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Universal features at low energies @TRlUMF

o Separation of scales:

a>/ u(r) xa—r
o 2-body S-wave universality:
By =1/Ma?
a>0
0 0 1\: '
< a> 0 —->:
I

Y
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Universal features at low energies @TRlUMF

o Separation of scales:

a>/ u(r) xa—r
o 2-body S-wave universality:
By =1/Ma?
o Physics at large distance is insensitive a>0 ;
to physics at short distance l
o Large-distance physics is studied in a>l ——
[

¢/a expansion

o Effects from SR-dynamics can be
included in perturbation theory
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Large-scattering-length physics @TRIUMF

Universal Physics exists in systems with
(<a

S

Helium-3

o Nuclear Physics

o Few-nucleon systems (NN, NNN):
ie., lh, ~1.7fm, a,, ~ 54 fm
o Halo nuclei (°He, ''Li)

Esep << Ecore

[www.anl.gov]
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Large-scattering-length physics @,TRIUMF

1000,

Universal Physics exists in systems with
(<a

500F

oF

Unit of ay

o Nuclear Physics s00f
o Few-nucleon systems (NN, NNN):
i.e., ffl N 16.7 fm,llafl.p ~ 5.4 fm 10005555 730 B(é:t)o 750 760
o Halo nuclei (°He, *'Li) "Li atoms [Gross et al. '09]
Esep << Ecore

o Atomic Physics
o Cold atomic gases (1*3Cs, "Li, 3°K):
ro and a varies near Feshbach
resonance
o ‘He atoms (dimer, trimer, tetramer):

Coaw ~ TA, a ~ 100A %He tetramer [D. Blume]
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Effective field theory

o An approach to systems with a separation of scales
o Systems with ¢ < a — an EFT with contact interactions

o Few-nucleon systems — pionless EFT
o Halo nuclei — halo EFT
o Atomic systems — short-range EFT

o Physical quantities are expanded in powers of 1 /a

o Contact interactions at LO
o 2-body contact interaction (LO)

Cy determined by a 2-body observable
o 3-body contact interaction (LO)

Dy determined by a 3-body observable
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Effective field theory

o An approach to systems with a separation of scales
o Systems with ¢ < a — an EFT with contact interactions

o Few-nucleon systems — pionless EFT
o Halo nuclei — halo EFT
o Atomic systems — short-range EFT

o Physical quantities are expanded in powers of 1 /a

o Contact interactions at LO
o 2-body contact interaction (LO) introduce a dimer field

X = —iCO C'(;:;]Q/A B —< = 72'\/29

Cy determined by a 2-body observable
o 3-body contact interaction (LO)

% = —iDy Dy=—3hg?/A* : : —ih

Dy determined by a 3-body observable Bedaque, Hammer, van Kolck '99
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EFT for 3 identical bosons @,TRIUMF

o LO (r9/a)? EFT Lagrangian for 3 identical bosons
v? v?
— ot (ion - XN w—d (o, + Y — _ 9 (gt tawtp+- - -
L=1 <zao+ 2m> w—d (7,80 + - A> - (d w¢+h.c)+hd A+
o terms with more derivatives are at higher orders (r¢/a)™

o Non-perturbative features at LO
o atom-atom (dimer) scattering (tune g)

o atom-dimer scattering (tune h

EIXIKM

Bedaque, Hammer, van Kolck '99
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LO renormalization S TRIUMF

10° g g
o Without 3BF: 1102; E
[as) F |
o 3-body spectrum: o | ]
cutoff dependent (A ~ 1//¢) 10'F 3
Platter '09 3
il el el
10’ 1012/2 10°
o LO 3BF h: AlB, ]'

o tune H(A) = A%h/2mg*:
fix one 3-body observable

o limit cycle:
H(A) periodic for A — A(22.7)"
Bedaque et al. '00

o scaling invariance — Efimov physics
Efimov '71

H(A)

10° 10"
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Universal physics at LO

o Universal features in three-body systems (Efimov effects)
o 3-body spectrum: a function of scattering length a
o geometric spectrum
o E, =(22.7)"2E,_1 in the limit a — oo
o universal relation of recombination features
o a*=at/45=—a"/21.3
o Ie. a(n) = 22.7a(:l_1)

a~ (3-atom resonance) o (recombination minimum)
/
S N ocieiel :
] a, ] : ! A
a, 172 a, a*, a, a* =a /213

" i [ i 1
" o N
g Bl AT 1 i
o ; |l:_v=(22A7) £ i 22.7 |
= | 1 ! i |
=) ] | !

g ! g~ : o @
! i 227 i i i
; : a— =00 004 @ i : :

log |al a*(atom-dimer resonance)

