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Outline	  

!   Strongly	  interac,ng	  ultracold	  atoms	  

!   Fermions	  with	  2	  spin	  states	  (2-‐body	  physics)	  

!   Universal	  rela,ons	  and	  Contact	  

!   Operator	  Product	  Expansion	  (OPE)	  

!   Iden,cal	  bosons	  (3-‐body	  physics)	  

!   Efimov	  physics	  

!   Universal	  rela,ons	  

Puzzle	  related	  to	  renormaliza,on	  of	  3-‐body	  coupling	  
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Strongly	  interac,ng	  atoms	  

!   What	  are	  they?	  
Ultracold	  atoms	  with	  large	  sca1ering	  length	  (a)	  

!   Ultracold	  atoms?	  
!  T<	  10-‐6	  K	  	  while	  	  TQGP>1012	  K	  
!  Alkali	  group	  
	  fermions	  (even)	  and	  bosons	  (odd)	  
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Strongly	  interac,ng	  atoms	  
!   Quantum	  Mechanics	  at	  low	  energy	  

	  
	  
!   At	  very	  low	  energy	  (k	  <<	  1/range),	  	  
	  f(k)	  depends	  only	  on	  scaCering	  length	  (a)	  	  

!   For	  large	  a	  (≥	  1/k),	  	   	   	   	  	  	  
interac,on	  is	  nonperturba,ve	  
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Effec,ve	  Field	  Theory	  

	  

	  

	  
	  
	  
	   	   	  Nonperturba,ve	  solu,on!!	  
2- body: analytic solution,  3-body: exact numerical solution, 
Many-‐body	  is	  challenging	  :	  Lagce	  simula,on,	  …	  

Renormaliza,on	  
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Strongly	  interac,ng	  atoms	  

!   Low	  energy	  amplitude	  	  	  

!   Cross	  sec,on	  

!   Molecule	  (when	  a>0)	  

!  Binding	  energy	  
!  Size	  

	  	  	  	  	  	  

Scale	  invariance	  for	  a	  	  
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!  Many-‐body	  physics	  
!  Iden,cal	  Bosons	  :	  Bose-‐Einstein	  Condensate	  
!  Fermions	  with	  2	  spin	  states	  

Strongly	  interac,ng	  	  Atoms	  

BEC	  limit	  (a→0+)	  

Condensate	  of	  
molecules	  

unitary	  limit	  (a	  →	  	  	  	  	  	  	  	  )	  

Scale	  invariant	  
maCer	  

BCS	  limit	  (a	  →	  0-‐)	  

Fermi	  gas	  with	  
Cooper	  pairing	  
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!   Hold	  for	  any	  state	  of	  the	  system	  
e.g.	  few-‐body/	  many-‐body,	  homogeneous/trapped,	  	  
	  	  	  	  	  	  	  normal	  gas/superfluid,	  ground	  state/low	  temperature,	  etc	  	  

!   Involve	  an	  extensive	  property	  of	  the	  system	  
called	  the	  contact	  (C)	  

!   Determined	  by	  2-‐body	  physics	  

Universal	  Rela,ons	  

Tan	  [Annals	  of	  Physics	  2008]	  

for	  fermions	  with	  2	  spin	  states	  
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!   Adiaba,c	  rela,on:	  Varia,on	  of	  energy	  with	  scaCering	  length	  

!   Tail	  of	  the	  momentum	  distribu,on	  for	  large	  k	  

	  

	  

!   Tail	  of	  rf	  transi,on	  rate	  for	  large	  ω	  

Tan	  2005	  

Universal	  rela,ons	  

Tan	  2005	  

Schneider	  and	  
Randeria	  2010	  �(!) ! ⌦2

4⇡!3/2
C
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!   Transi,on	  between	  hyperfine	  states	  by	  a	  photon	  with	  
rf	  frequency	  
!   Associa,on/dissocia,on	  of	  	  

dimer	  and	  trimer	  

!   Excite	  single	  par,cle	  state	  	  
and	  probe	  a	  spectral	  func,on	  

!   	  Tail	  with	  final	  state	  interac,on	  a’	  

	  

	   	  ω-‐3/2	  and	  ω-‐5/2	  tails!!	  

