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Nucleons Atoms

Dilute neutron 2 spin states Fermions
matter with 2 spin states

1 scattering Universal relations
length
by S. Tan [2005]

Fermions

Few nucleon with >2 spin states

systems  Efimov physics
Identical bosons
Universal relations

Braaten, DK, Platter

EFT with zero-range interaction
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¢ Strongly interacting ultracold atoms

¢ Fermions with 2 spin states (2-body physics)
¢ Universal relations and Contact

¢ Operator Product Expansion (OPE)

¢ ldentical bosons (3-body physics)
¢ Efimov physics

¢ Universal relations

Puzzle related to renormalization of 3-body coupling
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Strongly interacting atoms

¢ What are they?
Ultracold atoms with large scattering length (a)

¢ Ultracold atoms?
¢ T< 10° K while T,5,>10'2K

¢ Alkali group
fermions (even) and bosons (odd)

1 .?Li, 23|\|a, BQK,
K, BSRb, BFRb, 133(:5
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Strongly interacting atoms

¢ Quantum Mechanics at low energy

« At very low energy (k << 1/range),

f(k) depends only on scattering length (a)

¢ For large a (2 1/k),
interaction is nonperturbative
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Effective Field Theory

L = wli%Qpa —H
H = %le Vo + g b

%=><+>0<+>Oo<+---
X >

o=1,2

Renormalization
_ 1

f(k) = 1/a+ik

A 2/\

a g ' 7

Nonperturbative solution!!

2- body: analytic solution, 3-body: exact numerical solution,
Many-body is challenging : Lattice simulation, ...



Strongly interacting atoms

o Low energy amplitude (k) = —1/]C-L—’i]€
- Cross section o(k) = 1/a‘§7jrk2
¢« Molecule (when a>0)
¢ Binding energy = —a%
¢ Size (r2) — a/\/§

Scale invariance forag — —o©
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Atoms

¢« Many-body physics
¢ Identical Bosons : Bose-Einstein Condensate

¢ Fermions with 2 spin states

Condensate of Scale invariant Fermi gas with
molecules matter Cooper pairing

BEC limit (a->0+) unitary limit (a = £) BCS limit (a = 0-)
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Universal Relations

jorjermions \witn:2:spin'states

¢ Hold for any state of the system

e.g. few-body/ many-body, homogeneous/trapped,
normal gas/superfluid, ground state/low temperature, etc

¢ Involve an extensive property of the system
called the contact (C)

¢« Determined by 2-body physics
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Universal relations

¢ Adiabatic relation: Variation of energy with scattering length

dbs _ _C
da =~ 41q? Tan 2005

¢ Tail of the momentum distribution for large k

o(k) — I-cC;L Tan 2005

« Tail of rf transition rate for large w

QQ Schneider and

['w) — C Randeria 2010
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Radio frequency spectroscopy

¢ Transition between hyperfine states by a photon with
rf frequency

©

¢ Association/dissociation of
dimer and trimer

« Excite single particle state
and probe a spectral function

Tail with final state interaction a’

['w)

Braaten, DK and Lucas 2010

- Q°(1/a—1/d’)?

" Amwd/2 (1/a”? + w)

w32 and w>/? tails!!
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Universal relations

¢ Contact as matrix element d_E — C _
da Ama?
o =4 [r(H)
da da R ? Feynman-Hellman
Theorem
= f R< da H> 1 1 1
g = Zra 222"\
= [p(% Plpbotr (R)) dg _ g°
da =~ 4ma?

= Lo [r(g2¥ i1 (R))
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Universal relations

dE _ _C
da Aa?
— Can be used as an operational definition

¢ Adiabatic relation

¢« The contact C
¢ depends on the states

« extensive thermodynamic quantity depending on a,
density (n), entropy ...

¢« measures probability for 2 atoms being close
together
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Relations for dimer

1
¢« Contact: O = 41a? d—E_S—W E__a,_2
da a
.7 __ +/8m/a
Exact wavefunction: (k) = 241/a2

¢ Momentum distribution:
T+ T 3
p(k) = Plip(k) — T4

o Dimer-dimer transition has w3/2 and w™>/2 tai
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Many-body states

Contact{density (C'/V")
for homogeneous gas at T=0
69 ) o ¢) )\ o
%3 ° @ }9/,_ 0 9
% &P © Y o \/q h
% g9 ‘W@ 12 o
%o /L i |/
@ & % %oﬁ o S
% =AW
SN S
BEC limit (a=> 0+) unitary limit (a=> £)
47n/a (9.1 4+ 0.3) n*/3

Drut, Ldhde, Ten

Nov 7, 2012 [PRL 2011]

BCS limit (a-> 0-)
4ﬂ.2 2 2
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Proof of universal relation

¢ Operator Product Expansion
O4(r)0p(0) = ) ci(r) 0;(0)
¢ é,-(O) with lowest scaling diimension
Yivr, $IVer, oylvbgorr, -
3 4 6-2=4

¢« Matching matrix elements - Wilson coefficients
Few-body problem can be solved exactly

¢ Operator identity is valid for any states = Universal relation

OPE reveals aspects of many-body physics controlled
by few-body physics
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Operator product expansion

OA(r)Op(0) = ) ci(r) 0;(0)

(4

¢ How to determine the Wilson coefficients?
In QCD

“ Strong coupling constant Ols is small at short distance

“ Perturbation theory in small Ols = Wilson coefficients

In strongly interacting atoms
¢ Coupling is large - nonperturbative problem
¢ Few-body problem can be solved exactly.
- Wilson coefficients of lowest-dimension operators
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Operator product expansion

Braaten and Platter [PRL 2008]

(k) = (141 (k)) i 7«
= Jny e T @R - 1(R+ )

After matching for 1 atom and 2 atom state ...

