − q
2r2

p/6

r2
p/6: negative slope of GE, not proton radius

∆VC(r) ≈ −2πα
3 δ(r)r2

p, ∆E = 〈ψS|∆VC|ψS〉 = 2
3πα|ψS(0)|2r2

p

Karplus, Klein, Schwinger

change in Coulomb due to finite size

next order term in q2   down by  (rp/aB)
2
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The Experiment
Muonic Hydrogen

∆E2S−2P
Lamb

2P1/2

2S1/2

The Lamb shift is the splitting
of the degenerate 2S1/2 and 2P1/2

eigenstates, due to vacuum polar-
ization

VV P (r) = −
Zα

r

α

3π

∫ ∞

4

d(q2)

q2
e−meqr

√

1−
4

q2

(

1 +
2

q2

)

J. Carroll — Proton Radius Puzzle — Slide 8

2S1/2, 2P1/2states are degenerate�
Schroedinger, Dirac eqns.

Dominant in μH 

Dominant in eH

Experiment: Basic idea

205 of 206 meV



The experiment 2P3/2

2P1/2

2S1/2

F = 1

F = 0

F = 2
F = 1

F = 1

F = 0

∆E2S−2P
Lamb

∆E2S
Finite

∆E2P
FS

∆E2S
HFS

∆E
2P1/2
HFS

∆E
2P3/2
HFS

ξ
measured

1% of stopped muons populate 2S state
2S       2P transitions induced by laser 

2P    1S via E1 1.9 keV gamma ray
detect gamma in coincidence with laser

Fine structure and 
hyperfine structure 

corrections needed to get 
to Lamb shift-these OK

arXiv:1104.2971 Title: Non-Perturbative Relativistic Calculation 
of the Muonic Hydrogen Spectrum
Authors: J. D. Carroll, A. W. Thomas, J. Rafelski, G. A. Miller
Phys.Rev. A84 (2011) 012506

http://arxiv.org/abs/1104.2971
http://arxiv.org/abs/1104.2971
http://arxiv.org/find/physics/1/au:+Carroll_J/0/1/0/all/0/1
http://arxiv.org/find/physics/1/au:+Carroll_J/0/1/0/all/0/1
http://arxiv.org/find/physics/1/au:+Thomas_A/0/1/0/all/0/1
http://arxiv.org/find/physics/1/au:+Thomas_A/0/1/0/all/0/1
http://arxiv.org/find/physics/1/au:+Rafelski_J/0/1/0/all/0/1
http://arxiv.org/find/physics/1/au:+Rafelski_J/0/1/0/all/0/1
http://arxiv.org/find/physics/1/au:+Miller_G/0/1/0/all/0/1
http://arxiv.org/find/physics/1/au:+Miller_G/0/1/0/all/0/1


The experiment:  
results disagree with previous measurements & world average 

atoms formed. Themeasurement times varied between 3 and 13 h per
laser wavelength. The 75-ns-long laser time window, in which the
laser induced Ka events are expected, is indicated in Fig. 4. We have
recorded a rate of 7 events per hour in the laser timewindowwhen on
resonance. The background of about 1 event per hour originates
mainly from falsely identified muon-decay electrons and effects
related to delayed muon transfer to target walls.

Figure 5 shows the measured 2S–2P resonance curve. It is obtained
by plotting the number of Ka events recorded in the laser timewindow,
normalized to thenumber of events in thepromptpeak, as a functionof
the laser frequency. In total, we have measured 550 events in the res-
onance, where we expect 155 background events. The fit to the data is a
Lorentzian resonance line on top of a flat background. All four para-
meters (Lorentzian amplitude, position and width, as well as back-
ground amplitude) were varied freely. A maximum likelihood fit
using CERN’s ROOT analysis tool accounted for the statistics at each
laser wavelength. Our statistical uncertainties are the 1s confidence
intervals.

Weobtain a centroid position of 49,881.88(70)GHz, and awidth of
18.0(2.2)GHz, where the given uncertainties are the 1 s.d. statistical
uncertainties. The width compares well with the value of 20(1)GHz
expected from the laser bandwidth and Doppler- and power-broad-
ening of the natural line width of 18.6GHz. The resulting background
amplitude agrees with the one obtained by a fit to data recorded
without laser (not shown). We obtain a value of x25 28.1 for 28
degrees of freedom (d.f.). A fit of a flat line, assuming no resonance,
gives x25 283 for 31 d.f., making this resonance line 16s significant.

The systematic uncertainty of our measurement is 300MHz. It
originates exclusively from our laser wavelength calibration proced-
ure. We have calibrated our line position in 21 measurements of 5
different water vapour absorption lines in the rangel5 5.49–6.01mm.
The positions of these water lines are known28 to an absolute precision
of 1MHz and are tabulated in the HITRAN database29. The measured
relative spacingbetween the 5 lines agreeswith thepublishedones.One
suchmeasurement of awater vapour absorption line is shown in Fig. 5.
Our quoted uncertainty of 300MHz comes from pulse to pulse fluc-
tuations and a broadening effect occurring in the Raman process. The
FSRof the reference Fabry–Perot cavity does not contribute, as the FSR
is known better than 3 kHz and the whole scanned range is within 70
FSR of thewater line. Other systematic correctionswe have considered
are Zeeman shift in the 5T field (,30MHz), a.c. and d.c. Stark shifts
(,1MHz), Doppler shift (,1MHz) and pressure shift (,2MHz).
Molecular effects do not influence our resonance position because
the formed muonic molecules ppm1 are known to de-excite quickly30

and do not contribute to our observed signal. Also, the width of our
resonance line agrees with the expectedwidth, whereasmolecular lines
would be wider.

The centroid position of the 2SF~1
1=2 {2PF~2

3=2 transition is
49,881.88(76)GHz, where the uncertainty is the quadratic sum of
the statistical (0.70GHz) and the systematic (0.30GHz) uncertainties.
This frequency corresponds to an energy of DẼ5 206.2949(32)meV.
From equation (1), we deduce an r.m.s. proton charge radius of
rp5 0.84184(36)(56) fm, where the first and second uncertainties ori-
ginate respectively from the experimental uncertainty of 0.76GHzand
the uncertainty in the first term in equation (1). Theory, and here
mainly the proton polarizability term, gives the dominant contri-
bution to our total relative uncertainty of 83 1024. Our experimental
precision would suffice to deduce rp to 43 1024.

This new value of the proton radius rp5 0.84184(67) fm is 10 times
more precise, but 5.0s smaller, than the previous world average3,
which is mainly inferred from H spectroscopy. It is 26 times more
accurate, but 3.1s smaller, than the accepted hydrogen-independent
value extracted from electron–proton scattering1,2. The origin of this
large discrepancy is not known.

If we assume some QED contributions in mp (equation (1)) were
wrong or missing, an additional term as large as 0.31meV would be
required to match our measurement with the CODATA value of rp.
We note that 0.31meV is 64 times the claimed uncertainty of equation
(1).

TheCODATAdeterminationof rp canbe seen in a simplifiedpicture
as adjusting the input parameters rp and R‘ (the Rydberg constant) to
match theQED calculations8 to themeasured transition frequencies4–7

in H: 1S–2S on the one hand, and 2S{n‘ n‘~2P,4,6,8S=D,12Dð Þ on
the other.

The 1S–2S transition in H has been measured3–5 to 34Hz, that is,
1.43 10214 relative accuracy. Only an error of about 1,700 times the
quoted experimental uncertainty could account for our observed dis-
crepancy. The 2S{n‘ transitions have been measured to accuracies
between 1/100 (2S–8D) (refs 6, 7) and 1/10,000 (2S1/2–2P1/2 Lamb
shift31) of the respective line widths. In principle, such an accuracy
couldmake these data subject to unknown systematic shifts.We note,
however, that all of the (2S{n‘) measurements (for a list, see, for
example, table XII in ref. 3) suggest a larger proton charge radius.
Finally, the origin of the discrepancy with the H data could originate
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Figure 4 | SummedX-ray time spectra. Spectra were recorded on resonance
(a) and off resonance (b). The laser light illuminates themuonic atoms in the
laser time window tg [0.887, 0.962] ms indicated in red. The ‘prompt’
X-rays aremarked in blue (see text and Fig. 1). Inset, plots showing complete
data; total number of events are shown.
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Figure 5 | Resonance. Filled blue circles, number of events in the laser time
window normalized to the number of ‘prompt’ events as a function of the
laser frequency. The fit (red) is a Lorentzian on top of a flat background, and
gives a x2/d.f. of 28.1/28. The predictions for the line position using the
proton radius from CODATA3 or electron scattering1,2 are indicated (yellow
data points, top left). Our result is also shown (‘our value’). All error bars are
the 61 s.d. regions. One of the calibration measurements using water
absorption is also shown (black filled circles, green line).
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The Experiment
Muonic Hydrogen

“The 1S-2S transition in H has been measured to

34 Hz, that is, 1.4× 10−14 relative accuracy.

Only an error of about 1,700 times the quoted

experimental uncertainty could account for our

observed discrepancy.”

