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Overview

@ periodic finite volume

e cube of size L3
J\ B
The bound states A v

@ 2-body bound states .

@ wavefunction ¥

The finite volume changes the properties of the system! J

Important for numerical calculations — Lattice
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Lattice calculations

Solve a physical theory by putting it on a spacetime-lattice!

Lattice QCD

@ QCD observables from first principles

@ quarks and gluons as degrees of freedom

Nuclear Lattice Calculations

@ nuclei from first principles

@ nucleons and pions as d.o.f.

@ based on chiral effective theory
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Lattice artifacts

lattice spacing a

@ a — 0 : continuum limit

o L — oo : infinite-volume limit

lattice size L
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Liischer's famous formula

Use the volume dependence as a tool! J

1 Lp\?
pcotéo(p)zﬁs(n) S (27]:>

p=p(E(L))

@ measure energy levels in finite volume

@ extract physical scattering phase shift
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Outline

o Overview

o Part | —
Mass shift of bound states with angular momentum

arXiv:1103.4468, 1109.4577

o Part Il -
Topological factors in scattering systems

arXiv:1107.1272

o Summary
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Part |
Mass shift of bound states with angular momentum

Liischer’s result for S-waves
Bound states in a finite volume
General result for arbitrary partial waves

Sign of the mass shift

Numerical tests
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Starting point

S-wave bound state
Lischer (1986)

e—nL

Amp = —247|A? —

+ O(e_ﬁ”l’)
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Starting point

S-wave bound state
Lischer (1986)

wkL

¢ 7 +O(e_\/§”L)

Amp = —247|A?

m

/\/ s L

What'’s the the result for states with angular momentum? J
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Why care about higher partial waves?
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Halo nuclei

@ single nucleon weakly bound to a o
tight core

nucleus by Cam-Ann, Wikimedia Commons
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Halo nuclei

@ single nucleon weakly bound to a
tight core

@ can be described as an effective
2-body state

nucleus by Cam-Ann, Wikimedia Commons

expansion in Reore/Rhalo — effective field theory

1778 (5/2.372)"]
03200 ver| 0503
23 - "°Be+n
5 L i, Vo2
3 TLes Be ™
T1.720 ®Be+t-p B~
50 Berd-p .89
1— T
1 -1L506
-25.884 -10723 g

BC+8Li-®8  "Ben-
P TUNL Nuclear Data

Example
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Schrodinger equation

N 1
H=—-—A,
o +V(r)

N K2
H|yp) = “on |V¥B)

finite-range interaction:

V(r)=0 for r> R
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Schrodinger equation

A 1
H=——n,
o + V(r)

~ K2
H|)p) = o [v¥B)

finite-range interaction:

V(r)=0 for r>R

Radial Schrodinger equation

& e+
dr? 7r2

Yp(r) = WT(T)YKm(H,q&) > ( —2uV(r) — n2>w(7') =0
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Asymptotic wavefunction

Radial Schrodinger equation

2
(%—E(i—; 1)M—n2)ug(r) =0 for r >R

AN

-R R
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Asymptotic wavefunction

Radial Schrodinger equation

d2
(@

0 +1)

r2

~ up(r) = iy Iy

e+

M—K)2)UZ(T‘) =0 for r >R

(ikT)

Riccati-Hankel functions

>

hi (2) = e*

hfzz(

hy (z)

>

) i(2—m/2)
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Finite volume

Periodic boundary conditions
— infinitely many copies of the potential

Vi(r)= > V(r+nL) , L>R

nez3
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V(r)=Vo0(R—r)
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Finite volume

Periodic boundary conditions
— infinitely many copies of the potential

Vi(r)= > V(r+nL) , L>R

nez3

NI
w
—

V(r) = Vp exp(—r*/R?)
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Finite volume

Periodic boundary conditions
— infinitely many copies of the potential

Vi(r)= > V(r+nL) , L>R

nez3
3L
2

arEe

NI
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Finite volume

Hy |Y) = —Ep(L) [¢)
H |yp) = —Ep(c0) |¢5)
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Finite volume

Hy|$) = —Ep(L) |¢)

R Amp = Eg(oo) — Ep(L)
H |¢p) = —Ep(c0) |¥B) mp =M — Eg

The wavefunction ¢ (r) has to be periodic, too! |v(r + nL) = 9 (r) J

Ansatz: (r) = Z Yp(r+nl)

nez3
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Finite volume

ﬁL |¢> = _EB(L) |’¢)> Amp = EB(OO) N EB(L)
H ) = —Ep(c0) |¢5) mp =M — Eg

The wavefunction v(r) has to be periodic, too! W(r +nL) = 9(r) ‘ J

Ansatz: (r) = Z Yp(r+nl) ~ H o) = —Ep(c0) [to)+[n)
nez3

n(r)= Y V(r+nL)¢p(r+n'L)
n#n’