Wl (D)1 (+5) =(Dx vI¢1(0) — 6(k)

[ﬂvwl(O) — V’cpiwl(o)] N 5’(16)
gQwIQP;wQQpl(O) 4+ ... — 1//€4

Nov 7, 2012 p(k) ) ]{:Cf4' 18




From Drut’s talk

Proof of universal relation
Momentum distribution & Contact

Theory (lattice) Experiment | T Stewart ot o
J. E. Drut, T. A. Lahde, T. Ten - l.ootewart et a
_ Phys. Rev. Lett. 106, 205302 (2011) _ 3 PRL 104, 235301 (2010)
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.l T/TF =0-0.5 kF'r‘eff ~0.3—-0.5
@ Plateau seen both in theory and experiment!



Identical Bosons
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2- and 3-body physics

¢ 2-body : similar to fermions
scale invariance when o — t0o0

Efimov
physics
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Effective Field Theory for bosons

¢ Interaction %2 (wTw)Q

¢ Integral equation for atom-diatom amplitude

= >+ HOKHOOK -

- COS[SO I]?(k//\)] So ~ 1.006
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Effective Field Theory for bosons

Bedaque, Hammer, and van Kolck [PRL 1999]

¢ Interactions %2 (¢T¢)2+§—% (¢T¢>3

¢ Integral equation for atom-diatom amplitude

D= .+
+ >+ X2

¢ approximate solution to renormalization
sin|so In(A/A,) — arctan(1/sg)] 93

Hpuvk = —— 3=
sin[sg In(A/A,) + arctan(1/sq)

Good agreement to numerical solution by BHvK!!




Universal Relations

Jroms=body pnysics

¢ Hold for any state of the system

¢ Involve 2-body contact (C,)
and 3-body contact (C,)

¢ Characterized by log-periodic behavior
(Efimov physics)
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Relations for bosons

¢ Adiabatic relations: 2-body and 3-body contacts

dEe __ (o df __ Kx = bindi
a &= . 2 x = binding
da ~— 8ma Fox dlﬁ:* C momentum of
trimer at a=1cc

- Tail of p(k) is derived by using OPE for %' (—5)¥(+5)
matching for 1-,2-, and 3- body states

C C
p(k) = 27 +|F (k)2
F(k) = 78.5 sin[2sg In(k/rs) — 1.34]
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Tail of rf transition for bosons

¢« Without final state interaction
1
(W) — O { Glw)

Are3/2 C2 4

G(w) = 9.23 — 13.6 sin[sg In(w/k?) + 2.66]

¢« With final state interaction

Fw) o 0 [M 5013//3 (—1/1 a//c;’l 50t 03]

« Coeff. of C; needs to be calculated!!
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rf spectroscopy for °Rb BEC

Wild et al, PRL 108 2012 ¢ Solid/Dotted line: rate
*(a) | with/without final state
O e interaction

¢ Dashed line:
rate for C;/N,= 0.1 pm2
« Upper limit of C;/N,=
0.07 pm-2

¢ a=982 a0

-10'0' - 10 -
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Relation for trimer state

¢ Exact Trimer wavefunction at a =2 is known

o Tail of p(k) for trimer with £ = —x2

. 53.1 Kk« K Werner and Castin
,O(k') ‘ k4 I F(k) k_g [arxiv:1001]
F(k) =89.3 sin[2sgIn(k/k«) — 1.34]
¢ Contacts for trimer so ~ 1.006
02 — 531%* _ 5
5 |ada 8ma
03 = K ,i*gi 20
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¢ From trimer WF

Fyy (k) :in[230 In(k/kx) — 1.34]

¢« From the OPE 12 % smaller

FOPE(k) :in[230 |ﬂ(k/li*) — 1.34]

SO~ 1.006
¢ Struggling for 3 months
¢ Missing diagrams in OPE?
¢ Numerical Error in OPE?
¢ Error in Wavefunction by Werner and Castin ?
¢ Failure of OPE?
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2

® 3'b°dy coupling: g3 — 9 HBHUK Bedaque, Hammer,
van Kolck
sin[sg In(A/A,) — arctan(1/sq)] [PRL 1999]

Hpuyk =~ —
BHvK sin[so In(A/A,) + arctan(1/sg)

¢ Small dlscrepancy with numerlcal result (Hnum)