J. Carroll — Proton Radius Puzzle — Slide 13

Rock Solid!



Experimental summary

• Rydberg is known to 12 figures

• Puzzle- why muon H different than e H?

Pulsed laser spectroscopy

LETTERS

The size of the proton
Randolf Pohl1, Aldo Antognini1, François Nez2, Fernando D. Amaro3, François Biraben2, João M. R. Cardoso3,
Daniel S. Covita3,4, Andreas Dax5, Satish Dhawan5, Luis M. P. Fernandes3, Adolf Giesen6{, Thomas Graf6,
Theodor W. Hänsch1, Paul Indelicato2, Lucile Julien2, Cheng-Yang Kao7, Paul Knowles8, Eric-Olivier Le Bigot2,
Yi-Wei Liu7, José A. M. Lopes3, Livia Ludhova8, Cristina M. B. Monteiro3, Françoise Mulhauser8{, Tobias Nebel1,
Paul Rabinowitz9, Joaquim M. F. dos Santos3, Lukas A. Schaller8, Karsten Schuhmann10, Catherine Schwob2,
David Taqqu11, João F. C. A. Veloso4 & Franz Kottmann12

The proton is the primary building block of the visible Universe,
butmany of its properties—such as its charge radius and its anom-
alousmagneticmoment—arenotwell understood. The root-mean-
square charge radius, rp, has been determinedwith an accuracy of 2
per cent (at best) by electron–proton scattering experiments1,2. The
presentmost accurate value of rp (with an uncertainty of 1 per cent)
is given by the CODATA compilation of physical constants3. This
value is based mainly on precision spectroscopy of atomic
hydrogen4–7 and calculations of bound-state quantum electrody-
namics (QED; refs 8, 9). The accuracy of rp as deduced from elec-
tron–proton scattering limits the testing of bound-state QED in
atomic hydrogen as well as the determination of the Rydberg
constant (currently the most accurately measured fundamental
physical constant3). An attractive means to improve the accuracy
in themeasurementof rp is providedbymuonichydrogen (a proton
orbited by a negative muon); its much smaller Bohr radius com-
pared to ordinary atomic hydrogen causes enhancement of effects
related to the finite size of theproton. Inparticular, theLamb shift10

(the energy difference between the 2S1/2 and 2P1/2 states) is affected
by as much as 2 per cent. Here we use pulsed laser spectroscopy to
measure amuonic Lamb shift of 49,881.88(76)GHz.On the basis of
present calculations11–15 of fine and hyperfine splittings and QED
terms, we find rp5 0.84184(67) fm, which differs by 5.0 standard
deviations from the CODATA value3 of 0.8768(69) fm. Our result
implies that either the Rydberg constant has to be shifted by
2110 kHz/c (4.9 standard deviations), or the calculations of the
QED effects in atomic hydrogen or muonic hydrogen atoms are
insufficient.

Bound-state QED was initiated in 1947 when a subtle difference
between the binding energies of the 2S1/2 and 2P1/2 states of H atoms
was established, denoted as the Lamb shift10. It is dominated by
purely radiative effects8, such as ‘self energy’ and ‘vacuum polariza-
tion’. More recently, precision optical spectroscopy of H atoms4–7

and the corresponding calculations8,9 have improved tremendously
and reached a point where the proton size (expressed by its root-

mean-square charge radius, rp~

ffiffiffiffiffiffiffiffiffiffi
r2p

D Er
) is the limiting factor when

comparing experiment with theory16.
The CODATA value3 of rp5 0.8768(69) fm is extracted mainly

fromH atom spectroscopy and thus relies on bound-state QED (here
and elsewhere numbers in parenthesis indicate the 1 s.d. uncertainty

of the trailing digits of the given number). AnH-independent but less
precise value of rp5 0.897(18) fm was obtained in a recent reanalysis
of electron-scattering experiments1,2.

A much better determination of the proton radius is possible by
measuring the Lamb shift in muonic hydrogen (mp, an atom formed
by a proton, p, and a negative muon, m2). The muon is about 200
times heavier than the electron. The atomic Bohr radius is corre-
spondingly about 200 times smaller in mp than in H. Effects of the
finite size of the proton on the muonic S states are thus enhanced. S
states are shifted because the muon’s wavefunction at the location of
the proton is non-zero. In contrast, P states are not significantly
shifted. The total predicted 2SF~1

1=2 {2PF~2
3=2 energy difference, DẼ,

in muonic hydrogen is the sum of radiative, recoil, and proton struc-
ture contributions, and the fine and hyperfine splittings for our par-
ticular transition, and it is given8,11–15 by

D~EE~209:9779 49ð Þ{5:2262 r2pz0:0347 r3p meV ð1Þ

where rp~

ffiffiffiffiffiffiffiffiffiffi
r2p

D Er
is given in fm. A detailed derivation of equation

(1) is given in Supplementary Information.
The first term in equation (1) is dominated by vacuum polariza-

tion, which causes the 2S states to be more tightly bound than the 2P
states (Fig. 1). The mp fine and hyperfine splittings (due to spin–orbit
and spin–spin interactions) are an order of magnitude smaller than
the Lamb shift (Fig. 1c). The uncertainty of 0.0049meV in DẼ is
dominated by the proton polarizability term13 of 0.015(4)meV.
The second and third terms in equation (1) are the finite size con-
tributions. They amount to 1.8% of DẼ, two orders of magnitude
more than for H.

For more than forty years, a measurement of the mp Lamb shift has
been considered one of the fundamental experiments in atomic spec-
troscopy, but only recent progress in muon beams and laser techno-
logy made such an experiment feasible. We report the first successful
measurement of the mp Lamb shift. The energy difference between the
2SF~1

1=2 and 2PF~2
3=2 states of mp atoms has been determined bymeans of

pulsed laser spectroscopy at wavelengths around 6.01mm. This
transition was chosen because it gives the largest signal of all six
allowed optical 2S–2P transitions. All transitions are spectrally well
separated.

The experiment was performed at the pE5 beam-line of the proton
accelerator at the Paul Scherrer Institute (PSI) in Switzerland. We

1Max-Planck-Institut für Quantenoptik, 85748 Garching, Germany. 2Laboratoire Kastler Brossel, École Normale Supérieure, CNRS, and Université P. et M. Curie-Paris 6, 75252 Paris,
Cedex 05, France. 3Departamento de Fı́sica, Universidade deCoimbra, 3004-516 Coimbra, Portugal. 4I3N, Departamento de Fı́sica, Universidade deAveiro, 3810-193Aveiro, Portugal.
5Physics Department, Yale University, New Haven, Connecticut 06520-8121, USA. 6Institut für Strahlwerkzeuge, Universität Stuttgart, 70569 Stuttgart, Germany. 7Physics
Department, National Tsing Hua University, Hsinchu 300, Taiwan. 8Département de Physique, Université de Fribourg, 1700 Fribourg, Switzerland. 9Department of Chemistry,
Princeton University, Princeton, New Jersey 08544-1009, USA. 10Dausinger & Giesen GmbH, Rotebühlstr. 87, 70178 Stuttgart, Germany. 11Paul Scherrer Institute, 5232 Villigen-PSI,
Switzerland. 12Institut für Teilchenphysik, ETHZürich, 8093Zürich, Switzerland. {Present addresses: Deutsches Zentrum für Luft- und Raumfahrt e.V. in derHelmholtz-Gemeinschaft,
70569 Stuttgart, Germany (A.G.); International Atomic Energy Agency, A-1400 Vienna, Austria (F.M.).

