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LO:

NLO:
renormalization of  1π-exchange renormalization of  contact terms7 LECs leading 2π-exchange

2 LECs

N2LO: subleading 2π-exchangerenormalization of  1π-exchange

N3LO:

sub-subleading 2π-exchange 3π-exchange (small)

15 LECs renormalization of  contact termsrenormalization of  1π-exchange

+ 1/m and isospin-breaking corrections…

V2N	
  =	
  V2N	
  	
  +V2N	
  +	
  V2N	
  +	
  V2N	
  +	
  … Chiral expansion for the 2N force: (0) (2) (3) (4)

Nucleon-nucleon force up to N3LO
Ordonez et al. ’94; Friar & Coon ’94; Kaiser et al. ’97; Epelbaum et al. ’98,‘03; Kaiser ’99-’01; Higa et al. ’03; …



Neutron-proton phase shifts up to N3LO

dσ/dΩ  [mb/sr]

Ay N2LO	
  
N3LO 
PWA

np scattering at 50 MeV

NLO
N2LO

N3LO

Deuteron binding energy & asymptotic normalizations As and ηd

Entem & Machleidt ‘03; Epelbaum, Glöckle & Meißner ‘05
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Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

accurate description of NN at 
least up to Elab ~ 200 MeV

converged 

higher orders in progress

not yet converged 

impact on few- & many-N 
systems?

converged ??

presently out of reach for 
few- & many-N studies

Nuclear forces up to N3LO
dimensional analysis counting



Three-nucleon forces
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NLO potential based on the spectral functions regular-
ization, one finds at NLO (163) B3H = 7.71 . . .8.46 MeV
and B3He = 24.38 . . .28.77 MeV to be compared with
the experimental values B3H = 8.482 MeV and B3He =
28.30 MeV. These numbers are similar to the ones ob-
tained in Ref. (122) within the framework based on di-
mensional regularization.

At N2LO one, for the first time, has to take into ac-
count the crresponding 3NFs. The two LECs D and E
entering the expressions for the 3NF in Eq. (2.22) have
been determined by fitting the 3H binding energy and
either the nd doublet scattering length (123), the 4He
binding energy (281) or the properties of light nuclei
(282). Notice that the πNNNN vertex entering the
1π-exchange-contact 3NF also plays an important role
in processes with a completely different kinematics such
as e.g. the pion production in the NN collisions (283),
see section II.E, or weak reactions like pp → de+νe, see
(284) and references therein. This offers the possibil-
ity to extract the corresponding LEC from these pro-
cesses, see (284) for a recent attempt. With the LECs
being determined as described above, the resulting nu-
clear Hamiltonian can be used to describe the dynam-
ics of few-nucleon systems. In particular, 3N continuum
observables offer a natural and rich testing ground for
the chiral forces. In Refs. (122; 123; 285–293) various
3N scattering observables have been explored by solving
the momentum-space Faddeev equations with chiral two-
and three-nuclein forces as input. In the formulation of
Ref. (22), one first computes the T -matrix by solving the
Faddeev-like integral equation

T = t P φ + (1 + t G0)V 1
3N (1 + P )φ + t P G0 T

+ (1 + t G0)V 1
3N (1 + P )G0 T , (2.38)

where the initial state φ is composed of a deuteron and
a momentum eigenstate of the projectile nucleon. Here
V i

3N is that part of the 3N force which singles out the par-
ticle i and which is symmetric under the interchange of
the two other particles. The complete 3NF is decomposed
as V3N = V 1

3N + V 2
3N + V 3

3N . Further, G0 = 1/(E − H0)
is the free propagator of the nucleons, P is a sum of a
cyclical and anti-cyclical permutation of the three par-
ticles and t denotes the two-body t-matrix. Once T is
calculated, the transition operators Uel and Ubr for the
elastic and break-up channels can be obtained via

Uel = P G−1
0 + P T + V 1

3N (1 + P ) (1 + G0 T ) ,

Ubr = (1 + P )T . (2.39)

For details on solving these equations in momentum
space using a partial wave decomposition the reader is
referred to (294). The partial wave decomposition of
the 1π-exchange and contact 3NF at N2LO and the one-
pion-two-pion-exchange topology at N3LO is detailed in
Refs. (123) and (295), respectively. The expressions for
various observables in terms of the transition operators
are given in (22). The inclusion of the long-range electro-
magnetic interaction requires a non-trivial generalization
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FIG. 18 Differential cross section for elastic nd scattering at
Elab = 10 MeV (left panel) and 65 MeV (right panel). Light
(dark) shaded bands depict the results at NLO (N2LO). The
neutron-deuteron data at 10 MeV are from Ref. (298). The
remaining data at 10 MeV are the Coulomb/IB-corrected
proton-deuteron data from Refs. (299–301). The data at
65 MeV are proton-deuteron data from Ref. (302).

of the formalism, see (296; 297) for recent progress along
this line.

The results for the differential cross section in elas-
tic nd scattering are in a good agreement with the data,
see Fig. 18 for two representative examples. Notice, how-
ever, that the theoretical uncertainty becomes significant
already at intermediate energies. Qualitatively, this be-
havior is consistent with the one observed in the two-
nucleon system (272). Notice further that the descrip-
tion of the data improves significantly when going from
NLO to N2LO. The situation is similar for vector and
tensor analyzing powers, see Ref. (163) for a recent re-
view article. More complicated spin observables have also
been studied. As a representative example, we show in
Fig. 19 a selection of the proton-to-proton and proton-
to-deuteron polarization transfer coefficients measured in
d($p, $p )d and d($p, $d )p reactions at Elab

p = 22.7 MeV
(303; 304). The results at N2LO are in a reasonable
agreement with the data, see (302) for more examples.
One further observes that the theoretical uncertainty ob-
tained by the cutoff variation is underestimated at NLO,
see the discussion earlier in the text. It is, however, com-
forting to see that the description of the data improves
significantly when going from NLO to N2LO.

The nucleon-deuteron breakup reaction offers even
more possibilities than the elastic channel due to the
much richer kinematics corresponding to three nucleons
in the final state. It has also been studied extensively
over the last years, both theoretically and experimentally,
leaving one with mixed conclusions. While the differen-
tial cross section in some configurations such as e.g. the
recently measured np final-state interaction, co-planar
star and an intermediate-star geometries at low energies
are in a very good agreement with the data (287), large
deviations are observed in certain other configurations.
In particular, the so-called symmetric space-star configu-
ration (SST) appears rather puzzling. In this configura-
tion, the plane in the CMS spanned by the outgoing nu-

polarization transfer: 
25

FIG. 19 The proton-to-proton (left panel) and proton-to-
deuteron (right panel) polarization transfer coefficients in

d(!p, !p )d and d(!p, !d )p reactions at Elab
p = 22.7. Light (dark)

shaded bands depict the results at NLO (N2LO). Data are
from Refs. (303; 304).
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FIG. 20 Chiral EFT predictions for neutron-deuteron
breakup cross section (in mb MeV−1 sr−2) along the kinemat-
ical locus S. Light-shaded (dark-shaded) bands refer to the
results at NLO (N2LO). Left panel: The SST configuration
at EN = 13 MeV. Neutron-deuteron data (open triangles) are
from (305; 306), proton-deuteron data (filled circles) are from
(307). Right panel: The SCRE configuration with α = 56◦

at EN = 19 MeV (292). Dashed and dashed-dotted lines are
results based on the CD Bonn 2000 2NF (18) combined with
the TM99 3NF (308) and the coupled channel calculation in-
cluding the explicit ∆ and the Coulomb interaction (296),
respectively.