(| Hy, o) = —Ep(L) (|tho) = —Ep(c0) (¥[1bo) + (¥|n)
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Finite volume

ﬁL |¢> = _EB(L) |¢> Amp = EB(OO) N EB(L)
H|¢p) = —Ep(c0) [¢5) mp =M — Eg

The wavefunction ¢ (r) has to be periodic, too! |v(r + nL) = 9 (r) J

Ansatz: v(r Z Yp(r+nl) ~ Hp o) = —Ep(00) [10)+|n)
neZ3

= > V(+nL)yp(r+n'L)
n#n’

AmB

& L)+ O(e™V2rL
wolwo o 1/ ryh yp{r+nl)+0(e )
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Finite volume

[n[=1

Amp = Z /d3mp3 (r)Yp(r +nL)+(’)(e_ﬁ”L) J
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Finite volume
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7"
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Finite volume

[n[=1

Amp = Z /d?’rqu (r)Yp(r +nL)+(’)(e_\/§”L) J

7"

2| AT
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Finite volume
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Finite volume

[n[=1

Amp = Z /d?’rqu (r)¥p(r +nL)+(’)(e_\/§”L) J
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Finite volume

Amp= 3 [ drvh = nL) V(e - nL)¥7"(0,0)

[n[=1

7 }AL+'
W*J
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Finite volume

Amp= 3 [ drvh—nL) V(e - nL)¥7"(0,0)

[n[=1

7 }AL+'
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Finite volume

o) B e
amp = 3 [ @rgar—wlupte-nb nm<e,¢>ww+---J

In|=1

Bound states in a box — p. 16



Finite volume

0 P
Am= 3 [ @r o (A= )it - m0) 17 (0,0) ) }

r
n|=1

S-waves — Y (0,6) = —— , h(ikr) =e ™"
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Finite volume

Amp = /d3 — k2| Yh(r —nL . + -
) Jiee [ - @ lus - nD) =
S-waves — YV(6,¢) = b . h(ikr) = e "
Vam
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Finite volume

—RT

Amp = /d3 \/WM[ ]ZZJB( nl)

In|=1

S-waves — YV(6,¢) = . hi(ikr) = e "

5~
3

e*fﬂ”

— —476®)(r) — Green's function

3]

s
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Finite volume

Amp = Z /dgr\/1—+m[&« —fiz}l[}*B(r—nL) e_:r + - }

[n[=1

S-waves — Y(6,¢) = . h(ikr) = e "

5~
3

e—I{T‘

[AT - /-;2} = —476®)(r) — Green's function

sum just yields a factor six. ..

e—nL

—v@nL
L +O(e )

Amig® = —3?
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P-wave result

In|=1

Y
Amp = Z /d%i{A,ﬂ—52]¢E(r—nL)YZm(9,¢)W_|_...J

e*KZT'

A 1
P-waves — Y(0,¢) ~ cosf = ; . hi(ikr) ~ (1 + —>

RT r
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P-wave result

1 b (i
sma= %, [ ol wiyo o |

—RT

A 1
P-waves — Y(#,¢) ~ cosf = ; . hi(ikr) ~ (1 + E) ¢
g e—fﬂ” _ &2 e—h‘/]"
dz | r | 0zor| r

z —Kre T — ek e i 1
=- 3 = cosf —K— -
r r r r

r
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P-wave result

Amp~ 3 /d3ri[Ar—ﬁ2}w*B(r—nL)§z [e;’"] b J

In|=1

N 1 —RT
P-waves — Y(0,¢) ~ cosf = ; . hi(ikr) ~ (1 + —> °
3 e—:‘i"” _ &2 e-h}’l"
oz | r | 0zor| r

z —Kre T — ek e i 1
=- 3 = cosf —K— -
r r r r
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[n|=1

/d3'r—

Y
— w2~ nL) Ypr(0,¢) LU J
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Lemma

[n|=1

Y
Amp =3 /dg’ri[&—ﬁ2]wE(r—nL)1@m(0,¢)M+---J

hf (i) ¢ 1 e
Yym(g L — ([—5 AL — v
(0,0) = (1)Re(ﬂv) "
R (r) = 'Y (#) Liischer 1991
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1 [Ar - 52]¢E(I‘ = l’lL) YZ"(G, ¢)

r

ilyht (ikr
ffy Ger)