Vol 466 |8 July 2010 |doi:10.1038/nature09250

213
Macmillan Publishers Limited. All rights reserved©2010

“

’’



3www.nature.com/nature

SUPPLEMENTARY INFORMATIONdoi: 10.1038/nature09250

Lamb
shift:

vacuum 
polarization
many, many 

terms

Pohl’s Table of calculations



muon electron



Possible resolutions

•  electron experiments not so  accurate    

• muon interacts differently than electron

• Strong interaction effect in loop diagram



Hydrogen spectroscopy
2S1/2 -  2P1/2

2S1/2 -  2P1/2

2S1/2 -  2P3/2

1S-2S + 2S- 4S1/2

1S-2S + 2S- 4D5/2

1S-2S + 2S- 4P1/2

1S-2S + 2S- 4P3/2

1S-2S + 2S- 6S1/2

1S-2S + 2S- 6D5/2

1S-2S + 2S- 8S1/2

1S-2S + 2S- 8D3/2

1S-2S + 2S- 8D5/2

1S-2S + 2S-12D3/2

1S-2S + 2S-12D5/2

1S-2S + 1S - 3S1/2

µp : 0.84184 +- 0.00067 fm

proton charge radius (fm)   
0.8 0.85 0.9 0.95 1

Randolf Pohl APS Anaheim, 30 April 2010 p. 20

Electronic Hydrogen -Pohl

2 measurements get   rp, R1



• Marciano, INT Talk summer 2010-massive photon,  violate mu-e 
universality, matter effects in neutrino oscillations too big by  10000

• Barger et al  “We consider exotic particles that couple preferentially to muons, and 
mediate an attractive nucleon-muon interaction. Many constraints from low energy data 
disfavor new spin-0, spin-1 and spin-2 particles as an explanation.PRL 106, 153001

• Brax, Burrage “Combining these constraints with current particle physics bounds, the 
contribution of a scalar field to the recently claimed discrepancy in the proton radius is 
negligible.”Phys.Rev.D83:035020,2011

• Batell, McKeen, Pospelov PRL 107,081802 New force differentiates between lepton species. 
Models with gauged right-handed muon number, contain new vector and scalar force carriers at 
the 100 MeV scale or lighter. Such forces would lead to an enhancement by several orders-of-
magnitude of the parity-violating asymmetries in the scattering of low-energy muons on nuclei. 
Related to muon g-2

• Barger et al, PRL108, 081802, previous BMP model is constrained by K decays if new 
particles are long lived

• Carlson, Rislow, arXiv:1206.3587 Conclusions: New physics with fine tuned couplings 
may be entertained as a possible explanation for the Lamb shift discrepancy.

µ 6= e

http://arxiv.org/find/hep-ph/1/au:+Batell_B/0/1/0/all/0/1
http://arxiv.org/find/hep-ph/1/au:+Batell_B/0/1/0/all/0/1
http://arxiv.org/find/hep-ph/1/au:+McKeen_D/0/1/0/all/0/1
http://arxiv.org/find/hep-ph/1/au:+McKeen_D/0/1/0/all/0/1
http://arxiv.org/find/hep-ph/1/au:+Pospelov_M/0/1/0/all/0/1
http://arxiv.org/find/hep-ph/1/au:+Pospelov_M/0/1/0/all/0/1


Experimental analysis

Extract the proton radius from the transition energy,

compare measured ξ to the following sum of contributions:

ξ=206.2949(32) meV -One measured number

ξ = 206.0573(45) − 5.2262r2
p + 0.0347r3

p meV

three computed numbers

To explain puzzle:

increase 206.0573 meV by 0.31 meV= 3.1×10−10 MeV



Our idea I- bound proton is off its 
mass shell in two photon exchange

• form factor contains terms containing

• ``virtuality” terms important for EMC effect, 
Strikman Frankfurt, Kulagin, Petti, Melnitchouk ...

p · � �M, p2 �M2 Inverse propagator

• Old idea-Zemach in 50’s 

• Bincer 1960, Naus & Koch (1987)

• (half-on)  vertex function has 4 invariant functions

Miller, Carroll, Thomas, Rafelski Phys.Rev. A84 (2011) 012506



Idea behind calculation

1
(p + q)2 �M2

�
(p + q)2 �M2

�

Lamb shift goes as lepton mass to the fourth power

lepton

proton



Our idea-specifics

• Ball Chiu (1980) qed

2

of momentum q = p′ − p.as:

Γµ(p′, p) = γµ
NF1(−q2) + F1(−q2)F (−q2)Oµ

a,b,c (2)

Oµ
a =

(p + p′)µ

2M
[Λ+(p′)

(p · γN − M)

M
+

(p′ · γN − M)

M
Λ+(p)]

Oµ
b = ((p2 − M2)/M2 + (p′

2
− M2)/M2)γµ

N

Oµ
c = Λ+(p′)γµ

N

(p · γN − M)

M
+

(p′ · γN − M)

M
γµ

NΛ+(p),

where three possible forms are displayed. Other terms of
the vertex function needed to satisfy the WT identity do
not contribute significantly to the Lamb shift and are not
shown explicitly. The proton Dirac form factor, F1(−q2)
is empirically well represented as a dipole F1(−q2) = (1−
q2/Λ2)−2, (Λ = 840 MeV) for the values of −q2 ≡ Q2 > 0
of up to about 1 GeV2 needed here. F (−q2) is an off-
shell form factor, and Λ+(p) = (p · γN + M)/(2M) is an
operator that projects on the on-mass-shell proton state.
We use Oa unless otherwise stated.

We take the off-shell form factor F (−q2) to vanish at
q2 = 0. This means that the charge of the off-shell proton
will be the same as the charge of a free proton, and is
demanded by current conservation as expressed through
the Ward-Takahashi identity [24, 25]. We assume

F (−q2) =
−λq2/b2

(1 − q2/Λ̃2)1+ξ
. (3)

This purely phenomenological form is simple and clearly
not unique. The parameter b is expected to be of the
order of the pion mass, because these longest range com-
ponents of the nucleon are least bound and more suscep-
tible to the external perturbations putting the nucleon
off its mass shell. At large values of |q2|, F has the same
fall-off as F1, if ξ = 0. We take Λ̃ = Λ here.

We briefly discuss the expected influence of using
Eq. (2). The ratio, R, of off-shell effects to on-shell ef-

fects, R ∼ (p·γN−M)
M λ q2

b2 , (|q2| $ Λ2) is constrained by
a variety of nuclear phenomena such as the EMC effect
(10-15%), uncertainties in quasi-elastic electron-nuclear
scattering [26], and deviations from the Coulomb sum
rule [27]. For a nucleon experiencing a 50 MeV central
potential, (p · γN − M)/M ∼ 0.05, so λq2/b2 is of or-
der 2. The nucleon wave functions of light-front quark-
models [33] contain a propagator depending on M2.
Thus the effect of nucleon virtuality is proportional to
the derivative of the propagator with respect to M , or of
the order of the wave function divided by difference be-
tween quark kinetic energy and M . This is about three
times the average momentum of a quark (∼ 200 MeV/c)
divided by the nucleon radius or roughly M/2. Thus
R ∼ (p · γN − M)2/M , and the natural value of λq2/b2

is of order 2.
The lowest order term in which the nucleon is suffi-

ciently off-shell in a muonic atom for this correction to
produce a significant effect is the two-photon exchange
diagram of Fig. 1 and its crossed partner, including an

!

P

! − k

P

!