cleons is perpendicular to the beam axis, and the angles
between the nucleons are 120◦. At Elab = 13 MeV, the
proton-deuteron and neutron-deuteron (nd) cross section
data deviate significantly from each other. Theoretical
calculations based on both phenomenological and chiral
nuclear forces have been carried out for the nd case and
are unable to describe the data, see Fig. 20. Moreover,
the Coulomb effect was found to be far too small to ex-

plain the difference between the pd and nd data sets.
Recently, proton-deuteron data for a similar symmetric
constant relative-energy (SCRE) configuration have been
measured in Cologne (292). This geometry is character-
ized by the angle α between the beam axis and the plane
in the CMS spanned by the outgoing nucleons. Similar
to the SST geometry, one observes large deviations be-
tween the theory and the data, in particular for α = 56◦,
see Fig. 20. The included 3NFs have little effect on the
cross section while the effect of the Coulomb interaction
is significant and removes a part of the discrepancy. No-
tice that all above cases correspond to rather low energies
where one expects good convergence of the chiral expan-
sion. Furthermore, contrary to the Ay-puzzle, the cross
sections discussed above are mainly sensitive to the two-
nucleon S-waves without any known fine tuning between
partial waves. First attempts have been made in the
past few years to perform deuteron breakup experiments
at intermediate energies, in particular at EN = 65 MeV
(289), in which a large part of the phase space is covered
at once. Chiral EFT results at N2LO for more than 155
data points were shown to be of a comparable quality
to the ones based on modern phenomenological nuclear
forces.

Recently, first results for the 4N continuum based on
both phenomenological and chiral nuclear forces and in-
cluding the Coulomb interactions have become available,
see (309; 310) for p−3He scattering, (311) for the n−3He,
p−3H and d−d scattering, and (312) for the related ear-
lier work. These studies do not yet include effects of
3NFs but clearly indicate that at least some of the puz-
zles observed in the 3N continuum also persist in the 4N
continuum (such as e.g. the Ay-puzzle in p−3He scatter-
ing (310)). For a promising new approach to describe
scattering states in even heavier systems the reader is
referred to (313).

The properties of certain S-shell and P-shell nuclei
with A ≤ 13 have been analyzed recently based on the
no-core shell model (NCSM), see (281; 282) and (314)
for an overview. In Fig. 21 we show some results from
Ref. (282) for the spectra of 10B, 11B, 12C and 13C. We
emphasize that the LECs D and E entering the N2LO
3NF were determined in these calculations by the triton
binding energy and a global fit to selected properties of
6Li, 10B and 12C. These studies clearly demonstrate that
the chiral 3NF plays an important role in the descrip-
tion of spectra and other properties of light nuclei. The
inclusion of the 3NF allows to considerably improve the
agreement with the data. Further results for light nu-
clei and the dilute neutron matter based on the lattice
formulation of chiral EFT are given in sections II.G and
III.E.

D. The role of the ∆-isobar

The chiral expansion for the long-range part of the
nuclear force discussed in the previous section exhibits a
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the TM99 3NF (308) and the coupled channel calculation in-
cluding the explicit ∆ and the Coulomb interaction (296),
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constant relative-energy (SCRE) configuration have been
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ized by the angle α between the beam axis and the plane
in the CMS spanned by the outgoing nucleons. Similar
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tween the theory and the data, in particular for α = 56◦,
see Fig. 20. The included 3NFs have little effect on the
cross section while the effect of the Coulomb interaction
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(289), in which a large part of the phase space is covered
at once. Chiral EFT results at N2LO for more than 155
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emphasize that the LECs D and E entering the N2LO
3NF were determined in these calculations by the triton
binding energy and a global fit to selected properties of
6Li, 10B and 12C. These studies clearly demonstrate that
the chiral 3NF plays an important role in the descrip-
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NOT ALL IS WELL W/ 3 NUCLEONS

• Deuteron break-up in the

Symmetric Constant Relative Energy

configuration at Ed = 19 MeV

Ley et al., Phys. Rev. C 73 (2006) 064001
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Glöckle et al.
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Proton-3He elastic scattering
Viviani, Girlanda, Kievsky, Marcucci, Rosati arXiv: 1004.1306
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− C̃2(N̄N) · ((D2N̄)N + N̄D2N) + . . . , (2.12)

where li, di and C̃i denote further LECs and
◦
m is the

nucleon mass in the chiral limit. The ellipses in the pion
and pion-nucleon Lagrangians refer to terms which do
not contribute to the nuclear force at NLO. In the case
of the nucleon-nucleon Lagrangian L(2)

NN only a few terms
are given explicitly. The complete reparametrization-
invariant set of terms can be found in (148). The NLO
contributions to the two-nucleon potential have been first
considered in (149; 150) utilizing the framework of time-
ordered perturbation theory. The corresponding energy-
independent expressions have been worked out in (151)
using the method described in (152) and then re-derived
in (142) using an S-matrix-based approach and, inde-
pendently, in (143; 153) based on the method of uni-
tary transformation. The one-pion (1π) exchange dia-
grams at NLO do not produce any new momentum de-
pendence. Apart from renormalization of various LECs
in Eq. (2.11), one obtains the leading contribution to the
Goldberger-Treiman discrepancy (154)
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− 2M2
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Fπ
d18 + . . . (2.13)

where the ellipses refer to higher-order terms. Similarly,
loop diagrams involving NN short-range interactions only
lead to (Mπ-dependent) shifts in the LO contact terms.
The remaining contributions to the 2NF due to higher-
order contact interactions and two-pion exchange have
the form:
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where q ≡ |"q | and the LECs Ci can be written as lin-
ear combinations of C̃i in Eq. (2.12). The loop function

LΛ̃(q) is defined in the spectral function regularization
(SFR) (155; 156) as

LΛ̃(q) = θ(Λ̃ − 2Mπ)
ω

2q
ln

Λ̃2ω2 + q2s2 + 2Λ̃qωs
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π(Λ̃2 + q2)
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where we have introduced the following abbreviations:

ω =
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√

Λ̃2 − 4M2
π . Here, Λ̃ denotes
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FIG. 13 Chiral expansion of the three-nucleon force up to
N3LO. Diagrams in the first line (NLO) yield vanishing con-
tributions to the 3NF if one uses energy-independent for-
mulations as explained in the text. The five topologies
at N3LO involve the two-pion exchange, one-pion-two-pion-
exchange, ring, contact-one-pion exchange and contact-two-
pion-exchange diagrams in order. Shaded blobs represent
the corresponding amplitudes. For remaining notation see
Fig. 12.

the ultraviolet cutoff in the mass spectrum of the two-
pion-exchange potential. If dimensional regularization
(DR) is employed, the expression for the loop function
simplifies to

L(q) = lim
Λ̃→∞

LΛ̃(q) =
ω

q
ln

ω + q

2Mπ
. (2.16)

In addition to the two-nucleon contributions, at NLO
one also needs to consider three-nucleon diagrams shown
in the first line of Fig. 13. The first diagram does not in-
volve reducible topologies and, therefore, can be dealt
with using the Feynman graph technique. It is then
easy to verify that its contribution is shifted to higher
orders due to the additional suppression by the factor
of 1/m caused by the appearance of time derivative at
the leading-order ππN̄N vertex, the so-called Weinberg-
Tomozawa vertex. The two remeining diagrams have
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In addition to the two-nucleon contributions, at NLO
one also needs to consider three-nucleon diagrams shown
in the first line of Fig. 13. The first diagram does not in-
volve reducible topologies and, therefore, can be dealt
with using the Feynman graph technique. It is then
easy to verify that its contribution is shifted to higher
orders due to the additional suppression by the factor
of 1/m caused by the appearance of time derivative at
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FIG. 2: Two-pion exchange 3N diagrams at N3LO. Solid dots (filled rectangles) denote vertices of dimension ∆i = 0 (∆i = 2).
Diagrams which result from the interchange of the nucleon lines and/or application of the time reversal operation are not
shown. For remaining notation see Fig. 1.