Radio	  frequency	  spectroscopy	  

free-freedimer dissociation trimer association

E|1,2,3>

E|12,3>

E|123>

E|12,2>

0hν0 12h Eν + 0 12 123h E Eν + −

|1>

|2>
|2>

|2>
|1>

|3>

A B C

Figure 2: Relevant transitions and energy levels for the RF-association of trimers. The initial
system has the energy E|12,2i of a free atom in state |2i and a |12i dimer. The frequency ⌫0
of the bare transition drives the unbound atoms from state |2i to state |3i, leading to a |3i-|12i
atom-dimer mixture (B). By choosing the appropriate detuning from the bare atomic transition
we can either dissociate the dimer, leading to three unbound atoms in states |1i, |2i and |3i (A)
or associate a dimer and an atom into a trimer (C).

5

�(!) ! ⌦2 (1/a� 1/a0)2

4⇡!3/2 (1/a02 + !)
C

Braaten,	  DK	  and	  Lucas	  2010	  
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Universal	  rela,ons	  

Feynman-‐Hellman	  
Theorem	  

!   Contact	  as	  matrix	  element	  
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Universal	  rela,ons	  

!   Adiaba,c	  rela,on	  
⇒ Can	  be	  used	  as	  an	  opera,onal	  defini,on	  

!   The	  contact	  C	  
!   depends	  on	  the	  states	  

!   extensive	  thermodynamic	  quan,ty	  depending	  on	  a,	  
density	  (n),	  entropy	  	  …	  

!   measures	  probability	  for	  2	  atoms	  being	  close	  
together	  
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Rela,ons	  for	  dimer	  

!   Contact	  :	  
	  
!   Exact	  wavefunc,on:	  
	  
!   Momentum	  distribu,on:	  

!   Dimer-‐dimer	  transi,on	  has	  ω-‐3/2	  and	  	  ω-‐5/2	  tail	  

C = 4⇡a2
dE

da
=

8⇡

a
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!  Contact	  density	  (	  	  	  	  	  	  	  	  	  	  	  	  ) 	   	   	   	  
	  	  for	  homogeneous	  gas	  at	  T=0	  

BEC	  limit	  (a→	  0+)	   unitary	  limit	  (a→	  	  	  	  	  	  	  	  )	   BCS	  limit	  (a→	  0-‐)	  

Many-‐body	  states	  

Drut,	  Lähde,	  Ten	  
	  [PRL	  2011]	  
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Proof	  of	  universal	  rela,on	  
!   Operator	  Product	  Expansion	  

! Ôi(0)	  	  with	  lowest	  scaling	  dimension	  

!   Matching	  matrix	  elements	  →	  Wilson	  coefficients	   	   	  
	  Few-‐body	  problem	  can	  be	  solved	  exactly	  

!   Operator	  iden,ty	  is	  valid	  for	  any	  states	  →	  Universal	  rela,on	  

OPE	  reveals	  aspects	  of	  many-‐body	  physics	  controlled	  
by	  few-‐body	  physics	  

3	   4	   6-‐2=4	  
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Operator	  product	  expansion	  

!   How	  to	  determine	  the	  Wilson	  coefficients?	  
In	  QCD	  

!   Strong	  coupling	  constant	  αs	  is	  small	  at	  short	  distance	  

!   Perturba,on	  theory	  in	  small	  αs	  →	  Wilson	  coefficients	  

In	  strongly	  interac,ng	  atoms	  
!   Coupling	  is	  large	  →	  nonperturba,ve	  problem	  
!   Few-‐body	  problem	  can	  be	  solved	  exactly.	  
	  →	  Wilson	  coefficients	  of	  lowest-‐dimension	  operators	  
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Operator	  product	  expansion	  

	  
Braaten	  and	  Pla1er	  [PRL	  2008]	  

Aser	  matching	  for	  1	  atom	  and	  2	  atom	  state	  …	  



Experiment
J. T. Stewart et al

PRL 104, 235301 (2010)

Plateau seen both in theory and experiment!