FIG. 1: Direct two-photon exchange graph corresponding to
the hitherto neglected term. The dashed line denotes the
lepton; the solid line, the nucleon; the wavy lines photons;
and the ellipse the off-shell nucleon.

interference between one on-shell and one off-shell part
of the vertex function. The change in the invariant am-
plitude, MOff , due to using Eq. (2) along with Oµ

a , to be
evaluated between fermion spinors, is given in the rest
frame by

MOff =
e4

2M2

∫
d4k

(2π)4
F 2

1 (−k2)F (−k2)

(k2 + iε)2
(4)

×(γµ
N (2p + k)ν + γν

N (2p + k)µ)

×

[
γµ

(l · γ − k · γ + m)

k2 − 2l · k + iε
γν + γν

(l · γ + k · γ + m)

k2 + 2l · k + iε
γµ

]
,

where the lepton momentum is l = (m, 0, 0, 0), the vir-
tual photon momentum is k and the nucleon momentum
p = (M, 0, 0, 0). The intermediate proton propagator
is cancelled by the off-mass-shell terms of Eq. (2). This
graph can be thought of as involving a contact interaction
and the amplitude in Eq. (4) as a new proton polariza-
tion correction corresponding to a subtraction term in the
dispersion relation for the two-photon exchange diagram
that is not constrained by the cross section data [34].
The resulting virtual-photon-proton Compton scattering
amplitude, containing the operator γµ

Nγν
N corresponds to

the T2 term of conventional notation [35], [36]. Eq. (4)
is gauge-invariant; not changed by adding a term of the
form kµ kν/k4 to the photon propagator.

Evaluation proceeds in a standard way by taking the
sum over Dirac indices, performing the integral over k0

by contour rotation, k0 → −ik0, and integrating over the
angular variables. The matrix element M is well approx-
imated by a constant in momentum space, for momenta
typical of a muonic atom, and the corresponding poten-
tial V = iM has the form V (r) = V0δ(r) in coordinate
space. This is the “scattering approximation” [3]. Then
the relevant matrix elements have the form V0 |Ψ2S(0)|2,
where Ψ2S is the muonic hydrogen wave function of the
state relevant to the experiment of Pohl et al. We use
|Ψ2S(0)|2 = (αmr)3/(8π), with the lepton-proton re-

parameters �/b2, ⇤̃ = ⇤, ⇠ = 0

Γµ(p′, p) = γµ
NF1(−q2) + F1(−q2)F (−q2)Oµ

a,b,c

Oµ
a =

(p + p′)µ

2M
[Λ+(p′)

(p · γN − M)

M
+

(p′ · γN − M)

M
Λ+(p)]

Oµ
b = ((p2 − M2)/M2 + (p′2 − M2)/M2)γµ

N

Oµ
c = Λ+(p′)γµ

N

(p · γN − M)

M
+

(p′ · γN − M)

M
γµ

NΛ+(p)

q = p0 � p

F(0)=0, 
off-shell proton charge = proton charge  

gauge invariance

Many many more models are possible!

�



Evaluate diagram 2

of momentum q = p′ − p.as:

Γµ(p′, p) = γµ
NF1(−q2) + F1(−q2)F (−q2)Oµ

a,b,c (2)

Oµ
a =

(p + p′)µ

2M
[Λ+(p′)

(p · γN − M)

M
+

(p′ · γN − M)

M
Λ+(p)]

Oµ
b = ((p2 − M2)/M2 + (p′

2
− M2)/M2)γµ

N

Oµ
c = Λ+(p′)γµ

N

(p · γN − M)

M
+

(p′ · γN − M)

M
γµ

NΛ+(p),

where three possible forms are displayed. Other terms of
the vertex function needed to satisfy the WT identity do
not contribute significantly to the Lamb shift and are not
shown explicitly. The proton Dirac form factor, F1(−q2)
is empirically well represented as a dipole F1(−q2) = (1−
q2/Λ2)−2, (Λ = 840 MeV) for the values of −q2 ≡ Q2 > 0
of up to about 1 GeV2 needed here. F (−q2) is an off-
shell form factor, and Λ+(p) = (p · γN + M)/(2M) is an
operator that projects on the on-mass-shell proton state.
We use Oa unless otherwise stated.

We take the off-shell form factor F (−q2) to vanish at
q2 = 0. This means that the charge of the off-shell proton
will be the same as the charge of a free proton, and is
demanded by current conservation as expressed through
the Ward-Takahashi identity [24, 25]. We assume

F (−q2) =
−λq2/b2

(1 − q2/Λ̃2)1+ξ
. (3)

This purely phenomenological form is simple and clearly
not unique. The parameter b is expected to be of the
order of the pion mass, because these longest range com-
ponents of the nucleon are least bound and more suscep-
tible to the external perturbations putting the nucleon
off its mass shell. At large values of |q2|, F has the same
fall-off as F1, if ξ = 0. We take Λ̃ = Λ here.

We briefly discuss the expected influence of using
Eq. (2). The ratio, R, of off-shell effects to on-shell ef-

fects, R ∼ (p·γN−M)
M λ q2

b2 , (|q2| $ Λ2) is constrained by
a variety of nuclear phenomena such as the EMC effect
(10-15%), uncertainties in quasi-elastic electron-nuclear
scattering [26], and deviations from the Coulomb sum
rule [27]. For a nucleon experiencing a 50 MeV central
potential, (p · γN − M)/M ∼ 0.05, so λq2/b2 is of or-
der 2. The nucleon wave functions of light-front quark-
models [33] contain a propagator depending on M2.
Thus the effect of nucleon virtuality is proportional to
the derivative of the propagator with respect to M , or of
the order of the wave function divided by difference be-
tween quark kinetic energy and M . This is about three
times the average momentum of a quark (∼ 200 MeV/c)
divided by the nucleon radius or roughly M/2. Thus
R ∼ (p · γN − M)2/M , and the natural value of λq2/b2

is of order 2.
The lowest order term in which the nucleon is suffi-

ciently off-shell in a muonic atom for this correction to
produce a significant effect is the two-photon exchange
diagram of Fig. 1 and its crossed partner, including an
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FIG. 1: Direct two-photon exchange graph corresponding to
the hitherto neglected term. The dashed line denotes the
lepton; the solid line, the nucleon; the wavy lines photons;
and the ellipse the off-shell nucleon.

interference between one on-shell and one off-shell part
of the vertex function. The change in the invariant am-
plitude, MOff , due to using Eq. (2) along with Oµ

a , to be
evaluated between fermion spinors, is given in the rest
frame by

MOff =
e4

2M2

∫
d4k

(2π)4
F 2

1 (−k2)F (−k2)

(k2 + iε)2
(4)

×(γµ
N (2p + k)ν + γν

N (2p + k)µ)

×

[
γµ

(l · γ − k · γ + m)

k2 − 2l · k + iε
γν + γν

(l · γ + k · γ + m)

k2 + 2l · k + iε
γµ

]
,

where the lepton momentum is l = (m, 0, 0, 0), the vir-
tual photon momentum is k and the nucleon momentum
p = (M, 0, 0, 0). The intermediate proton propagator
is cancelled by the off-mass-shell terms of Eq. (2). This
graph can be thought of as involving a contact interaction
and the amplitude in Eq. (4) as a new proton polariza-
tion correction corresponding to a subtraction term in the
dispersion relation for the two-photon exchange diagram
that is not constrained by the cross section data [34].
The resulting virtual-photon-proton Compton scattering
amplitude, containing the operator γµ

Nγν
N corresponds to

the T2 term of conventional notation [35], [36]. Eq. (4)
is gauge-invariant; not changed by adding a term of the
form kµ kν/k4 to the photon propagator.

Evaluation proceeds in a standard way by taking the
sum over Dirac indices, performing the integral over k0

by contour rotation, k0 → −ik0, and integrating over the
angular variables. The matrix element M is well approx-
imated by a constant in momentum space, for momenta
typical of a muonic atom, and the corresponding poten-
tial V = iM has the form V (r) = V0δ(r) in coordinate
space. This is the “scattering approximation” [3]. Then
the relevant matrix elements have the form V0 |Ψ2S(0)|2,
where Ψ2S is the muonic hydrogen wave function of the
state relevant to the experiment of Pohl et al. We use
|Ψ2S(0)|2 = (αmr)3/(8π), with the lepton-proton re-

lepton

proton proton

Plus crossed photon
graph

� �
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of momentum q = p′ − p.as:

Γµ(p′, p) = γµ
NF1(−q2) + F1(−q2)F (−q2)Oµ

a,b,c (2)

Oµ
a =

(p + p′)µ

2M
[Λ+(p′)

(p · γN − M)

M
+

(p′ · γN − M)

M
Λ+(p)]

Oµ
b = ((p2 − M2)/M2 + (p′

2
− M2)/M2)γµ

N

Oµ
c = Λ+(p′)γµ

N

(p · γN − M)

M
+

(p′ · γN − M)

M
γµ

NΛ+(p),

where three possible forms are displayed. Other terms of
the vertex function needed to satisfy the WT identity do
not contribute significantly to the Lamb shift and are not
shown explicitly. The proton Dirac form factor, F1(−q2)
is empirically well represented as a dipole F1(−q2) = (1−
q2/Λ2)−2, (Λ = 840 MeV) for the values of −q2 ≡ Q2 > 0
of up to about 1 GeV2 needed here. F (−q2) is an off-
shell form factor, and Λ+(p) = (p · γN + M)/(2M) is an
operator that projects on the on-mass-shell proton state.
We use Oa unless otherwise stated.