TT | T T T T T 117 . :]
1 | 251 — analyt|c
— analytic :  numerical

e numerical N — 0.879 x Hg,, ¢
—0879x Hy,,

10°

] A/A,

H,,..=0.879 X Hg




¢ Hgy, is an approximate solution and has 12%
correction in prefactor

sin[sg In(A/A,) — arctan(1/sg)]
sin[sg In(A/A) + arctan(1/sg)]

¢ Fgope(k) also changes by h,

Hpnavk = —hg

ho ~ 0.879

Fopp(k) = S|n[230 IN(k/ks«) — 1.34]

Agrees with F(k) from trimer wavefunction!!

p(k) = 7+ Fopp(k) 2
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¢ Universal relations for strongly interacting atoms

¢« OPE is a powerful tool

many-body physics controlled by few-body physics

¢ Contact is central quantity
¢ 2-body contact for fermions with 2 spin states
¢ 2- and 3-body contacts for identical bosons

(and for fermions with >2 spin states )

¢ Efimov feature in the tail of many-body physics!!
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Matching for 1-atom State

D (=5)p1 (+5)

k— 0 3 iei(k+k)r/2
T o =i—(k+K) - r/24--.
32
k' —
¥]11(0) jei(k—k)-0
o Wilson Coefficient -> 1
YIVIP1(0) = VIply1(0)  i2(k; + k)i (kK0

Wilson Coefficient -> r; /2
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Matching for 2-atom State

¢I(—§)¢1(+2) M 227rf(k)26 kr
$141(0) z2wf(k>2 !
1 VIp1 (0) — Vigplep1 (0)

g2l by (0) M 1672 f(k)?

Wilson Coeﬁ‘:c:ent ->-r/ (8n) .
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Effective Field Theory for bosons

2

Bedaque, Hammer, van Kolck

g3 = 9 SHBHoK [PRL 1999]
___sin[sg In(A/Asx)—arctan(1/sp)]
HpHvk = ~ginlso In(A/A ) Farctan(1/so)]
F . ' '_ analytlc| so ~ 1.006

e numerical

10°
A/A,

3-body problem
is renormalized!
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¢ Assumption in derivation of H ;, :
log-periodic scaling behavior cos [sg In (k/A4)] /k
is extrapolated up to cutoff (A)

— Extrapolation
— Momentum Cutoff (A)

100

k x Amplitude

[—

-

-
|
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¢« Many more universal relations

¢ Pressure relation, Virial theorem, Energy relation : Tan [2005]

c

Photoassociation: Werner, Carruel + Castin [EPJB 2009];
Zhang + Leggett [PRA 2009]

©

Structure factors: Son + Thompson [PRA 2010]; Hu, Liu + Drummond
[EPL 2010]; Goldberger + Rothstein[arXiv:1012]

Correlation for viscosity: Taylor + Randeria [PRA2010]; Enss,
Haussmann + Zwerger [Annals Phys. 2011]

©

Hard probe: Nishida [arXiv:1110]

©

¢ Cold atom experiments : measurement of contact

¢ Vale group at Swinburne PRL 2010
¢ Jin group at JILA PRL 2010, 2012
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More Universal relations

« Homogeneous system

Pressure relation — 3V V 127aV
Tan 2005

1
¢ Trapped in harmonic potential §w27“2

1
8ma C
Tan 2005

Virial theorem FE = QVHO
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Proof using OPE

¢ Matching for atom-diatom State
wT _r

1= ‘TI?Q; 450 ~ L

2 /

8A2

No contribution since Ae—O0—
vanishing Wilson ( ) ( ) ( ) X ( )

coeff.

P1(0), ¥TVP(0) 2Tty (0) Lttt (0)
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Trimer Spectrum




2- and 3-body physics

¢ 2-body : similar to fermions
scale invariance when o — t0o0

Efimov
physics

Due to imaginary anomalous dimension s,=1.006

(k/N)is0 = ¢isoIN(k/N) _y cos[sq In(k/A)]

Invariant under k — e27/50k = 22.72 x k

Dec 2, 2011 Grad Student Lunch Club, MIT 42



¢ Infinitely many tri-atomic molecules with accumulation
point at 0 binding energy at a= =00

o Trimer Energies differ by 22.7%2 =515

¢ Trimer Sizes differ by 22.7 \677/30 ~ 22.7
SO ~ 1.006

@ () (-

INT workshop

¢ Trimer Structure

\
2 E A
¢
.

C
O
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Strongly interacting particles

a(B)
¢ For atoms,
¢« Near Feshbach resonance, o
a varies with the B field ! Zog

¢ For nucleons,

¢ a=-19 fm (n-n) and a = +5.3 fm (n-p spin-triplet) (-~ 1.4 fm

¢ g varies with quark masses

¢ Tuning U and d masses - a = +-co for the 2 channels

Braaten, Hammer [PRL 2003]

¢ Constraint on quark mass variation from BBN
quark mass = a - binding energies - BBN
Bedaque, Luu, Platter [PRC 2011]
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