1

u (A, — ¥?|(x —nL) RY' (‘g%) [e—m
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P-wave result

Amp~ 3 /d3ri[Ar—ﬁ2}w*B(r—nL)§z [e;’"] b J

In|=1

N 1 —RT
P-waves — Y(0,¢) ~ cosf = ; . hi(ikr) ~ (1 + —> °
3 e—:‘i"” _ &2 e-h}’l"
oz | r | 0zor| r

z —Kre T — ek e i 1
=- 3 = cosf —K— -
r r r r
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P-wave result

a e—HT'
3 2|, %
Amp ~ E /dr— —R]I/JB(r—nL)%l . ]-i— }
In|=1
P-waves — Y{(0,4) ~ cosf = z hf (ikr) ~ (1 + i) e
LA r Kkr) T

g e_HT _ &2 e—lﬁ'/l"
oz | r C9z0r | r

—kL
AmGY = AmGEY = 3152 = T +O(e VLY

Mass shift for P-wave states exactly reversed compared to S-waves! J
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Sign of the mass shift

Amp <0
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Sign

of the mass

shift

Amp <0
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Sign of the mass shift

Amp <0

even parity — WF profile relaxed — less curvature
~+ more deeply bound
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Sign of the mass shift

Ampg >0

=
o

a
a

~<
//

Amp <0

even parity — WF profile relaxed — less curvature
~+ more deeply bound
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Sign of the mass shift

odd parity — WF profile compressed — more curvature
~> less bound

Ampg >0

Amp <0

even parity — WF profile relaxed — less curvature
~+ more deeply bound

Bound states in a box — p. 20



Broken symmetry

The finite volume breaks the symmetry of the system

/

- L

rotation group SO(3) cubic group O
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Broken symmetry

The finite volume breaks the symmetry of the system

a

rotation group SO(3) cubic group O

Irreducible representations of SO(3) are reducible with respect to O! J
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The cubic group

e finite subgroup (24 elements) of SO(3)

o five irreducible representations

A4

T

dimL || 1 | 1 |

Amp = /d3r¢B
n|=1
!
AmEE) = (1, 6;4|V Z

| E
2

| 3

| 3]

r) p(r + nL) + O(e™V2E)

(nL)|T, 4; i) +

T, 4:3) =D Clign |, m)

Bound states in a box - p. 22



Example

D*=TF @ E*

T5 representation

T, 21) = L5 (j12,-1) +]2,1))
T 22) = J5(12,-1) — [2,1)
(|2a _2> - |2a 2))

S-S

‘Tj,2;3> =

L representation

|B*,2,1) = |2,0)
5,22) = G5 (22 +12.2)
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Result

General formula

—kL
Amg,l“) — (%) . |,.),|2 eu_L + O(G—ﬂnL)
1T a(x)
0| Af -3
1| T7 +3
2| Ty 30z + 13522 + 315a° + 315z*
2 | BT || —1/2(15 + 90z 4 4052 + 9452° + 945z%)
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Result

General formula
—rL
or e _
AmGY =a (L) -l —L toe YA

1T a(x)

0| Af -3

1| Iy +3

2| Ty 30z + 13522 + 315a° + 315z*

2 | BT || —1/2(15 + 90z 4 4052 + 9452° + 945z%)

Trace formula

—kL

ZAm“W ZAm““z Y20+ 1) 32—

m=—/{ Ti=1 L
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Numerical checks

Results can be checked with a very simple calculation. ..

Lattice Hamiltonian

& 3 1
=Y |Sd()a@) - — (af(B)a(d + &) + af (R)a(a — &)
L 2
. 1 1 A A
B@== Y (l-cos@)=5= > & [1+0@)]
HiZi23 Hisi2,3
lattice units: L = L/a, E = E - a, etc. , a = lattice spacing

i 7 NC /
y - /7 Ny /
e / NS
p V4 D
p y e
p ¥ e
Z | 4 /7
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Numerical checks
e Interaction: Viep(r) = =V 8(R — 1)
@ Approximate infinite volume with Lo, = 40

QO Amp = Ep(Ls) — Ep(L) (direct difference)