We take the off-shell form factor F (−q2) to vanish at
q2 = 0. This means that the charge of the off-shell proton
will be the same as the charge of a free proton, and is
demanded by current conservation as expressed through
the Ward-Takahashi identity [24, 25]. We assume

F (−q2) =
−λq2/b2

(1 − q2/Λ̃2)1+ξ
. (3)

This purely phenomenological form is simple and clearly
not unique. The parameter b is expected to be of the
order of the pion mass, because these longest range com-
ponents of the nucleon are least bound and more suscep-
tible to the external perturbations putting the nucleon
off its mass shell. At large values of |q2|, F has the same
fall-off as F1, if ξ = 0. We take Λ̃ = Λ here.

We briefly discuss the expected influence of using
Eq. (2). The ratio, R, of off-shell effects to on-shell ef-

fects, R ∼ (p·γN−M)
M λ q2

b2 , (|q2| $ Λ2) is constrained by
a variety of nuclear phenomena such as the EMC effect
(10-15%), uncertainties in quasi-elastic electron-nuclear
scattering [26], and deviations from the Coulomb sum
rule [27]. For a nucleon experiencing a 50 MeV central
potential, (p · γN − M)/M ∼ 0.05, so λq2/b2 is of or-
der 2. The nucleon wave functions of light-front quark-
models [33] contain a propagator depending on M2.
Thus the effect of nucleon virtuality is proportional to
the derivative of the propagator with respect to M , or of
the order of the wave function divided by difference be-
tween quark kinetic energy and M . This is about three
times the average momentum of a quark (∼ 200 MeV/c)
divided by the nucleon radius or roughly M/2. Thus
R ∼ (p · γN − M)2/M , and the natural value of λq2/b2

is of order 2.
The lowest order term in which the nucleon is suffi-

ciently off-shell in a muonic atom for this correction to
produce a significant effect is the two-photon exchange
diagram of Fig. 1 and its crossed partner, including an
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FIG. 1: Direct two-photon exchange graph corresponding to
the hitherto neglected term. The dashed line denotes the
lepton; the solid line, the nucleon; the wavy lines photons;
and the ellipse the off-shell nucleon.

interference between one on-shell and one off-shell part
of the vertex function. The change in the invariant am-
plitude, MOff , due to using Eq. (2) along with Oµ

a , to be
evaluated between fermion spinors, is given in the rest
frame by

MOff =
e4

2M2

∫
d4k

(2π)4
F 2

1 (−k2)F (−k2)

(k2 + iε)2
(4)

×(γµ
N (2p + k)ν + γν

N (2p + k)µ)

×

[
γµ

(l · γ − k · γ + m)

k2 − 2l · k + iε
γν + γν

(l · γ + k · γ + m)

k2 + 2l · k + iε
γµ

]
,

where the lepton momentum is l = (m, 0, 0, 0), the vir-
tual photon momentum is k and the nucleon momentum
p = (M, 0, 0, 0). The intermediate proton propagator
is cancelled by the off-mass-shell terms of Eq. (2). This
graph can be thought of as involving a contact interaction
and the amplitude in Eq. (4) as a new proton polariza-
tion correction corresponding to a subtraction term in the
dispersion relation for the two-photon exchange diagram
that is not constrained by the cross section data [34].
The resulting virtual-photon-proton Compton scattering
amplitude, containing the operator γµ

Nγν
N corresponds to

the T2 term of conventional notation [35], [36]. Eq. (4)
is gauge-invariant; not changed by adding a term of the
form kµ kν/k4 to the photon propagator.

Evaluation proceeds in a standard way by taking the
sum over Dirac indices, performing the integral over k0

by contour rotation, k0 → −ik0, and integrating over the
angular variables. The matrix element M is well approx-
imated by a constant in momentum space, for momenta
typical of a muonic atom, and the corresponding poten-
tial V = iM has the form V (r) = V0δ(r) in coordinate
space. This is the “scattering approximation” [3]. Then
the relevant matrix elements have the form V0 |Ψ2S(0)|2,
where Ψ2S is the muonic hydrogen wave function of the
state relevant to the experiment of Pohl et al. We use
|Ψ2S(0)|2 = (αmr)3/(8π), with the lepton-proton re-

gauge invariant,MO↵ ⇡ constant

! �(~r)V0 coordinate space

Oa !

Model a

�

Vary  � to obtain needed 0.31 meV shift.

lµ⌫ lepton tensor gives factor m



The Controversy- our effect is 20 times that of Pachucki, 
Martynenko...  Carlson & Vanderhaeghan 

Conventional approach ∼ Pachucki

∆E ∝ α5m3
R

d4q

q4 T µνlµν(m)

T µν is forward virtual-photon proton scattering amplitude,

lµν(m) is lepton-tensor

T µν(q, P ) = −i
R

d4xeiq·x〈P |T (jµ(x)jν(0)|P 〉

T µν(q, P ) = −(gµν − · · ·)T1 + (P µ − · · ·)(P ν − · · ·)T2

Im(T1,2) ∝ W1,2 Measured structure functions

Cauchy plus data → answers –rock solid (?)
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of momentum q = p′ − p.as:

Γµ(p′, p) = γµ
NF1(−q2) + F1(−q2)F (−q2)Oµ

a,b,c (2)

Oµ
a =

(p + p′)µ

2M
[Λ+(p′)

(p · γN − M)

M
+

(p′ · γN − M)

M
Λ+(p)]

Oµ
b = ((p2 − M2)/M2 + (p′

2
− M2)/M2)γµ

N

Oµ
c = Λ+(p′)γµ

N

(p · γN − M)

M
+

(p′ · γN − M)

M
γµ

NΛ+(p),

where three possible forms are displayed. Other terms of
the vertex function needed to satisfy the WT identity do
not contribute significantly to the Lamb shift and are not
shown explicitly. The proton Dirac form factor, F1(−q2)
is empirically well represented as a dipole F1(−q2) = (1−
q2/Λ2)−2, (Λ = 840 MeV) for the values of −q2 ≡ Q2 > 0
of up to about 1 GeV2 needed here. F (−q2) is an off-
shell form factor, and Λ+(p) = (p · γN + M)/(2M) is an
operator that projects on the on-mass-shell proton state.
We use Oa unless otherwise stated.

We take the off-shell form factor F (−q2) to vanish at
q2 = 0. This means that the charge of the off-shell proton
will be the same as the charge of a free proton, and is
demanded by current conservation as expressed through
the Ward-Takahashi identity [24, 25]. We assume

F (−q2) =
−λq2/b2

(1 − q2/Λ̃2)1+ξ
. (3)

This purely phenomenological form is simple and clearly
not unique. The parameter b is expected to be of the
order of the pion mass, because these longest range com-
ponents of the nucleon are least bound and more suscep-
tible to the external perturbations putting the nucleon
off its mass shell. At large values of |q2|, F has the same
fall-off as F1, if ξ = 0. We take Λ̃ = Λ here.