T/TF = 0 - 0.5

Momentum distribution & Contact
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Theory (lattice)
J. E. Drut, T. A. Lähde, T. Ten

Phys. Rev. Lett. 106, 205302 (2011)

19 

Proof	  of	  universal	  rela,on	  
From	  Drut’s	  talk	  
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Iden,cal	  Bosons	  
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2-‐	  and	  3-‐body	  physics	  
!   2-‐body	  :	  similar	  to	  fermions	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  scale	  invariance	  when	  	  
!   3-‐body	  :	  	  

!   Efimov	  trimers	  
	  
	  
	  
	  
	  
	  	  	  
	  	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

Efimov	  
physics	  

Log-‐periodic	  behavior	  !!!	  
Discrete	  scale	  invariance	  !!!	  
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Effec,ve	  Field	  Theory	  for	  bosons	  
!   Interac,on	  
	  
!   Integral	  equa,on	  for	  atom-‐diatom	  amplitude	  

	  



!   Interac,ons	  
	  
!   Integral	  equa,on	  for	  atom-‐diatom	  amplitude	  

!   approximate	  solu,on	  to	  renormaliza,on	  

Effec,ve	  Field	  Theory	  for	  bosons	  
Bedaque,	  Hammer,	  and	  van	  Kolck	  [PRL	  1999]	  

Good	  agreement	  to	  numerical	  solu^on	  by	  BHvK!!	  
23 

HBHvK ⇡ � sin[s0 ln(⇤/⇤⇤)� arctan(1/s0)]

sin[s0 ln(⇤/⇤⇤) + arctan(1/s0)
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Universal	  Rela,ons	  

Braaten,	  DK	  ,	  Pla1er	  
[PRL	  2011]	  

from	  3-‐body	  physics	  

!   Hold	  for	  any	  state	  of	  the	  system	  

!   Involve	  2-‐body	  contact	  (C2)	   	   	   	  
	  and	  3-‐body	  contact	  (C3)	  	  

!   Characterized	  by	  log-‐periodic	  behavior	  
	   	   	   	   	   	  (Efimov	  physics)	  
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=	  binding	  
momentum	  of	  
trimer	  at	  a=	   	  	  	  

!   Adiaba,c	  rela,ons:	  2-body and 3-body contacts	  

!   Tail	  of	  ρ(k)	  	  is	  derived	  by	  using	  OPE	  for	  
	  	  	  	  	   	  matching	  for	  1-‐,2-‐,	  and	  3-‐	  body	  states	  

Rela,ons	  for	  bosons	  
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!   Without	  final	  state	  interac,on	  

!   With	  final	  state	  interac,on	  

!   Coeff.	  of	  C3	  needs	  to	  be	  calculated!!	  

Tail	  of	  rf	  transi,on	  for	  bosons	  
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FIG. 3: A three-body loss resonance for 85Rb. We plot the
three-body event constant K3 vs a. From fitting Eqn. 7 to
the solid points, for which a < 1/kthermal, we extract a− =
−759(6)a0 and η = 0.057(2).

a on the a < 0 side of the Feshbach resonance, we use
absorption imaging to measure the number of atoms and
cloud size as a function of hold time. We then extract
the three-body event rate constant K3, which is defined
by d

dtN = −3K3〈n2〉N when all three atoms are lost per
event. In extracting K3, we assume that all of the mea-
sured loss is due to three-body processes and we account
for the observed heating of the gas, which causes addi-
tional decrease in n in time. Our 500 s vacuum-limited
lifetime and previous experiments on 85Rb suggest that
one- and two-body losses can be ignored for this range of
magnetic fields [39]. We fit the measured K3 vs a to the
expected form for an Efimov resonance for non-condensed
atoms [37],

K3 =
4590 sinh(2η)

sin2[s0 ln(a/a−)] + sinh2 η

h̄a4

m
. (7)