Q@ Amp= Y [d3r¢k(r)V(r)Yp(r+nL) (overlap integral)
[n|=1

Q@ Amp=a ( ) \'y|2 e 7— (Green’s function)
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Numerical checks
e Interaction: Viep(r) = =V 8(R — 1)
@ Approximate infinite volume with Lo, = 40
QO Amp = Ep(Ls) — Ep(L) (direct difference)
Q@ Amp= Y [d3r¢k(r)V(r)Yp(r+nL) (overlap integral)

[n|=1

Q@ Amp=a ( ) \'y|2 e 7— (Green’s function)

@ Replace
e_'%ﬁ/f/ — 4nGA(L,0,0) Gr(h) = L E Qge(i
q

to reduce discretization errors!
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Numerical checks

9 e—HL
Amp = 13-
B ol uL
0 s |
[ ®
e V= ‘/;tep
. IR i P-wave
™ -5¢ B ]
g B
< i S-wave
3 -10- - ]
o0 B
= x direct difference @ ®:
_15F O overlap integral @ ]
[ O Green’s function T
8]
| | | | | I | | [
4 5 6 7 8 9 10 11 12
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Numerical checks

30 e~k
A R R P PV P
me= g+ ) -hE S
oF T T 4 b 5 & & 5]
@ 4
-0.1F % x direct difference
r O overlap integral 1
. -0.2? O Green’s function
503
0.4 E
05" V = Vitep, D E rep. |
. 8 = Vsteps -wave, rep. ]
£ 1 ! ! ! ! ! ! ! L
4 5 6 7 8§ 9 10 11 12

L
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Numerical checks

0.4

AmB

0.3F
0.2}

0.1

90 ek
AmB:—1/2 <15+I£L+'”> '|’Y|2MT
T \ \ \ \ \ \ -
E V' = Vitep, D-wave, T2 rep.
x direct difference
+ O overlap integral —:
O Green’s function
- " 8 8 8 ® ® ® .
! ! ! ! ! L
4 6 7 8§ 9 10 11 12
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Part |1
Topological factors in scattering systems
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Motivation: atom-dimer scattering

1.4 T T T T T T T
Hl’ m =1 r—=—
135 F ot =1 e
STM equation —v—

13 F .
2
%
N; 1.25 + . e .
- E!
12 + EEEE ]
v
1.15 + ]

0 01 02 03 04 05 06

Kp Qe

calculation by S. Bour, D. Lee, U.-G. MeiBner
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Motivation: atom-dimer scattering

0.5

0.4

0.3

0.2

Kp/AD

0.1

Hl’ m=1r—=—
H2, (M) =1 r—e— .
STM equation —v—

[0}
o 3 ¢ 3

0 01 02 03 04 05 06

Kp Qe

calculation by S. Bour, D. Lee, U.-G. MeiBner
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Atom-dimer scattering

2
pcotéo(p)Z%LS(n) RS (Lp> . p=p(E(L))

2w
1 r
peotdo(p) = ——— + —22p? + O(p?)
aAD 2

O

A part of E(L) is due to the binding of the dimer!
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Part |1
Topological factors in scattering systems

Motivation v/
Moving bound states in a finite volume
Mass shift for twisted boundary conditions

Corrections for scattering states

e 6 66 o o

Conclusion: corrected atom-dimer results
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Bound states in moving frames

considered two-particle state directly in relative coordinates

wavefunction ¢(r) , r=r; —ra

/
°m1

Bound states in a box - p. 35



Bound states in moving frames

considered two-particle state directly in relative coordinates

wavefunction ¢(r) , r=r; —ra

full wavefunction ¥(ry,r2) = ¥ R )(r) .
P = center-of-mass momentum /L‘P
my
R=ari+(1-a)rp, a=——
my + ma m;
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Bound states in moving frames

considered two-particle state directly in relative coordinates

wavefunction ¢(r) , r=r; —ra

full wavefunction ¥(ry,r2) = ¥ R )(r) .

P = center-of-mass momentum /L‘P
my

R=ari+(1-a)rp, a=——

my + ma m;

Put system into finite box, impose periodic BC. ..