We briefly discuss the expected influence of using
Eq. (2). The ratio, R, of off-shell effects to on-shell ef-

fects, R ∼ (p·γN−M)
M λ q2

b2 , (|q2| $ Λ2) is constrained by
a variety of nuclear phenomena such as the EMC effect
(10-15%), uncertainties in quasi-elastic electron-nuclear
scattering [26], and deviations from the Coulomb sum
rule [27]. For a nucleon experiencing a 50 MeV central
potential, (p · γN − M)/M ∼ 0.05, so λq2/b2 is of or-
der 2. The nucleon wave functions of light-front quark-
models [33] contain a propagator depending on M2.
Thus the effect of nucleon virtuality is proportional to
the derivative of the propagator with respect to M , or of
the order of the wave function divided by difference be-
tween quark kinetic energy and M . This is about three
times the average momentum of a quark (∼ 200 MeV/c)
divided by the nucleon radius or roughly M/2. Thus
R ∼ (p · γN − M)2/M , and the natural value of λq2/b2

is of order 2.
The lowest order term in which the nucleon is suffi-

ciently off-shell in a muonic atom for this correction to
produce a significant effect is the two-photon exchange
diagram of Fig. 1 and its crossed partner, including an
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FIG. 1: Direct two-photon exchange graph corresponding to
the hitherto neglected term. The dashed line denotes the
lepton; the solid line, the nucleon; the wavy lines photons;
and the ellipse the off-shell nucleon.

interference between one on-shell and one off-shell part
of the vertex function. The change in the invariant am-
plitude, MOff , due to using Eq. (2) along with Oµ

a , to be
evaluated between fermion spinors, is given in the rest
frame by

MOff =
e4

2M2

∫
d4k

(2π)4
F 2

1 (−k2)F (−k2)

(k2 + iε)2
(4)

×(γµ
N (2p + k)ν + γν

N (2p + k)µ)

×

[
γµ

(l · γ − k · γ + m)

k2 − 2l · k + iε
γν + γν

(l · γ + k · γ + m)

k2 + 2l · k + iε
γµ

]
,

where the lepton momentum is l = (m, 0, 0, 0), the vir-
tual photon momentum is k and the nucleon momentum
p = (M, 0, 0, 0). The intermediate proton propagator
is cancelled by the off-mass-shell terms of Eq. (2). This
graph can be thought of as involving a contact interaction
and the amplitude in Eq. (4) as a new proton polariza-
tion correction corresponding to a subtraction term in the
dispersion relation for the two-photon exchange diagram
that is not constrained by the cross section data [34].
The resulting virtual-photon-proton Compton scattering
amplitude, containing the operator γµ

Nγν
N corresponds to

the T2 term of conventional notation [35], [36]. Eq. (4)
is gauge-invariant; not changed by adding a term of the
form kµ kν/k4 to the photon propagator.

Evaluation proceeds in a standard way by taking the
sum over Dirac indices, performing the integral over k0

by contour rotation, k0 → −ik0, and integrating over the
angular variables. The matrix element M is well approx-
imated by a constant in momentum space, for momenta
typical of a muonic atom, and the corresponding poten-
tial V = iM has the form V (r) = V0δ(r) in coordinate
space. This is the “scattering approximation” [3]. Then
the relevant matrix elements have the form V0 |Ψ2S(0)|2,
where Ψ2S is the muonic hydrogen wave function of the
state relevant to the experiment of Pohl et al. We use
|Ψ2S(0)|2 = (αmr)3/(8π), with the lepton-proton re-

          +crossed photons

1101.5965

T1,2(q · P/M, q2) = T1,2(q0, Q
2)



 

• Dispersion integral involving W2 converges

• Dispersion integral involving W1 diverges- 
subtraction needed at all Q2

T1,2(q · P/M, q2) = T1,2(q0, Q
2)

ImT1,2 ⇠ W1,2

W2 ⇠ 1/⌫, W1 ⇠ ⌫ large ⌫



Features 

• need subtracted dispersion relation for T1

• subtraction function (q0 = 0, all q2) largely 
unknown

•  Assume our model is OK,   look for tests

• Quasielastic scattering, Coulomb sum rule

• 2 photon exchange term in ep scattering

•  etc 

T 1(0, Q
2)
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6.2 CreateFeynAmp 43

Create one diagram from

the photon self-energy:

γ

γ

G

G

In[14]:= t11 = CreateTopologies[1, 1 -> 1][[3]];

In[15]:= AA = InsertFields[t11, V[1] -> V[1],

ExcludeParticles -> {F, V, U}];

Excluding 3 Generic, 20 Classes, and 36 Particles fields

inserting at level(s) {Generic, Classes}

> Top. 1: 1 Generic, 1 Classes insertions

in total: 1 Generic, 1 Classes insertions

Restoring 3 Generic, 20 Classes, and 36 Particles fields

Generate the amplitudes. In[16]:= CreateFeynAmp[AA]

creating amplitudes at level(s) {Generic, Classes}

> Top. 1: 1 Generic, 1 Classes amplitudes
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Out[16]= FeynAmpList[

Model -> SM, GenericModel -> Lorentz,

InsertionLevel -> Classes, Restrictions -> {},

ExcludeParticles -> {F, V, U},

ExcludeFieldPoints -> {}, LastSelections -> {},

Process -> {{V[1], p1, 0}} -> {{V[1], k1, 0}}][

FeynAmp[

GraphID[Topology == 1, Generic == 1],

Integral[q1],

(
I

32
RelativeCF

FeynAmpDenominator[
1

q12 - Mass[S[Gen3]]2
,

1

(-p1 + q1)2 - Mass[S[Gen4]]2
]

(p1 - 2 q1)[Lor1] (-p1 + 2 q1)[Lor2]

ep[V[1], p1, Lor1] ep*[V[1], k1, Lor2]

G(0)SSV[(Mom[1] - Mom[2])[KI1[3]]]

G(0)SSV[(Mom[1] - Mom[2])[KI1[3]]]) / Pi4,

{Mass[S[Gen3]], Mass[S[Gen4]],

G(0)SSV[(Mom[1] - Mom[2])[KI1[3]]],

G(0)SSV[(Mom[1] - Mom[2])[KI1[3]]], RelativeCF} ->

Insertions[Classes][{MW, MW, I EL, -I EL, 2}] ] ]

V

FIG. 1: (Color online) A photon (wiggly line) interacts with a bound nucleon that is o↵ its mass-shell

because of the interaction V .

where M is the nucleon mass, p0 = p+ q, either pµ or p0µ are o↵ the mass shell and po↵ is the
four momentum of the o↵ shell nucleon. The values

�

b2
=

2

(79 MeV)2
,⇤ = 841 MeV (2)

were used in [3] to give a contribution to the Lamb shift large enough to allow the CODATA
value of the proton radius to be consistent with the Pohl experiment.

The second term of Eq. (1) vanishes when the initial and final protons are on their mass
shell. A proton, bound in the nucleus, interacts with other nucleons and can therefore be o↵
its mass-shell for short times allowed by the uncertainty principle, as for example in Fig. 1,
in which the presence of the residual nucleus is represented by the interaction V . E↵ectively,
one sees a contact interaction between the virtual photon, the struck proton and the residual
nucleus. For simplicity neglect the momentum transferred by the interaction V , and evaluate
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Note that the Feynman propagator is cancelled by its inverse. The term that is added to the
usual Dirac operator �µ is the previously mentioned contact interaction.
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We use the Gordon identity to make the replacement: (p+p0)µ
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and the nuclear medium modifies both F
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and F
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:
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1

(Q2)f(Q2). (7)

We aim to see if such modifications are consistent with present observations. Strauch et.
al [2] measured the ratio of polarization transfer in the 4He nucleus to that of a nucleon for
0.4 < Q2 < 2.6 GeV2. They observed a decrease of about 10%. If final state interactions
are properly accounted for, this is a measurement of how the ratio GE/GM is changed in the
medium. We therefore study the variation of that ratio. Recall the definitions

GE = F
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2

; GM = F
1

+ F
2

. (8)

The medium modified form factors G̃E,M are given by adding the changes in F
1,2 indicated by

Eq. (6) and Eq. (7). Note that G̃M = GM .
The medium modified ratio is given by
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We now evaluate the function f . Our aim is to see if the smallest possible values of f are
consistent with observations. Therefore we take ✏ to be the ratio of the average nuclear binding
divided by the nucleon mass (7 MeV for 4He), so ✏ ⇡ �.007. Using Eq. (2) we find

f(Q2) ⇡ �1.8
Q2

⇤

2

1 +Q2/⇤2

, (10)

which ranges between -0.6 and -1.3 as Q2 varies between 0.4 and 2.6 GeV2. This is between
6 and 25 times the e↵ect observed by [2], if one asserts that the entire 10% reduction of
the double ratio of polarization observables is a true medium modification. Otherwise, the
discrepancy would be even larger.