Because this expression comes from a T = 0 theory, we
only fit the data for a < 1/kthermal, where kthermal =√
2mkBT/h̄ and kB is Boltzmann’s constant. From the

fit, we extract a− = −759(6) a0 and η = 0.057(2). This
gives κ∗=39(1) µm−1.
To see how the three-body parameter might impact

the many-body physics, we plot the expected frequency
dependence of GRF(ω) in Fig. 4a. Note that GRF(ω) has
a node at |ω| ∼ 2π× 27 kHz and a smaller magnitude at
larger |ω|. Eqn. 5 has a frequency dependence given by
GRF(ω)/ω2, which suggests that the largest contribution
from C3 will be for smaller |ω|. The prediction for the
C3 term (Eqn. 5), like the C2 term (Eqn. 3), is valid for
ω → ∞. For the case of the C2 term, the RF tail arises
from two-body short-range correlations at distances that
are small compared to the interparticle spacing, which
requires ω ) h̄n2/3/m. For our typical experimental
parameters, h̄n2/3/m ∼ 1 kHz and this requirement is
always satisfied. However, for the case of C3, the pre-
diction for the C3 tail contribution to the RF tail may

FIG. 4: (a) The frequency dependence of GRF(ω), given our
measured value for κ∗. (b) Frequency dependence of the tail
of the RF spectrum for a = 982 ± 10 a0. The solid line is
a fit of the data (•) to the expected frequency dependence
of the two-body contact C2/N0 including final-state effects.
The dotted line corresponds to the same value of C2/N0, but
ignores final-state effects. For comparison, the fit plus a trial
C3/N0 term of 0.1 µm−2 is shown with the dashed line. Our
measurements are consistent instead with a C3/N0 of zero.
Here the mean density is 〈n〉 = 1.0 x1013 cm−3.

have a more limited range of applicability. In particular,
the C3 theory may only be applicable for |ω| > h̄

ma2 [40],
where the frequency dependence makes it less likely to
contribute significantly to the RF tail.
The results of our search for C3 can be seen in Fig. 4b,

where we examine the frequency dependence of the RF
tail for a BEC at a = 982±10 a0. Residual magnetic-field
gradients broaden the central feature in the RF spectrum,
and this limits our data for the tail to |ω| ≥ 2π × 10
kHz. In this frequency regime, we verify that technical
contributions to the signal are negligible by checking that
we detect no signal for positive detunings. We fit the
data to the predicted frequency dependence of the C2

contribution, shown by the solid line. The dotted line is
the same fit but shown without including the final-state
correction 1/β(ω). We can see that our data fit very well
to the expected frequency-dependence for the two-body
contact with final-state effects, and we do not observe
any deviation consistent with a three-body term. Fitting
the data to both contributions gives an upper limit for
C3/N0 of 0.07 µm−2.
In the regime of perturbative interactions, such as as-

sumed in the LHY calculation, one would expect that
the short-range correlations in the BEC are dominated
by two-body effects. This is consistent with our mea-
surements, where no clear signature of three-body effects
is seen in the frequency dependence of the interaction-
induced tail in RF spectroscopy. In general, this paves

Nov 7, 2012 INT workshop 27 

rf	  spectroscopy	  for	  85Rb	  BEC	  	  
Wild	  et	  al,	  PRL	  108	  2012	   !   Solid/DoCed	  line:	  rate	  

with/without	  final	  state	  
interac,on	  

!   Dashed	  line:	  	  
rate	  for	  C3/N0=	  0.1	  μm-‐2	  

!   Upper	  limit	  of	  C3/N0=	  
0.07	  μm-‐2	  

!   a=982	  a0	  

!   <n>=1013	  cm-‐3	  
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Rela,on	  for	  trimer	  state	  

!   Exact	  Trimer	  wavefunc,on	  at	  a	  =	  	  	  	  	  	  	  	  	  	  is	  known	  
!   Tail	  of	  ρ(k)	  for	  trimer	  with	  	  

!   Contacts	  for	  trimer	  

Werner	  and	  Cas^n	  	  
[arxiv:1001]	  
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Puzzle	  
!   From	  trimer	  WF	  	  

!   From	  the	  OPE	  

!   Struggling	  for	  3	  months	  
!   Missing	  diagrams	  in	  OPE?	  
!   Numerical	  Error	  in	  OPE?	  
!   Error	  in	  Wavefunc,on	  by	  Werner and Castin ?	  
!   Failure	  of	  OPE?	  