(1), (2), (4), (8), (10), (30-32), (34) and (35) just renormalize the external nucleon legs. Similarly, Feynman diagrams
(3), (9), (22-24), (26-28) lead to renormalization of the leading pion-nucleon coupling without producing any new
structures. All these contributions are taken into account by replacing the bare LECs in the leading 2π exchange 3N
scattering amplitude by renormalized ones. This suggests that there are no N3LO corrections to the 3NF from these
graphs since the 2π exchange 3N diagrams at order ν = 2 do not generate any nonvanishing 3NF. Given the fact
that nuclear potentials are, in general, not uniquely defined, the above argument based on the (on-shell) scattering
amplitude should be taken with care. We have, however, verified that this is indeed the case by explicitly calculating
the corresponding 3NF using the method of unitary transformation along the lines of Ref. [23]. From the remaining
graphs in Fig. 2, diagram (11) does not contribute at the considered order due to the 1/m-suppression caused by the
time derivative entering the Weinberg-Tomozawa vertex.3 For the same reason, diagram (25) also leads to a vanishing
result at the order considered. Here, the time derivative acts either on the pions exchanged between two nucleons
leading to a 1/m-suppression or on the pion in the tadpole giving an odd power of the loop momentum l0 to be

3 This graph does not involve reducible time-ordered topologies. Its contribution to the nuclear force is, therefore, most easily obtained
using the Feynman graph technique. The 1/m-suppression from the time derivative entering the Weinberg-Tomozawa vertex follows
then simply from the four-momentum conservation.
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Two-pion-exchange 3NF at N4LO

7

−2�19 + �22 + �36 = −2c1 +
5

24
c2 −

3

4
c3 ,

−2�21 + �37 = −2

3
c4 − 3g2Ac4 ,

�22 − 4�38 = −3c1 +
1

4
c2 +

3

4
c3 . (3.12)

Expressing the N4LO contribution to the 3NF in terms of renormalized LECs using the above relations leads to finite
matrix elements provided the constants α9,10,11 are chosen as follows:

α10 = −1

4
(1− 2α9), α11 =

1

4
(1− 2α9). (3.13)

The parameter α9 remains unfixed. The 3NF, however, does not depend on α9, explicitely. This leads to an unam-

biguous result for the 3NF at this order. Interestingly, we observe that the 1/m contributions to V (5)
2π sum up to zero.

The final, renormalized result for the quantities A and B in Eq. (3.3) has the form:

A(5)(q2) =
gA

4608π2F 6
π
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πq
2
2

�
F 2
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+ gA(144c1 − 53c2 − 90c3)
�
+M4

π

�
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π
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4608π2d̄18(2c1 − c3) + 4608π2gA(2ē14 + 2ē19 − ē36 − 4ē38)

�

+ gA
�
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�
64π2 l̄3 + 1

�
c1 − 24c2 − 36c3

��
+ q42

�
2304π2ē14F

2
πgA − 2gA(5c2 + 18c3)

� �

− g2A
768π2F 6

π

L(q2)
�
M2
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� �

4M2
π(6c1 − c2 − 3c3) + q22(−c2 − 6c3)

�

B(5)(q2) = − gA
2304π2F 6
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�
F 2
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�
1152π2d̄18c4 − 1152π2gA(2ē17 + 2ē21 − ē37)

�
+ 108g3Ac4 + 24gAc4
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�
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2
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� �
+

g2Ac4
384π2F 6
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L(q2)
�
4M2

π + q22
�

(3.14)

where the loop function L(q) is defined according to

L(q) =

�
q2 + 4M2

π

q
log

�
q2 + 4M2

π + q

2Mπ
. (3.15)

IV. PION-NUCLEON SCATTERING AT ORDER Q4

Chiral expansion of the 2π-exchange 3NF up to N4LO discussed in the previous sections depends on a number of
low-energy constants. Here and in what follows, we use the values4

gA = 1.267 , Fπ = 92.4 MeV , Mπ = 138.03 MeV . (4.16)

Further, for the LEC l̄3 we adopt the value [? ] XXX ???.

l̄3 = XXX. (4.17)

The remaining LECs ci, d̄i and ēi can be most naturally determined from pion-nucleon scattering. Since we employ
a different counting for the nucleon mass leading to a (formally) stronger suppression of the relativistic corrections,
we refrain from using the numerical findings of Ref. [44]. Instead, we re-calculate the pion-nucleon amplitude to the
order Q4 within the heavy-baryon approach and using the same power counting scheme for the nucleon mass as in the
derivation of the nuclear forces and determine the LECs from a fit to the available partial wave analyses at different
orders in the chiral expansion.

4 Since we employ exact isospin limit in this work, we do not distinguish between the charge and neutral pion masses and use Mπ =
2/3Mπ+ + 1/3Mπ0 .
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+M3
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π ω

,
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=

1

288π2F 4
πmω
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ω
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288π2F 2

π ω +m
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48π2I20(t) + 5

�
t− 24

�
8π2I20(t) + 1

�
M2

π
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− 4g2Am
�
3M2

π ω + 8ω3
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πmω
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2ē17M

2
π − ē17t+ 2ē18 ω
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+ (2ē21 − ē37)M

2
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�
. (4.22)

with loop functions given by????????????

J0(ω) = −

�
ω2 −M2

π log

��
ω2

M2
π
− 1 +

ω
Mπ

�

4π2
, K0(t) = −

tan
−1

√
−t

2Mπ

8π
√
−t
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I20(t) = −

�
1− 4M2

π
t log

�
1− 4M2

π
t +1�

1− 4M2
π

t −1

16π2
. (4.23)

Note that terms in Eq. (4.22) proportional to ē19, ē20, ē21, ē22, ē35, ē36, ē37, ē38 and l̄3 can be obtained from Q2 terms

by making the replacement

c1 → c1 − 2M2
π

�
ē22 − 4ē38 −

l̄3c1
F 2
π

�
,

c2 → c2 + 8M2
π(ē20 + ē35) ,

c3 → c3 + 4M2
π

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2
π

�
,

c4 → c4 + 4M2
π(2ē21 − ē37) ,

that is renormalizing ci (see also [44]). One cannot extract these combinations of ēi and ci separately from the πN scat-

tering data. Therefore we choose to set the combinations

�
ē22 − 4ē38 − l̄3c1

F 2
π

�
, (ē20 + ē35),

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2

π

�

and (2ē21 − ē37) equal to zero without loss of generality. Another choice would result in higher order corrections from

the loops containing ci. The particular value of l̄3 (lattice data give for this constant 3.2± 8 [? ]) does not affect the
fit, as it enters only in linear combinations with ei mentioned above. The contribution proportional to d̄18 is treated

in a similar way, because d̄18 can be fixed by means of Goldberber-Treiman discrepancy

gπNN =
gA m

Fπ

�
1− 2M2

π d̄18
gA

�
, (4.24)

where for gπNN we adopt the value
g2
πNN
4π � 13.54 [? ]. We therefore set d̄18 = 0 and use for the effective gA the

value gA =
FπgπNN

m everywhere which leads again only to corrections of higher order. Eventually one is left with 13

independent linear combinations of the low energy constants to be fixed from the fit to the data.