One could argue that the model used to evaluate the nuclear e↵ect, taking V/M to be a
constant, is too simple to be used. The most evident improvement would allow V to have
an attractive scalar term and a repulsive vector term. Using this would lead to a larger
computed e↵ect because the cancellation between these terms that lead to the small average
binding energy of 7 MeV per nucleon would be disrupted. Using V/M = �0.007 minimizes
the size of the e↵ect of using Eq. (1) in the nuclear medium. Even with this miniaturization,
the predicted modification of the ratio of electric to magnetic form factors is too large.
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Fix: change the operator

• F1 and F2 changed the same.

• No change to ratios of form factors!

• Compute Lamb shift, needs large value of 

• Magnitude of quasi-elastic scattering hugely 
changed 

• Strike 2!

6

III. NEW MODELS THAT DO NOT MODIFY RATIOS OF FORM FACTORS

An alternate approach is to consider the Strauch data to be a constraint. Then we have

G̃E

G̃M

⇡ GE

GM
, (12)

where the approximation means within about 10%. We express this in terms of F
1,2, �F1,2,

with F̃i = Fi + �Fi where �Fi being the change in Fi induced by the medium. Using the
definitions, Eq. (9), allows us to re-express the constraint Eq. (12) as

�F
1

F
1

=
�F

2

F
2

. (13)

The medium modification of the ratio F
2

/F
1

is experimentally accessible [1]. The use of
Eq. (13) leads to

F
2

+ �F
2

F
1

+ �F
1

=
F
2

F
1

. (14)

The results Eq. (13), Eq. (14) show why our medium modification is so large. Eq. (8) shows
that �F

1

= ��F
2

.
The next step is to see if one can construct a model of o↵-shell form factors that satisfies

the constraints of Eq. (12)–Eq. (14). This can be done if we include an e↵ect that changes F
2

so that Eq. (13) is satisfied. We can do this by adding a new o↵-shell term of the form

Od = i
�µ⌫q⌫
2M

( 6po↵ �M) · · · (15)

The desired operator that acts between initial o↵-shell and final on-shell states takes the form:

Oµ = �F (Q2)[F
1

(Q2)(�µ � 6q qµ
q2

) + i
�µ⌫q⌫
2M

F
2

(Q2)]
( 6po↵ �M)

M
. (16)

There is also an operator which acts between an final o↵-shell and initial on-shell states, but
this is not needed for the calculations presented here. CC is explicitly satisfied by both terms.
When one calculates the diagram of Fig. 1, the term 6q qµ/q2 does not contribute because it
acts between ū(p+ q) and u(p), see Eq. (4). With Eq. (16) we have

�F
1

= �FF
1

, �F
2

= �FF
2

, (17)

so that Eq. (13) is satisfied.
The use of this model in the diagram of Fig. 1 leads to an extremely simple evaluation of

the modified quasi-elastic cross section. The e↵ect of the medium modification is to simply
multiply the computed quasi-elastic scattering cross section by a factor of (1 + ✏�F (Q2))2.
If we assume that a 10% change in the cross section (which is the typical uncertainty in the
computation of a cross section) can be tolerated, we find that |✏�|F (Q2) < 0.05, or

|�|F (Q2) < 7, (18)

for Q2 < 10 GeV2. Quasi-elastic experiments have not been performed for larger values of Q2.
We take ✏ = �0.007 to obtain the above constraint.

�
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FIG. 2: The energy shift �E
o↵

as a function of the parameter �, using Eq. (34).
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2
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Now use Eq. (31) and Eq. (33) in the above to get the o↵-shell correction. We need

�T
1

+ �Z
1

=
��F (K2)

M

�F 2

2

K2 + 4F 2

1

M2

M2

+ �2F 2

F
2

�
F
2

�
K2 sin2  

�
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1

K2

�

M3
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2
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2
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2

= �2F 2

(4F 2

1

M2 + F 2

2

K2)

M3

(39)

�M
o↵

= i
8↵2

⇡
m

Z
dK K

Z ⇡

0

d 
sin2  

K4 + 4m2K2 cos2  
[(�T

1

+ �Z
1

)(2 cos2  + 1) + �Z
2

sin2  )]

(40)

The above result, along with Eq. (23), determines the value of the computed energy shift
arising from the o↵-shell e↵ect. The principal parameter is �, constrained to be less than about
7 (Eq. (18)) from quasi-elastic scattering data. The proton electromagnetic form factors F

1,2

are taken as dipole forms with ⇤ = 0.841 GeV, and F
2

(0) = 1.79. We start by using Eq. (34)
and display numerical results for values of � between 0 and 200 are shown in Fig. 2. With
� = 7, we obtain a shift of -0.001 meV, which is about 100 times too small to significantly
a↵ect the Lamb shift calculations. Increasing the value of � provides a maximal shift of -0.005
meV, but further increases leads to a positive shift in the energy, due to the dominance of the
second order terms �Z

1,2 for large values of �. A positive shift in energy is of the wrong sign
to explain the proton radius puzzle.

The requirements of Birse & McGovern [29] can be satisfied by using Eq. (35) with n = 3.
The use of such a function in calculations of the Lamb shift requires even larger values of �
to explain the proton radius puzzle. The use of our limit � = 7 leads again to an increase of
Lamb shift only 0.001 meV.

V. DISCUSSION

The principal result we have is that quasi-elastic electron scattering places significant lim-
its on the o↵-shell dependence of the nucleon electromagnetic vertex function. While it is
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 • Compute Feynman diagram, remove log 
divergence using dimensional regularization

• include counter term in Lagrangian

EFT of µp interaction

I. INTRODUCTION

The proton radius puzzle is one of the most perplexing physics issues of recent times.

The extremely precise extraction of the proton radius [1] from the measured energy dif-

ference between the 2P

F=2
3/2 and 2S

F=1
1/2 states of muonic hydrogen disagrees with that ex-

tracted from electronic hydrogen. The extracted value of the proton radius is smaller than

the CODATA [2] value (based mainly on electronic H) by about 4% or 5.0 standard devi-

ations. This implies [1] that either the Rydberg constant has to be shifted by 4.9 standard

deviations or that present QED calculations for hydrogen are insufficient. The Rydberg

constant is extremely well measured and the QED calculations seem to be very extensive

and highly accurate, so the muonic H finding is a significant puzzle for the entire physics

community.

Pohl et al. show that the energy difference between the 2P

F=2
3/2 and 2S

F=1
1/2 states, De

E is

given by

De
E = 209.9779(49)� 5.2262r

2
p

+ 0.0347r

3
p

meV, (1)

where r

p

is given in units of fm. Using this equation, one can see that the difference

between the Pohl and CODATA values of the proton radius would be removed by an

increase of the first term on the rhs of Eq. (1) by 0.31 meV=3.1 ⇥ 10�10 MeV.

This proton radius puzzle has been attacked from many different directions [3]-[21]

The present communication is intended to investigate the hypothesis that the proton po-

larizability contributions, that enter in the two-photon exchange term, see Fig. 1, can

account for the 0.31 meV. This idea is worthy of consideration because the computed ef-

fect is proportional to the lepton mass to the fourth power, and so is capable of being

relevant for muonic atoms, but irrelevant for electronic atoms.

q q 

FIG. 1: The box diagram for the O(a5
m

4) corrections. The graph in which the photons cross is

also included.

2

where nmin is chosen to be one order higher than the power determined by chiral per-

turbation theory. The free parameters a

n

, c

n

, M

n

could then be varied to reproduce the

desired 0.31 meV shift in energy. This means that the application of chiral perturbation

theory to any finite order does not prevent the choice of a subtraction function that gives

the necessary shift in energy.

The above paragraphs show that the current procedure used to estimate the size of the

subtraction term is rather arbitrary. This arises because the chiral EFT is being applied

to the virtual-photon nucleon scattering amplitude. Another effective field theory tech-

nique would be to develop an procedure to determine the short-distance lepton-nucleon

amplitude implied by the subtraction term. This is the direction we pursue now.