Braaten,	  DK	  ,	  Pla1er	  
2011	  

12	  %	  smaller	  



Nov 7, 2012 INT workshop 30 

Clue	  

!   3-‐body	  coupling:	  

!   Small	  discrepancy	  with	  numerical	  result	  (Hnum)	  

Bedaque,	  Hammer,	  
	  van	  Kolck	  
[PRL	  1999]	  

Hnum	  =	  0.879	  x	  HBHvK	  

HBHvK ⇡ � sin[s0 ln(⇤/⇤⇤)� arctan(1/s0)]

sin[s0 ln(⇤/⇤⇤) + arctan(1/s0)
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Solu,on	  
! HBHvK	  is	  an	  approximate	  solu,on	  and	  has	  12%	  
correc,on	  in	  prefactor	  

	  
!   FOPE(k)	  also	  changes	  by	  h0	  	  

	  	  

	   	  	   	  Agrees	  with	  F(k)	  from	  trimer	  wavefunc^on!!	  

HBHvK ⇡ �h0
sin[s0 ln(⇤/⇤⇤)� arctan(1/s0)]

sin[s0 ln(⇤/⇤⇤) + arctan(1/s0)]
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Summary	  

!   Universal	  rela,ons	  for	  strongly	  interac,ng	  atoms	  

!   OPE	  is	  a	  powerful	  tool	  

many-‐body	  physics	  controlled	  by	  few-‐body	  physics	  

!   Contact	  is	  central	  quan,ty	  

!   2-‐body	  contact	  for	  fermions	  with	  2	  spin	  states	  

!   2-‐	  and	  3-‐body	  contacts	  for	  iden,cal	  bosons	  

	   	   	   	  (and	  for	  fermions	  with	  >2	  spin	  states	  )	  

!   Efimov	  feature	  in	  the	  tail	  of	  many-‐body	  physics!!	  
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Back	  up	  
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Matching	  for	  1-‐atom	  State	  

	  

Wilson	  Coefficient	  -‐>	  1	  

Wilson	  Coefficient	  -‐>	  rj	  /2	  
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Matching	  for	  2-‐atom	  State	  

	  

Wilson	  Coefficient	  -‐>	  -‐r	  /(8π)	  
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Effec,ve	  Field	  Theory	  for	  bosons	  
	  
	  

Bedaque,	  Hammer,	  van	  Kolck	  
[PRL	  1999]	  

3-‐body	  problem	  	  	  	  	  	  
is	  renormalized!	  
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Diagnos,c	  
!   Assump,on	  in	  deriva,on	  of	  HHBvK 	  : 	   	  	  	  	  	  	  	  	  	  	  	  	  

log-‐periodic	  scaling	  behavior	   	   	   	   	  	  
is	  extrapolated	  up	  to	  cutoff	  (Λ)	  
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!   Many	  more	  universal	  rela,ons	  
!   Pressure	  rela,on,	  Virial	  theorem,	  Energy	  rela,on	  :	  Tan	  [2005]	  

!   Photoassocia,on:	  Werner,	  Carruel	  +	  Cas,n	  [EPJB	  2009];	   	  
	  Zhang	  +	  LeggeC	  [PRA	  2009]	  

!   Structure	  factors:	  Son	  +	  Thompson	  [PRA	  2010];	  Hu,	  Liu	  +	  Drummond	  
[EPL	  2010];	  Goldberger	  +	  Rothstein[arXiv:1012]	  

!   Correla,on	  for	  viscosity:	  Taylor	  +	  Randeria	  [PRA2010];	  Enss,	  
Haussmann	  +	  Zwerger	  [Annals	  Phys.	  2011]	  

!   Hard	  probe:	  Nishida	  [arXiv:1110]	  

!   Cold	  atom	  experiments	  :	  measurement	  of	  contact	  	  
!   Vale	  group	  at	  Swinburne	  PRL	  2010	  
!   Jin	  group	  at	  JILA	  PRL	  2010,	  2012	  
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!   Homogeneous	  system	  

	   	  Pressure	  rela,on	  

!   Trapped	  in	  harmonic	  poten,al	  	  

	   	  Virial	  theorem	  

Tan	  2005	  

More	  Universal	  rela,ons	  

Tan	  2005	  
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Proof	  using	  OPE	  

!   Matching	  for	  atom-‐diatom	  State	  

	  

FIG. 10: Diagram for the 1PI (atom+diatom)–to–(atom+diatom) Green function for the local

two-atom operator d†d.