Bound states in a box - p. 35



Twisted boundary conditions

Now U(ry,re) has to be periodic! J

> U(ri+nl,ry) = PR Py (r4mL)= U(ry, rs)
P
O- s (e +nL) = ¢ OHP g (r)

“twisted boundary conditions”
N ! ) —
N -

M
p v
J/

Bound states in a box — p. 36



Twisted boundary conditions

)

A

my

Now U(ry,re) has to be periodic! J

U(ri+nl,ry) = PR Py (r4mL)= U(ry, rs)

v (r + L) = e PR (r)

“twisted boundary conditions”

X | 1 L
N = /
)V XX //
X 4
y -l Z_ =Z_ y
)
7

What is the finite-volume mass shift in this case? l

Bound states in a box — p. 36



Mass shift for twisted boundary conditions

e boundary condition: 1 (r + nL) = e " ¢(r) , § = aLP

@ new ansatz: ¢y(r) = Z Yp(r+nL)f™
nez3

Bound states in a box — p. 37



Mass shift for twisted boundary conditions

e boundary condition: ¥(r +nL) = e " ¢(r) , 0 = oLP

@ new ansatz: ¥p(r 2103 (r+nL)e?n
nezs
~ Amp =Y /d3r¢B (r) ¥p(r +nL) ™ + O (e VL)
In|=1
efnL
Amp = —|y|? L X Z fZOS(O n) +

Bound states in a box — p. 37



Mass shift for twisted boundary conditions

e boundary condition: ¥(r +nL) = e " ¢(r) , 0 = oLP

@ new ansatz: ¥p(r 2103 (r+nL)e?n
nezs
~ Amp =Y /d?’mpB (r) ¥p(r +nL) ™ + O (e VL)
In|=1
Amp = — ]7|2 X Z cos(@ - n)

n— ez,ey,ez

Zcos(@ .n)=3 for #=(0,0,0) — consistent v/
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Mass shift for twisted boundary conditions

e boundary condition: 1 (r + nL) = e " ¢(r) , § = aLP

@ new ansatz: ¥p(r ZwB (r+nL)e?n
nezs
~ Amp =Y /d3r¢B (r) ¥p(r +nL) ™ + O (e VL)
In|=1
Amp = —|7| X Z cos(6 - n)

n— ez,ey,ez

Zcos(@ .n)=3 for #=(0,0,0) — consistent v/

The mass shift vanishes in certain moving frames!
— Davoudi & Savage, arXiv:1108.5371J

Bound states in a box — p. 37



Scattering states

Now consider the scattering of two states A and B...

Scattering wavefunction

—kL
° AEf(L) = —|y[? ¢ X E cos(2rapky) o
L
K 1=12,3 B

Bound states in a box — p. 38



Scattering states

Now consider the scattering of two states A and B...

Scattering wavefunction

—kL )
° AEI?(L) = —|y[? ° X E cos(2mapky) o
L
r 1=1,2,3 B

Topological volume factor

Zl 2 2 cos(27rakl) (Lp)2
Z 1= \9r
m

Bound states in a box — p. 38



Topological correction factors

ZZl 12,3 cos(27mzkl) . & Z
3(k2 1= \on

*7]

Final result:

Eap(p, L) — Eap(p,00) = 7a(n) AE{ (L) + 75(n) AEP (L)

Subtract this correction from measured energy levels! =

Bound states in a box — p. 39



Corrected atom-dimer results

1.4

1.35

1.3

Kpaap

1.25

1.2

1.15

calculation by S. Bour, D.

Hl’ m =1 r—=—
H2’ M) =1 r—e—
STM equation —v—

e -]
-]
- @
e
- s B
v
I 1 1 1 1 1 1 1
0 0.1 02 03 04 05 0.6
Kp Qe

Lee, U.-G. MeiBner
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Corrected atom-dimer results

1.4 T T T T T T T

H,, full —a—
1 35 | H2, full —o—
. Hl’ m=1r—=—
H2, ‘C(T]) =1 —o—
1.3 | STM equation —v»— .

o

=

b

v 125 I~ B
1.2 B
115+ .

0 0.1 02 03 04 05 0.6
Kp Qe

calculation by S. Bour, D. Lee, U.-G. MeiBner
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Corrected atom-dimer results

0.5

0.4

0.3

0.2

Kp/AD

0.1

Hl’ m=1r—=—
H2, (M) =1 r—e—
STM equation —v—

o] - -
o 3 ¢ 5 3
i g 7
B &
. _
1 1 1 1 1 1 1
0 01 02 03 04 05 06

Kp Qe

calculation by S. Bour, D. Lee, U.-G. MeiBner
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Corrected atom-dimer results

0.5 T T T T T T T
Hl’ full —8—

04 H,, full —e— .
Hl’ T(T]) =1 —a—
03 F Hytm=1+r—e— i
STM equation —v—

)]

= 02 F o} _

;o '3 s 3
0.1 I 5 g }
0_
-0.1 B

calculation by S. Bour, D. Lee, U.-G. MeiBner
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The End

Summary

Mass shift can be calculated for bound states with arbitrary ¢.
Sign of the shift can be related to parity of the states.