III. EFFECTIVE FIELD THEORY FOR THE µp INTERACTION

The previous considerations show the sensitivity to assumptions regarding the behav-

ior of T1(0, Q

2) for large values Q

2 about which little or nothing is known. This results

form the logarithmic divergence in the integral of Eq. (5) for the case Floop = 1, and is a

symptom that an inefficient technique has been used [27]. A more efficient way to pro-

ceed would be us to use an effective field theory (EFT) for the lepton-proton interaction.

In EFT logarithmic divergences identified through dimensional regularization are renor-

malized away by including a lepton-proton contact interaction in the Lagrangian.

We may handle the divergence using standard dimensional regularization (DR) tech-

niques by evaluating the scattering amplitude of Fig. 1. The term of interest is obtained

by including only T1(0, Q

2) of Eq. (3) with Floop = 1. We evaluate the integral in d = 4� e

dimensions and obtain the result:

MDR

2 =
3
2

i a2
m

b
M

a

⇥2
e
+ log

µ2

m

2 +
5
6
� g

E

+ log 4p
⇤
u

f

u

i

U

f

U

i

, (13)

where lower case spinors represent leptons of mass m, and upper case proton of mass M,

q is momentum transferred to the proton, and g
E

is Euler’s constant, 0.577216· · · .

The result Eq. (13) corresponds to an infinite contribution to the Lamb shift in the

limit that e goes to zero. In EFT one removes the divergent piece by adding a contact

interaction to the Lagrangian that removes the divergence, replacing it by an unknown

finite part. The finite part is obtained by fitting to a relevant piece of data. Here the only

6

relevant data is the 0.31 meV needed to account for the proton radius puzzle. Thus we

write the resulting scattering amplitude as

MDR

2 = i a2
m

b
M

a
(l + 5/4) u

f

u

i

U

f

U

i

(14)

where l is determined by fitting to the Lamb shift. The µ dependence of the counter term

is chosen so that the result is independent of µ. Eq. (14) corresponds to using the MS

scheme because the term log(4p)� g
E

is absorbed into l.

The corresponding contribution to the Lamb shift is given by

DE

DR = a2
m

b
M

a
f2(0)(l + 5/4). (15)

Setting DE

DR to 0.31 meV in the above equation requires that l = 769 which seems like

a large number. However b
M

is extraordinarily small. The natural units of polarizability

are b
M

a ⇠ 4p/L3
c, [28] where Lc ⌘ 4p fp, ( fp is the pion decay constant). Then Eq. (14)

becomes

MDR

2 = i 3.84 a2
m

4p

L3
c

u

f

u

i

U

f

U

i

. (16)

The coefficient 3.84 is of natural size. Thus standard EFT techniques result in an effective

lepton-proton interaction of natural size that is proportional to the lepton mass.

The present results, Eq. (11) and Eq. (15) represent an assumption that there is a lepton-

proton interaction of standard-model origin, caused by the high-momentum behavior of

the virtual scattering amplitude, that is sufficiently large to account for the proton radius

puzzle. Fortunately, our hypothesis can be tested in an upcoming low-energy µ±
p, e

±
p

scattering experiment [22] planned to occur at PSI.

IV. LEPTON PROTON SCATTERING AT LOW ENERGIES

Our aim is to provide a prediction for the PSI experiment. It is well-known that two-

photon exchange effects in electron-proton scattering are small at low energies. Our con-

tact interaction is proportional to the lepton mass, so it could provide a measurable effect

for muon-proton scattering but be ignorable for electron-proton scattering. We shall in-

vestigate the two consequences of using form factors (FF) and EFT.
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contact interaction to the Lagrangian that removes the divergence, replacing it by an

unknown finite part. The finite part is obtained by fitting to a relevant piece of data. Here

the only relevant data is the 0.31 meV needed to account for the proton radius puzzle.

The low energy term contributes

MDR

2 (LET) = iC(µ), (14)

where C(µ) is chosen such that the sum of the terms of Eq. (13) and Eq. (14), ⌘ MDR

2 , is

finite and independent of the value of µ. Thus we write the resulting scattering amplitude

as

MDR

2 = i a2
m

b
M

a
(l + 5/4) u

f

u

i

U

f

U

i

(15)

where l is determined by fitting to the Lamb shift. Eq. (15) corresponds to using the MS

scheme because the term log(4p)� g
E

is absorbed into l.

The corresponding contribution to the Lamb shift is given by

DE

DR = a2
m

b
M

a
f2(0)(l + 5/4). (16)

Setting DE

DR to 0.31 meV in the above equation requires that l = 769 which seems

like a large number. However, b
M

is extraordinarily small due to a cancellation between

paramagnetic effects of an intermediate D and diamagnetic effects of the pion cloud [30].

The natural units of polarizability are b
M

a ⇠ 4p/L3
c, [31] where Lc ⌘ 4p fp, ( fp is the

pion decay constant). Then Eq. (15) becomes

MDR

2 = i 3.95 a2
m

4p

L3
c

u

f

u

i

U

f

U

i

. (17)

The coefficient 3.95 is of natural size. Thus standard EFT techniques result in an effective

lepton-proton interaction of natural size that is proportional to the lepton mass.

The present results, Eq. (11) and Eq. (16) represent an assumption that there is a lepton-

proton interaction of standard-model origin, caused by the high-momentum behavior of

the virtual scattering amplitude, that is sufficiently large to account for the proton radius

puzzle. Fortunately, our hypothesis can be tested in an upcoming low-energy µ±
p, e

±
p

scattering experiment [23] planned to occur at PSI.
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About 1.5 years after the radius of muonic hydrogen was found to be 5σ inconsistent with earlier
determinations from atomic hydrogen level transitions and ep elastic scattering, no resolution to
the puzzle has been found. We propose to measure µ±p scattering, which will allow a second de-
termination of the consistency of the µp interaction with the ep interaction. If the µp scattering is
consistent with muonic hydrogen measurements but inconsistent with ep scattering measurements,
the confirmation of consistency between lepton scattering and Lamb shift measurements but differ-
ences between electron- and muon-based measurements of ep and µp systems would provide strong
evidence for beyond standard model physics.

PSI proposal R-12-01.1

2 photon exchange idea is testable 
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Summary

For EFT the contribution to the cross section via interference can be worked out, using

Eq. (5) to be

DDR = ⌥8[4eM + q2]a(l +
5
4
)m2bMGE(q2)M

e2

q2 + i0
. (13)

We are now prepared to display the effects of our two-photon exchange term on µ�� p

scattering at low energies. The size of the effect is represented by the ratio R, with

R ⌘ D
���M(1)

f i

���
2

. (14)

The ratio R > 0 for µ � p scattering. The numerator of Eq. (14) is obtained from either

Eq. (12) (FF) or Eq. (13) (DR). The ratio R is proportional to the square of the lepton mass,

which is negligible for e± � p scattering. We consider two muon momenta 100 and 200

MeV/c. The results are shown in Fig. 1. The angular dependence is dominated by the

Q2 = �q2 term inherent in Eq. (14). The two sets of curves are very similar because the

size of the effect is constrained by the required energy shift of 0.31 meV. The size of the

effect should be detectable within the expected sub-1 % accuracy of the PSI experiment.

III. SUMMARY AND DISCUSSION

The findings of this paper can be summarized with a few statements:

• Logarithmic divergence in the integrand that determines the value of DEsubt.

• The uncertainty in evaluation large enough to account for the proton radius puzzle.

• Logarithmic divergence controlled via form factor or dimensional regularization

• Either method account for the proton radius puzzle

• Either method predicts (same) observable few % effect- low energy µ� p scattering.
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• Logarithmic divergence in the integrand that determines the value of DEsubt.

• The uncertainty in evaluation large enough to account for the proton radius puzzle.

• Logarithmic divergence controlled via form factor or dimensional regularization

• Either method account for the proton radius puzzle

• Either method predicts (same) observable few % effect- low energy µ� p scattering.

Explanations for the proton radius puzzle:

• Electronic-hydrogen experiments might not be as accurate as reported

• µ � e universality might be violated

• strong interaction effect important for muonic hydrogen, but not for electronic

Which correct ???

Strong-interaction effect discussed here is testable experimentally

7