The fit is most conveniently performed in the partial wave basis using existing partial wave analyzes. In order to

estimate a possible uncertainty of the extracted parameters we used two different partial wave analyzes in our fitting

procedure (Ref. [? ] and Ref. [? ]). The energy range of the data fitted corresponds to the πN laboratory momenta

pLab < 150 MeV/c. At higher energies the convergence of the ChPT expansion becomes doubtful. We followed the

strategy similar to the one utilized in Ref. [41] and assigned the same relative error to all empirical data points.

The partial wave amplitudes f±
l±(s), where l refers to the orbital angular momentum and the subscript ’±’ to the

total angular momentum (j = l ± s), are given in terms of the invariant amplitudes via

f±
l±(s) =

E +m

16π
√
s

� +1

−1
dz

�
g± Pl(z) + �q 2 h±

(Pl±1(z)− zPl(z))

�
,
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with loop functions given by????????????
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Note that terms in Eq. (4.22) proportional to ē19, ē20, ē21, ē22, ē35, ē36, ē37, ē38 and l̄3 can be obtained from Q2 terms

by making the replacement

c1 → c1 − 2M2
π

�
ē22 − 4ē38 −

l̄3c1
F 2
π

�
,

c2 → c2 + 8M2
π(ē20 + ē35) ,

c3 → c3 + 4M2
π

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2
π

�
,

c4 → c4 + 4M2
π(2ē21 − ē37) ,

that is renormalizing ci (see also [44]). One cannot extract these combinations of ēi and ci separately from the πN scat-

tering data. Therefore we choose to set the combinations

�
ē22 − 4ē38 − l̄3c1

F 2
π

�
, (ē20 + ē35),

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2

π

�

and (2ē21 − ē37) equal to zero without loss of generality. Another choice would result in higher order corrections from

the loops containing ci. The particular value of l̄3 (lattice data give for this constant 3.2± 8 [? ]) does not affect the
fit, as it enters only in linear combinations with ei mentioned above. The contribution proportional to d̄18 is treated

in a similar way, because d̄18 can be fixed by means of Goldberber-Treiman discrepancy

gπNN =
gA m

Fπ

�
1− 2M2

π d̄18
gA

�
, (4.24)

where for gπNN we adopt the value
g2
πNN
4π � 13.54 [? ]. We therefore set d̄18 = 0 and use for the effective gA the

value gA =
FπgπNN

m everywhere which leads again only to corrections of higher order. Eventually one is left with 13

independent linear combinations of the low energy constants to be fixed from the fit to the data.

The fit is most conveniently performed in the partial wave basis using existing partial wave analyzes. In order to

estimate a possible uncertainty of the extracted parameters we used two different partial wave analyzes in our fitting

procedure (Ref. [? ] and Ref. [? ]). The energy range of the data fitted corresponds to the πN laboratory momenta

pLab < 150 MeV/c. At higher energies the convergence of the ChPT expansion becomes doubtful. We followed the

strategy similar to the one utilized in Ref. [41] and assigned the same relative error to all empirical data points.

The partial wave amplitudes f±
l±(s), where l refers to the orbital angular momentum and the subscript ’±’ to the

total angular momentum (j = l ± s), are given in terms of the invariant amplitudes via

f±
l±(s) =

E +m

16π
√
s

� +1

−1
dz
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g± Pl(z) + �q 2 h±

(Pl±1(z)− zPl(z))
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,
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with loop functions given by????????????
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Note that terms in Eq. (4.22) proportional to ē19, ē20, ē21, ē22, ē35, ē36, ē37, ē38 and l̄3 can be obtained from Q2 terms

by making the replacement

c1 → c1 − 2M2
π

�
ē22 − 4ē38 −

l̄3c1
F 2
π

�
,

c2 → c2 + 8M2
π(ē20 + ē35) ,

c3 → c3 + 4M2
π

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2
π

�
,

c4 → c4 + 4M2
π(2ē21 − ē37) ,

that is renormalizing ci (see also [44]). One cannot extract these combinations of ēi and ci separately from the πN scat-

tering data. Therefore we choose to set the combinations

�
ē22 − 4ē38 − l̄3c1

F 2
π

�
, (ē20 + ē35),

�
2ē19 − ē22 − ē36 + 2

l̄3c1
F 2

π

�

and (2ē21 − ē37) equal to zero without loss of generality. Another choice would result in higher order corrections from

the loops containing ci. The particular value of l̄3 (lattice data give for this constant 3.2± 8 [? ]) does not affect the
fit, as it enters only in linear combinations with ei mentioned above. The contribution proportional to d̄18 is treated

in a similar way, because d̄18 can be fixed by means of Goldberber-Treiman discrepancy

gπNN =
gA m

Fπ

�
1− 2M2

π d̄18
gA

�
, (4.24)

where for gπNN we adopt the value
g2
πNN
4π � 13.54 [? ]. We therefore set d̄18 = 0 and use for the effective gA the

value gA =
FπgπNN

m everywhere which leads again only to corrections of higher order. Eventually one is left with 13

independent linear combinations of the low energy constants to be fixed from the fit to the data.

The fit is most conveniently performed in the partial wave basis using existing partial wave analyzes. In order to

estimate a possible uncertainty of the extracted parameters we used two different partial wave analyzes in our fitting

procedure (Ref. [? ] and Ref. [? ]). The energy range of the data fitted corresponds to the πN laboratory momenta

pLab < 150 MeV/c. At higher energies the convergence of the ChPT expansion becomes doubtful. We followed the

strategy similar to the one utilized in Ref. [41] and assigned the same relative error to all empirical data points.

The partial wave amplitudes f±
l±(s), where l refers to the orbital angular momentum and the subscript ’±’ to the

total angular momentum (j = l ± s), are given in terms of the invariant amplitudes via

f±
l±(s) =

E +m

16π
√
s

� +1

−1
dz

�
g± Pl(z) + �q 2 h±

(Pl±1(z)− zPl(z))

�
,
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  Goldberger-­‐Treiman	
  relaZon
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3
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1

4
c2 +

3

4
c3 . (3.12)

Expressing the N4LO contribution to the 3NF in terms of renormalized LECs using the above relations leads to finite
matrix elements provided the constants α9,10,11 are chosen as follows:

α10 = −1

4
(1− 2α9), α11 =

1

4
(1− 2α9). (3.13)

The parameter α9 remains unfixed. The 3NF, however, does not depend on α9, explicitely. This leads to an unam-

biguous result for the 3NF at this order. Interestingly, we observe that the 1/m contributions to V (5)
2π sum up to zero.

The final, renormalized result for the quantities A and B in Eq. (3.3) has the form:
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4608π2F 6
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where the loop function L(q) is defined according to

L(q) =

�
q2 + 4M2

π

q
log

�
q2 + 4M2

π + q

2Mπ
. (3.15)

IV. PION-NUCLEON SCATTERING AT ORDER Q4

Chiral expansion of the 2π-exchange 3NF up to N4LO discussed in the previous sections depends on a number of
low-energy constants. Here and in what follows, we use the values4

gA = 1.267 , Fπ = 92.4 MeV , Mπ = 138.03 MeV . (4.16)

Further, for the LEC l̄3 we adopt the value [? ] XXX ???.

l̄3 = XXX. (4.17)

The remaining LECs ci, d̄i and ēi can be most naturally determined from pion-nucleon scattering. Since we employ
a different counting for the nucleon mass leading to a (formally) stronger suppression of the relativistic corrections,
we refrain from using the numerical findings of Ref. [44]. Instead, we re-calculate the pion-nucleon amplitude to the
order Q4 within the heavy-baryon approach and using the same power counting scheme for the nucleon mass as in the
derivation of the nuclear forces and determine the LECs from a fit to the available partial wave analyses at different
orders in the chiral expansion.