Predictions can be tested by numerical calculations.

Mass shift of composite particles has to be corrected for in
scattering calculations.
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The End

Summary

Mass shift can be calculated for bound states with arbitrary ¢.
Sign of the shift can be related to parity of the states.

Predictions can be tested by numerical calculations.

Mass shift of composite particles has to be corrected for in
scattering calculations.

X%k

Thanks for your attention!
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Spares
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Angular momentum

wavefunction ¢ — probability P(V) = [, |[¢|*dV |

angular momentum — angular distribution

/=0 S-wave

/=1 P-wave

HeeTH . ..

|. Sarxos, taken from Wikimedia Commons
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Asymptotic normalization constant

/ ug(r) = ity iLz_(ilﬁl’I‘) . Respin fo(p) ~ 72
/ scattering amplitude fy(p) ~ Ty(p) = (p|T’p>Z

Effective range expansion

20

p
TR

1 1
P cotby(p) = —— + srep” + -
ag 2

@ shallow bound states: p =ik — 0
2k2¢ 2 1

T for €3> 1 . for ¢ =
Te+ 2 O(k) for £ > ,r0+72 o O(k) for £=0
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Overlap integral

It holds that

Hiabo(r (Ho +> V(ir+ nL)) > ¢p(r+n'L)

=Y |Ho+V(r+n'L)+ > V(r+nL)|¢p(r+n'L)
n’ n|n#n’
= —FEp(co Z¢B(r+n’L)+ Z V(r+nL)yp(r+n'L),
n’ n#n’
hence A
Hp, o) = —Ep(o0) [tho) + [n)

where

(vln) =n(r) = > V(r+nL)yp(r+n'L)

n#n’
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Overlap integral

) = alio) +[¢f) with |u') = O(c™) , choose ast. (¥/[tho) =0
(Wl H [do) = —Ep(c0) (o) + (1) = —Ep(00) (Yolvo) + (1)
= —Ep(L) (¢lto) = —Ep(L) (¢o|tho)

(sb|m)
(Yo|vo)

(®ln) = (woln) + (¥'|n) = (Woln) + O(e™>F)

@ Infinite normalization constant drops out!

= EB(OO) — EB(L) = AmB =

@ Only consider nearest neighbours!

= Amp = Z /d3r¢3 (r)yYp(r —l—nL)—l—O(e_‘/g”L)

In|=1
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Trace formula

Insert asymptotic form once more to get:

(em) _ o ver1 271 m( 1 o/ 1 e hT
AmB = (—1) + T Z R[ —EVT Rz —;VT , +..
In|=1 r=nL
l
2+1 o
F m *1m —
rom m;gRZ (r)R;™(r) el
L
1 (1 2€0+11 ,
weger 3 A (v ) B (<290) ) = 2 A )
Aéi:ﬁ%e_ for r#0
r r
4 ¢ e—nL
= 3 Amy™ = (1204 1) 3’7‘2;&7 T
m=—/
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Mass shift up to ¢ = 3

/ ‘ r H a(z)

0| Af -3

1| Ty +3

2| Ty 30z + 13522 + 31523 + 315z

2| EF —1/2 (15 + 90z + 40522 + 94523 + 9452%)

3| Ay 315z2 + 28352% + - - - + 2835020

3| Ty —1/2 (1052 + 94522 + 535523 + - - - + 4252525)
3|17 1/2 (14 4 105z + 7352% + 34652° + - - - + 236252°)
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Basis polynomials

Solid harmonics
Ry (x) = r*Y["(¥)
Ry~ 1
Ri'~z—iy , R~z , Rf'~a+iy
R52N($—iy)2 , Rglw(:n—iy)z VR~ 222 g2 g2,

Cubic group basis polynomials
Pyrii(R)
P{J,Al+ ~1
Pl,Tf ~x Y, Z

) 2 2 2 2
P27T2+~:Uy v Yz, 2x  Popr~at -yt Yyt — 2
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Leading parity

Define
lpP — (_1)dmax
where
dmax = max{deg, P, deg, P,deg, P}
Then

—dum;
1 dmax+1 (1 max
a(KL) ~ (—1)%ma (KL) as kL — o0

P2,T2+ ~ZY, Yz , 2 = dmax = 1

2 2 2 2
PZ,E"‘N'x —Y Y =2 = dpax =2
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