FIG. 11: Diagram for the 1PI (atom+diatom)–to–(atom+diatom) Green function for the local

two-atom operator  † †d.

The 1PI Green function for the local 2-atom operators on the right side of the OPE in

Eq. (A9) is given by the diagram in Fig. 10. The Green function for d†d from this diagrams

is

�
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�
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4

Z

l
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2
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4
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The 1PI Green function for the local 3-atom operator  †d†d is given by the diagram in

Fig. 13. The loop integral on each side of the diagram diverges linearly with the ultraviolet

cuto↵. The Green function can be expressed as

�
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Z
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b. Final-state interactions involving a 12-diatom propagator

The contributions to the 1PI (atom+diatom)–to–(atom+diatom) Green function for the

bilocal rf operator from interactions between atoms of types 1 and 2 can be separated into

30

FIG. 12: Diagram for the 1PI (atom+diatom)–to–(atom+diatom) Green function for the local

two-atom operator  † †  .

FIG. 13: Diagram for the 1PI (atom+diatom)–to–(atom+diatom) Green function for the local

3-atom operator  †d†d .

those that involve an internal 12-diatom propagator and those that involve an internal STM

amplitude. The contributions that involve an internal 12-diatom propagator are given by

the sum of the three diagrams in Fig. 14.

31

 †(� r
2 ) (+

r
2 )

�g2H 0

8⇤2
 † † †   (0)g2 † †  (0) † (0),  †r (0)

No	  contribu,on	  since	  
vanishing	  Wilson	  

coeff.	  	  
FIG. 8: Diagrams for the 1PI (atom+diatom)–to–(atom+diatom) Green function for the bilocal rf

operator. These three diagrams involve no final-state interactions.

of one of the atom lines. The resulting expressions for the three diagrams are
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Trimer	  Spectrum	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Vitaly	  Efimov	  [1970]	  
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2-‐	  and	  3-‐body	  physics	  
!   2-‐body	  :	  similar	  to	  fermions	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  scale	  invariance	  when	  	  
!   3-‐body	  :	  	  

	  
	  
Due	  to	  imaginary	  anomalous	  dimension	  s0=1.006	  	  
	  
	  
	  
	  	  	  
	  	  
Invariant	  under	  	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

Efimov	  
physics	  

Log-‐periodic	  behavior	  !!!	  
Discrete	  scale	  invariance	  !!!	  
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Efimov	  Trimers	  	  	  	  	  	  	  	  	  	  	  	  
!   Infinitely	  many	  tri-‐atomic	  molecules	  with	  accumula,on	  
point	  at	  0	  binding	  energy	  at	  a=	  	  

!   Trimer	  Energies	  differ	  by	  22.72	  =	  515	  
!   Trimer	  Sizes	  differ	  by	  22.7	  
!   Trimer	  Structure	  

Vitaly	  Efimov	  [1970]	  
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Strongly	  interac,ng	  	  par,cles	  
!   For	  atoms,	  	  

!   Near	  Feshbach	  resonance, 	   	   	   	  	   	  
	  a	  varies	  with	  the	  B	  field	  !	  

	   	  	  

!   For	  nucleons,	  
!   a	  =	  -‐19	  fm	  (n-‐n)	  and	  a	  =	  +5.3	  fm	  (n-‐p	  spin-‐triplet)	  
!   a	  varies	  with	  quark	  masses	  	  

!   Tuning	  u	  and	  d	  masses	  →	  a	  =	  	  	  	  	  	  	  	  	  	  	  	  for	  the	  2	  channels	  	  

!   Constraint	  on	  quark	  mass	  varia,on	  from	  BBN	  

Bedaque,	  Luu,	  Pla1er	  [PRC	  2011]	  

Braaten,	  Hammer	  	  [PRL	  2003]	  

quark	  mass	  →	  a	  →	  binding	  energies	  →	  BBN	  