4 Since we employ exact isospin limit in this work, we do not distinguish between the charge and neutral pion masses and use Mπ =
2/3Mπ+ + 1/3Mπ0 .
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Pion-nucleon scattering
Heavy	
  baryon	
  calculaZon	
  up	
  to	
  order	
  q4 Fettes, Meißner Nucl. Phys. A676 (2000) 311

Difference	
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|�q |Re f I

l±(s)
�

1



16

Two-pion-exchange at N4LO
KH

-5

-4

-3

-2

-1

0

A
  [

M
-3

]

N2LO
N3LO
N4LO

GW

0 50 100 150 200 250 300

q2 [MeV]

0

0.1

0.2

0.3

0.4

0.5

B 
 [M

-5
]

0 50 100 150 200 250 300

q2 [MeV]

pLab < 150MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26
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FIG. 4: Results of the fit for πN s, p and d-wave phase shifts using the KH partial wave analysis of Ref. [57]. The solid curves
correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2

calculation.

using heavy-baryon chiral perturbation theory at orders Q3 and Q4, respectively, because of a different power counting
schemes in the two approaches. On the other hand, it is comforting to see that the extracted values for the ci-, d̄i-
and even some of the ēi-coefficients are comparable to the ones found in Ref. [45] in the fit with the LECs ci being
set to their order-Q3 values, see table 4 of that work. We also stress that the values for c1,3,4 obtained from the fit
to the KH partial wave analysis are in an excellent agreement with the ones determined at order Q3 by using chiral
perturbation theory inside the Mandelstam triangle [58]. It is also worth mentioning that the values of c3,4 are in a
good agreement with the ones determined from the new partial wave analysis of proton-proton and neutron-proton
scattering data of Ref. [59].

It should be emphasized that one can obtain a considerably better description of the πN phase shifts at orders Q2

and Q3 by allowing for the LECs ci and d̄i to be tuned rather than keeping their values fixed at order Q4. In fact,
the values of ci are well known to change significantly when performing fits at orders Q2 and Q3. Using the KH
partial wave analysis, employing the order-Q2 expressions for the amplitudes and utilizing the same fitting procedure

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18

fit to GW, Ref. [56] −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96

fit to KH, Ref. [57] −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

TABLE I: Low-energy constants obtained from a fit to the empirical s, p- and d-wave pion-nucleon phase shifts using partial
wave analysis of Ref. [56] and of Ref. [57]. Values of the LECs are given in GeV−1, GeV−2 and GeV−3 for the ci, d̄i and ēi,
respectively.

Data	
  fiBed	
  for pLab < 150MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

Karlsruhe-Helsinki (KH) PWA: R. Koch Nucl. Phys. A 448 (1986) 707

Similar fit to George-Washington (GW) PWA: Arndt et al. Phys. Rev.  C 74 (2006) 045205



17

Working with N2LO 3NF 14

0 50 100 150 200 250 300

q2 [MeV]

-4

-3

-2

-1

0

A
  [

M
!-3

]

N3LO
N4LO
N2LO, recomm. ci
N2LO, ci from Q2-fit

0 50 100 150 200 250 300

q2 [MeV]

0

0.1

0.2

0.3

0.4

B 
 [M

!-5
]

FIG. 6: XXX

− 2H(1)
21

λ1

Eπ
H(2)

20

λ1

Eπ
H(1)

21

λ2

Eπ
H(3)

22 − 2H(1)
21

λ1

Eπ
H(2)

20

λ1

Eπ
H(3)

22

λ1

Eπ
H(1)

21 − 2H(1)
21

λ1

Eπ
H(1)

21

λ2

Eπ
H(2)

20

λ2

Eπ
H(3)

22

+H(1)
21

λ1

Eπ
H(1)

21

λ2

E2
π

H(3)
22 ηH(2)

20 − 2H(1)
21

λ1

Eπ
H(3)

22

λ1

Eπ
H(2)

20

λ1

Eπ
H(1)

21 +H(1)
21

λ1

Eπ
H(3)

22

λ1

E2
π

H(1)
21 ηH(2)

20

+H(1)
21

λ1

E2
π

H(1)
21

λ2

Eπ
H(3)

22 ηH(2)
20 +H(1)

21

λ1

E2
π

H(3)
22

λ1

Eπ
H(1)

21 ηH(2)
20 − 2H(3)

22

λ2

Eπ
H(2)

20

λ2

Eπ
H(1)

21

λ1

Eπ
H(1)

21

− 2H(3)
22

λ2

Eπ
H(1)

21

λ1

Eπ
H(2)

20

λ1

Eπ
H(1)

21 +H(3)
22

λ2

Eπ
H(1)

21

λ1

E2
π

H(1)
21 ηH(2)

20 +H(3)
22

λ2

E2
π

H(1)
21

λ1

Eπ
H(1)

21 ηH(2)
20

)]
η (A.2)

[1] N. Kalantar-Nayestanaki, E. Epelbaum, J. G. Messchendorp and A. Nogga, Rept. Prog. Phys. 75, 016301 (2012)
[arXiv:1108.1227 [nucl-th]].

[2] E. Epelbaum, H. -W. Hammer and U. -G. Meissner, Rev. Mod. Phys. 81, 1773 (2009) [arXiv:0811.1338 [nucl-th]].
[3] R. Machleidt and D. R. Entem, Phys. Rept. 503, 1 (2011) [arXiv:1105.2919 [nucl-th]].
[4] E. Epelbaum and U. -G. Meissner, arXiv:1201.2136 [nucl-th].
[5] D. R. Entem and R. Machleidt, Phys. Rev. C 68, 041001 (2003) [nucl-th/0304018].
[6] E. Epelbaum, W. Glockle and U. -G. Meissner, Nucl. Phys. A 747, 362 (2005) [nucl-th/0405048].
[7] U. van Kolck, Phys. Rev. C 49, 2932 (1994).
[8] E. Epelbaum, A. Nogga, W. Gloeckle, H. Kamada, U. G. Meissner and H. Witala, Phys. Rev. C 66, 064001 (2002)

[nucl-th/0208023].
[9] W. Gloeckle, H. Witala, D. Huber, H. Kamada and J. Golak, Phys. Rept. 274, 107 (1996).

[10] Y. Koike and J. Haidenbauer, Nucl. Phys. A 463, 365 (1987).
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Recommended	
  	
  	
  	
  	
  ´s	
  by	
  working	
  with	
  N2LO	
  3NFci

1

cKH

1
= −0.37GeV−1, cKH

3
= −2.71GeV−1, cKH

4
= 1.41GeV−1,

cGW

1
= −0.37GeV−1, cGW

3
= −2.71GeV−1, cGW

4
= 1.41GeV−1.

1

cKH

1
= −0.37GeV−1, cKH

3
= −2.71GeV−1, cKH

4
= 1.41GeV−1,

cGW

1
= −0.73GeV−1, cGW

3
= −3.38GeV−1, cGW

4
= 1.69GeV−1.

1

With	
  these	
  parameters	
  we	
  get	
  at	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  the	
  value	
  and	
  slope	
  of	
  N4LO	
  resultq2 = 0

1

	
  	
  	
  	
  	
  	
  ´s	
  fiBed	
  to	
  pion-­‐nucleon	
  	
  	
  	
  	
  	
  	
  (KH-­‐fit)	
  lead	
  to	
  slightly	
  different	
  results	
  for	
  B-­‐funcZon	
  	
  	
  	
  	
  	
  	
  ci

1

Q2

1

c1 = −0.25GeV−1, c2 = 2.02GeV−1, c3 = −2.80GeV−1, c4 = 2.01GeV−1.

1



Up to N4LO, the computed contributions are local            it is natural to switch to r-space. 
A meaningful comparison requires a complete set of independent operators 

Most general, local 3NF involves 
89 operators, can be generated 
(by permutations) from 
22 structures: 

The structures      are defined as:

Most general structure of a local 3NF
Epelbaum, Gasparyan, H.K., in preparation

Oi

1

S(G) := 1

6

�

P∈S3

PG

1

A(G) := 1

6

�

P∈S3

(−1)PPG

1

G2(G) :=
√
3

2
[S23S13 − S12S13] (G)

1

G1(G) :=
�
S13 −

1

2
(S23S13 + S12S13)

�
(G)

1

V loc
3N =

22�

i=1

GiFi(r12, r23, r31) + 5 perm.

1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

≥ 2 fm

1
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Two-pion-exchange up to N4LO
Epelbaum, Gasparyan, H.K., in preparation

Chiral	
  expansion	
  of	
  TPE	
  „structure	
  funcZons“	
  Fi	
  (in	
  MeV)
in	
  the	
  equilateral-­‐triangle	
  configuraZon
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Complete long-range 3NF up to N4LO
Epelbaum, Gasparyan, H.K., in preparation
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  Nd,	
  light	
  nuclei	
  &	
  nuclear	
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  (work in progress ...) 

2 π − 1 π
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and	
  ring-­‐topology:	
  already	
  converged?	
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Partial wave decomposition
Golak et al. Eur. Phys. J. A 43 (2010) 241
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|p, q,α� ≡ |pq(ls)j(λ1
2
)I(jI)JMJ� |(t

1

2
)TMT �

1

Faddeev	
  equaZon	
  is	
  solved	
  in	
  the	
  parZal	
  wave	
  basis

can be reduced 
to 5 dim. integral depends on spin & isospin

Too	
  many	
  terms	
  for	
  doing	
  PWD	
  by	
  hand AutomaZzaZon

̃matrix	
  	
  	
  	
  	
  	
  105	
  x	
  105

Ring-­‐diagram-­‐contr.	
  expensive	
  to	
  calculate	
  on	
  the	
  fly	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  

We	
  prestore	
  ring-­‐contr.	
  to	
  3nf‘s	
  
on	
  a	
  fine	
  momentum	
  grid

Numerical	
  interpolaZon	
  
of	
  ring	
  terms	
  

Matrix-­‐elements	
  are	
  so	
  far	
  calculated	
  up	
  to	
  jmax=2	
  and	
  J=5/2

Supercomputers	
  used:	
  JUGENE	
  in	
  FZ-­‐Jülich	
  and	
  OSC	
  in	
  Ohio	
  State	
  University

PWD	
  matrix-­‐elements	
  can	
  be	
  used	
  to	
  produce	
  matrix-­‐elements	
  in	
  harmonic	
  oscillator	
  basis	
  
see talk by Robert Roth & Kai Hebeler

Straighxorward	
  implementaZon	
  of	
  high	
  order	
  3nf‘s	
  in	
  many-­‐body	
  calc.	
  
within	
  No-­‐Core	
  Shell	
  Model
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Ay-puzzle in elastic nd scattering
Witala et al. Proceedings of Few Body 204

0 60 120
!c.m. [deg]

0,0

0,1

0,2

Ay

0 60 120 180
!c.m. [deg]

0,0

0,1

0,2
E=14.1 MeV E=14.1 MeV

Fig. 2 (color online) The neutron analyzing power Ay in elastic nd scattering. In the left
column the light shaded (green) band shows predictions of N3LO chiral NN potentials alone
and the dark shaded (magenta) band when they are combined with N2LO chiral 3NF. In the
right column the N3LO chiral forces (green band) are combined with N3LO 3NF composed
of 1π-exchange-contact and purely contact terms supplemented with long-range terms: 2π-
exchange (yellow band), 2π- and 2π−1π-exchange (blue band), and 2π- and 2π−1π-exchange
and ring (magenta band). The nd data (full circles) are from [6].

The measurement of QFS np cross sections have shown good agreement of data with
theory [9], confirming thus good knowledge of the np force. For nn QFS it was found
that theory underestimates the data by ≈ 20% [9]. The large stability of the QFS cross
sections to the underlying dynamics, implies that the present day 1S0 nn interaction is
probably incorrect. Modifications of the 1S0 nn force by multiplying its matrix elements
by a factor λ lead to large changes of the nn QFS cross sections, leaving the np ones
practically unchanged [10–12]. To remove the discrepancy found in experiment for nn
QFS one needs to increase λ by about 8%. Such increased strength of the 1S0 nn force
leads to a nearly bound 1S0 state of two neutrons [11,12]. That raises the question to
what extent is the existence of 1S0 dineutron compatible with available nd data ? It
turns out that the total nd cross section data, total nd elastic scattering cross section
and total nd breakup cross section seem not to exclude two neutrons being bound with
a ≈ −100 keV binding energy [12]. The dineutron influences the nd elastic scattering
angular distribution only at forward angles, changing the slope of the cross section.
No reliable data at these angles are available [12]. The strongest argument against
dineutron is provided by four measured nn final-state interaction (FSI) configurations
[13]. Their analysis gave consistent negative values for the nn scattering length. It
seems that with a positive scattering length one would get nn scattering length values
which are configuration dependent. Changing to positive nn scattering lengths reduces
drastically the magnitude of the FSI peak at large proton energy in the spectra of
protons from incomplete nd breakup. Integrating the experimental peak provides an
angular distribution for n + d → p + dineutron transition. Comparing it to theoretical
values excludes binding energies for dineutron larger in magnitude than ≈ 100 keV
(see Fig.3).

The most favorable conditions to detect a dineutron would exist when two neutrons
mostly occupy the 1S0 state. Such a situation is provided by the 3H nucleus and
the γ(3H,p)nn reaction seems to be advantageous in searching for a dineutron. The

N3LO	
  NN	
  +	
  N2LO	
  3NF
N3LO	
  NN

N3LO	
  NN	
  +	
  N2LO	
  3NF

Right	
  panel:	
  X	
  =	
  N3LO	
  NN	
  +	
  N2LO	
  3NF	
  +	
  N3LO	
  3NF	
  (1π-­‐cont.)	
  +	
  N3LO	
  3NF	
  (cont.)
	
  =	
  X	
  +	
  N3LO	
  3NF	
  (2π-exch.)

	
  =	
  X	
  +	
  N3LO	
  3NF	
  (2π-exch. & 2π-1π-exch.)

	
  =	
  X	
  +	
  N3LO	
  3NF	
  (2π-exch. & 2π-1π-exch. & ring)

Incomplete	
  results:	
  N3LO	
  3NF	
  (2π-­‐cont.	
  &	
  1/m-­‐corr.)	
  are	
  missing
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Summary
Chiral	
  nuclear	
  forces	
  are	
  analyzed	
  up	
  to	
  N3LO

Long-­‐range	
  part	
  of	
  chiral	
  three-­‐nucleon	
  forces	
  is	
  analyzed	
  up	
  to	
  N4LO

Two-­‐pion-­‐exchange	
  part	
  dominates	
  3NF	
  but	
  does	
  not	
  fill	
  all	
  22	
  structures

In	
  general	
  there	
  are	
  89	
  spin-­‐isospin	
  structures	
  in	
  local	
  3NF‘s	
  built	
  out	
  of	
  22	
  +	
  perm.	
  

With	
  two-­‐pion-­‐one-­‐pion-­‐exchange	
  and	
  ring	
  diagrams	
  all	
  22	
  structures	
  are	
  filled

Outlook

ParZal	
  wave	
  decomposiZon	
  of	
  N3LO	
  three-­‐nucleon	
  forces

Complete	
  study	
  of	
  3NF	
  and	
  4NF	
  up	
  to	
  N4LO	
  with	
  explicit	
  delta-­‐isobar

ImplementaZons	
  in	
  Nd,	
  light	
  nuclei	
  &	
  nuclear	
  maBer	
  

First	
  (incomplete)	
  results	
  for	
  Ay	
  in	
  nd	
  elasZc	
  scaBering	
  with	
  N3LO	
  3NF‘s	
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EFT with explicit delta
Standard	
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Delta	
  contribuZons	
  encoded	
  in	
  LECs
(Bernard, Kaiser & Meißner ´97)
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Convergence	
  of	
  EFT	
  potenZal

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

Q2 :

1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

Q3 :

1

The	
  subleading	
  contribuZons	
  are	
  larger	
  than	
  the	
  leading	
  one!
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Explicit decoupling

Small	
  scale	
  expansion	
  parameter	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  not	
  that	
  small!

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

∆/Λχ ∼ 1

3

1

Do	
  the	
  posiZve	
  powers	
  of	
  Δ	
  not	
  spoil	
  the	
  convergence?	
  

Manifest	
  decoupling	
  through	
  the	
  choice	
  of	
  renormalizaZon	
  condiZons	
  (no	
  posiZve	
  powers	
  of	
  Δ)	
  
Decoupling theorem due to Appelquist & Carrazone Phys. Rev. 11 (1974) 2856

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

L
SSE
piN = L

(1)
πN + L

(2)
πN + L

(3)
πN +∆L

(1)
πN +∆L

(2)
πN +∆2

L
(1)
πN +O(�4)

1

Choose	
  finite	
  part	
  of	
  these	
  LECs	
  such	
  that

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

lim
∆→∞

GreenFunction < ∞

1

Bernard, Fearing, Hemmert, Meißner NPA635 (1998) 121

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

+

1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

lim
∆→∞

1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

[

1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

]

1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

< ∞

1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

3�

n=1

∆n

1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

(3− n)

1
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Small scale expansion of 3NF



NLO

N2LO

Δ-less theory Δ-full theory: additional graphs

N3LO

N4LO

Ishikawa, Robilotta, PRC76 (07);  
Bernard, EE, Krebs, Meißner, PRC77 (08);  PRC84 (11)

van Kolck ’94, EE et al. ’02

Small scale expansion of 3NF

      no effect up to N2LO (modulo reshuffling) 

      expect large contributions to the ring &
      2π-1π-topologies saturating some of  the 
      N4,5,6LO graphs in the Δ-less theory

      What is more efficient: Δ-less N4LO (and 
      beyond?) vs Δ-full N3LO ??  
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32

Pion-nucleon scattering
Heavy baryon SSE calculation up to ε3 : Fettes & Meißner NPA679 (2001) 629

Recalculation needed due to different power-counting in 1/m

After renormalization of πNΔ-constant hA and appropriate shift of ci´s and di´s
we do not find any dependence on new LECs from          &  

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

L
(2)
πN∆

1

Generators G of 89 independent operators S A G1 G2 G1(12) G2(12)
1 O1 - - - - -

τ 1 · τ 2 O2 - O3 O4 - -
�σ1 · �σ3 O5 - O6 O7 - -

τ 1 · τ 3�σ1 · �σ3 O8 - O9 O10 - -
τ 2 · τ 3�σ1 · �σ2 O11 O12 O13 O14 O15 O16

τ 1 · (τ 2 × τ 3)�σ1 · (�σ2 × �σ3) O17 - - - - -
τ 1 · (τ 2 × τ 3)�σ2 · (�r12 × �r23) O18 - O19 O20 - -

�r23 · �σ1�r23 · �σ3 O21 O22 O23 O24 O25 O26

�r23 · �σ3�r12 · �σ1 O27 - O28 O29 - -
�r23 · �σ1�r12 · �σ3 O30 - O31 O32 - -

τ 2 · τ 3�r23 · �σ1�r23 · �σ2 O33 O34 O35 O36 O37 O38

τ 2 · τ 3�r23 · �σ1�r12 · �σ2 O39 O40 O41 O42 O43 O44

τ 2 · τ 3�r12 · �σ1�r23 · �σ2 O45 O46 O47 O48 O49 O50

τ 2 · τ 3�r12 · �σ1�r12 · �σ2 O51 O52 O53 O54 O55 O56

τ 2 · τ 3�r23 · �σ2�r23 · �σ3 O57 - O58 O59 - -
τ 2 · τ 3�r12 · �σ2�r12 · �σ3 O60 O61 O62 O63 O64 O65

τ 2 · τ 3�r23 · �σ2�r12 · �σ3 O66 - O67 O68 - -
τ 1 · (τ 2 × τ 3)�σ1 · �σ2�σ3 · (�r12 × �r23) O69 - O70 O71 - -
τ 1 · (τ 2 × τ 3)�σ3 · �r23�r23 · (�σ1 × �σ2) O72 O73 O74 O75 O76 O77

τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r23�σ3 · (�r12 × �r23) O78 O79 O80 O81 O82 O83

τ 1 · (τ 2 × τ 3)�σ1 · �r12�σ2 · �r12�σ3 · (�r12 × �r23) O84 - O85 O86 - -
τ 1 · (τ 2 × τ 3)�σ1 · �r23�σ2 · �r12�σ3 · (�r12 × �r23) O87 - O88 O89 - -

Table 1: 22 operators

L
(3)
πN∆

1

Additional LECs at ε3 : πNΔ-constant hA  & πΔΔ-constant g1
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Preliminary

Karlsruhe-Helsinki (KH) PWA: R. Koch Nucl. Phys. A 448 (1986) 707

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15
−1.70 1.19 −3.52 1.85 0.10 −1.26 0.71 −1.17
−1.41 1.40 −3.43 1.80 0.45 −2.36 1.43 −2.18

�2

1

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15
−1.70 1.19 −3.52 1.85 0.10 −1.26 0.71 −1.17
−1.41 1.40 −3.43 1.80 0.45 −2.36 1.43 −2.18
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Two-pion-exchange 3NF
Epelbaum, Gasparyan, HK. forthcoming

V2π =
�σ1 · �q1 �σ3 · �q3

[q21 +M2
π ] [q

2
3 +M2

π ]

�
τ 1 · τ 3 A(q2) + τ 1 × τ 3 · τ 2 �q1 × �q3 · �σ2 B(q2)

�

1

NLO

N2LO

N3LO

Explicit-Δ calc. Δ-less calc.

N2LO
N3LO

N4LO

Similar results in both
cases for N2LO and N3LO

Difference btw. N2LO and
 N3LO is given by loops

Loop contr. of Δ-dofs to
two-pion-exchange 3NF

are small

Explicit-Δ N3LO TPE-3NF is between Δ-less N3LO and N4LO results

We expect small explicit-Δ N4LO contributions to two-pion-exchange 3NF

Preliminary

2π
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4He 8Be 12C 16O

LO [Q0], in MeV −28.0(3) −57(2) −96(2) −144(4)
NLO [Q2], in MeV −24.9(5) −47(2) −77(3) −116(6)
NNLO [Q3], in MeV −28.3(6) −55(2) −92(3) −135(6)
Experiment, in MeV −28.30 −56.5 −92.2 −127.6

∼ 1
m∆−mN

(1)

V3N =
22�

i=1

Gi Fi(r12, r23, r31) + perm. (2)

c3 ∼ −5 GeV−1

L = 11.8 fm

V2π =
�σ1 · �q1 �σ3 · �q3

[q21 +M2
π ] [q

2
3 +M2

π ]

�
τ 1 · τ 3 A(q2) + τ 1 × τ 3 · τ 2 �q1 × �q3 · �σ2 B(q2)

�

A(3)(q2) =
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Other topologies (exemplified)
Epelbaum, Gasparyan, HK. forthcoming

N3LO Δ-less 
N3LO Δ-full
N4LO Δ-less
N4LO Δ-less with ci´s 
from Δ-res. saturation

Difference btw. res. sat. and N4LO indicate contr. of ci´s coming not from Δ-dofs

Difference btw. res. sat. and explicit-Δ N3LO indicates contr. ̃O(1/Δ2)

For F1 and F16 EFT with explicit Δ(1232) seems to be more efficient

Preliminary
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Summary
Long-­‐range	
  part	
  of	
  3NFs	
  is	
  analyzed	
  up	
  to	
  N3LO	
  with	
  explicit	
  Δ-­‐dof

Most	
  of	
  sizable	
  Fi	
  structures	
  are	
  similar	
  in	
  explicit-­‐Δ	
  N3LO	
  and	
  Δ-­‐less	
  	
  N4LO	
  calc.

Two-­‐pion-­‐exchange	
  part	
  seems	
  to	
  be	
  converged

Small	
  loop-­‐contr.	
  with	
  Δ-­‐dofs	
  to	
  two-­‐pion-­‐exchange	
  part	
  of	
  3NF

Outlook

ParZal	
  wave	
  decomposiZon	
  of	
  N3LO	
  three-­‐nucleon	
  forces

Explicit-­‐Δ	
  N3LO	
  calc.	
  of	
  shorter	
  range	
  part	
  of	
  3NF

N4LO	
  with	
  explicit-­‐Δ	
  of	
  long	
  range	
  part	
  of	
  3NF

Some	
  missing	
  sizable	
  Δ-­‐contr.	
  in	
  N4LO	
  results	
  like	
  central	
  aBracZve	
  force	
  ̃O(1/Δ2)	
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LECs in two-pion-exchange 3NF

pLab < 150MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

GW-­‐fit
KH-­‐fit

Δ-­‐less	
  N4LO

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15
−1.70 1.19 −3.52 1.85 0.10 −1.26 0.71 −1.17
−1.41 1.40 −3.43 1.80 0.45 −2.36 1.43 −2.18

(3− n)

1

GW-­‐fit
KH-­‐fit

explicit-­‐Δ	
  N3LO

LECs	
  ci	
  &	
  di	
  become	
  smaller	
  once	
  Δ-­‐dofs	
  are	
  taken	
  explicitly



37

Two-pion-one-pion-exchange 3NF

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PMCoordinate space to discuss the long-range part at equilateral-triangle conf.
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N3LO Δ-less 
N3LO Δ-full
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N4LO Δ-less with ci´s 
from Δ-res. saturation

Difference btw. res. sat. 
and N4LO indicate contr. of 
ci´s coming not from Δ-dofs

Difference btw. res. sat. and 
explicit-Δ N3LO indicates
contr. ̃O(1/Δ2)

Structures with larger values like F4 & F15 look similar for explicit-Δ N3LO and Δ-less N4LO

There are sizable structures like F16 & F17 which in Δ-less N4LO miss important Δ-cont. 

No statement about convergence of smaller structures like F11 can be made at this order  

Preliminary

r r
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Ring-contributions to 3NF

a b c d e f

EpelbaumFig05.pdf   1   4/5/12   1:41 PM
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GW-Fit to pion-nucleon scattering
GW-­‐PWA:	
  Arndt	
  et	
  al.	
  Phys.	
  Rev.	
  C	
  74	
  (2006)	
  045205
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FIG. 3: Results of the fit for πN s, p and d-wave phase shifts using the GW partial wave analysis of Ref. [56]. The solid curves
correspond to the full Q4 results, the dashed curves to the order-Q3 results, and the dashed-dotted curves to the order-Q2

calculation.

which reflects the absence of inelasticity below the two-pion production threshold.

We performed a combined fit for all s-, p-, and d-waves since d-waves are the highest partial waves where the order-Q4

counter terms contribute. The results of the fits using the GW and KH partial wave analyses are visualized in Figs. 3
and 4, respectively. In these figures we show the full, order-Q4 results (solid curves) as well as the phase shifts
calculated up to the order Q3 (dashed curves) and Q2 (dashed-dotted curves) using the same parameters (from the
order-Q4 fit) in all curves. In the fitted region (from threshold up to pLab = 150 MeV/c), a good description of the
data is achieved. As one would expect the convergence pattern when going from Q2 to Q4 is getting worse with
increasing the pion momenta. Interestingly, the d-waves are rather well reproduced already at the order Q3 where
there are no counter terms or other contributions depending on free parameters. Both the tree-level and finite loop
contributions are important for those four partial waves. Our results for the phase shifts are similar and of a similar
quality as the ones reported in Ref. [45].

We finally turn to the discussion of the extracted parameters. The obtained values of the low energy constants are
collected in Table I. As one can see from the table, the LECs ci and d̄i turn out to come out rather similar for the
two partial wave analyses. The difference does not exceed 30% except for the LECs c1 and d̄5 which are, however,
considerably smaller than the other ci’s and d̄i’s, respectively. The same conclusion about stability can be drawn for
the LECs ē14 and ē17. These are the only counter terms contributing to d-waves, which is why these two constants
are strongly constrained by the threshold behavior of the d-wave phase shifts. In contrast, the other ēi’s are very
sensitive to the energy dependence of the s- and p-wave amplitudes and, therefore, vary strongly from one analysis to
another. Notice, however, that all extracted constants are of a natural size except for the combination d̄14 − d̄15 and
ē15 which appear to be somewhat large.

We stress that one cannot directly compare the LECs d̄i and ēi from of our fits to the ones obtained in Refs. [32],[45]

Q2

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

Q3

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

Q4

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1

Data	
  fiBed	
  for pLab < 150MeV

c1 c2 c3 c4 d̄1 + d̄2 d̄3 d̄5 d̄14 − d̄15 ē14 ē15 ē16 ē17 ē18
fit to GW −1.13 3.69 −5.51 3.71 5.57 −5.35 0.02 −10.26 1.75 −5.80 1.76 −0.58 0.96
fit to KH −0.75 3.49 −4.77 3.34 6.21 −6.83 0.78 −12.02 1.52 −10.41 6.08 −0.37 3.26

1



Nd elastic scattering
Cross section & vector analyzing power

Polarization transfer coefficients
Witała et al., PRC 73 (2006) 044004

EN=22.7	
  MeV

EN=10	
  MeV

EN=65	
  MeV

Deuteron break-up
SCRE configuration at Ed=19 MeV

E.pelbaum, PPNP 57 (2006) 654 Ley et al., PRC 73 (2006) 064001

Promising	
  NNLO	
  results	
  for	
  
Nd	
  elasZc	
  scaBering	
  

Generally	
  good	
  descripZon	
  of	
  break-­‐up	
  
observables	
  except	
  for	
  SCRE/SST	
  break-­‐up	
  
configuraZon	
  at	
  low	
  energy

Hope	
  for	
  improvement	
  at	
  N3LO