Zaccanti et al. '09
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Recombination features of cold atoms &2

Jo* loss rates of free atoms in

ultracold atomic gases
410°

o 39K atoms
Zaccanti et al. '09

o "Li atoms |[F = 1,mp = 0)

Gross et al. '09

Lz (cmBfs)

o "Liatoms |[F =1,mp =1)
Pollack et al. '09

Pic. credit: Ferlaino, Grimm '10
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Beyond universality: range effects QTRIUMF

o range effects on universal physics
o 2-body observable: kcotdy = —% + 22k 4 ...
o 3-body observables: — in r(/a expansion

o Previous EFT calculations of ry/a corrections (fixed a):

o Hammer, Mehen '01 (NLO)
o Bedaque, Rupak, Griesshammer, Hammer '03 (N2LO, partial iteration)
o Platter, Phillips '06 (N2LO, partial iteration)

o We perform a rigorous perturbative caluclation
o NLO (systems with variable a)

o ultracold atomic gases (70/a varies near Feshbach resonance)
o 3-body recombination

o N2LO (systems with a fixed a)
o *He atoms (ro/a ~ 0.07)
o *He trimer (bound state), atom-dimer phase shift (scattering state)
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NLO (r9/a) range effects

o Calculate ry/a correction to atom-dimer amplitude
o NLO correction to atom-atom propagator (dimer):

o 2m 1/G+Lk
—= - T 0mg?=1/atik

o NLO correction to atom-dimer contact term (3BF):

N\ =R )

o Contribution in 1%* order perturbation theory:

NLO dimer: °x°
NLO 3BF: ¥ W W @.L@

o NLO 3-body force:
Hl(A) = TQA hl()(A) + To/a hll(A)
o a fixed: hy; is absorbed (no additional 3-body input is needed)
o a varies: one additional 3-body input is needed
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NLO three-body 3BF Q2 TRIUMF

(o} Hl(A) = oA hlo(A) + To/a hll(A)

1/h,(A)
1/h,,(A)

1/h11(A)
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In ultracold atomic gases R TRIUMF

a and r( are functions of the magnetic field

Li

Unit of ay

‘}? =1,mp=0>

500

250 .

250F

_500L

Li
1000
500, -
m
<
=
o 0l =
=]
=
-500 =
-1000b2L : ;
720 730 740 750 760
B (G)
4

Gross et al. '09
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Recombination of ‘Li Atoms

10 T

‘F =Lmr= 0> ___. ;gé)r'nr:)tz a &d
Gross et al. data

o 3-body recombination rate of "Li &
atoms S 1

o

<

9@ NLO (ro/a) range effects to i | H,lH’ i
recombination I,’I/ '
O positions are not shifted by /,
deep-dimer at LO
[Braaten et al. "08] 01755 7
a[1000 ag]
Experiment '
3A res a, [as] 2641
rec min a™ [ag] 11607
Ad res a* [aB] 180*

T Gross et al. '09 I Machtey et al. '12 * Ji, Phillips, Platter '10
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Recombination of ‘Li Atoms

|FF=1,mp =0)

o 3-body recombination rate of "Li
atoms

10

——LO:mtoa

— NLO:mtoa &a’
Gross et al. data

9@ NLO (ro/a) range effects to i | H,lH’ i
recombination I //I’ !
O positions are not shifted by /,
deep-dimer at LO
[Braaten et al. "08] 01755 :
a[1000 ag]
Experiment ' LO
3A res a, [as] 2641 -264
rec min a™ [ag] 11607 1254
Ad res a* [aB] 180* 281
T Gross et al. '09 I Machtey et al. '12 * Ji, Phillips, Platter '10
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Recombination of ‘Li Atoms

|FF=1,mp =0)

o 3-body recombination rate of "Li

atoms

10 T
——LO:mtoa

— NLO:mtoa &a’
Gross et al. data

I
o
o 1 4
= 1
9@ NLO (ro/a) range effects to > | ,|.|fl |
recombination I,’I/ |
O positions are not shifted by /,
deep-dimer at LO
[Braaten et al. "08] 01755 :
a[1000 ag]
Experiment ' LO LO
3A res a, [as] 2641 -264 -244
rec min a™ [ag] 11607 1254 1160
Ad res a* [ag] 180% 281 259

T Gross et al. '09

I Machtey et al. '12 * Ji, Phillips, Platter '10
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Recombination of ‘Li Atoms

|FF=1,mp =0)

o 3-body recombination rate of "Li
atoms

10

——LO:mtoa

— NLO:mtoa &a’
Gross et al. data

9@ NLO (ro/a) range effects to i | H,lH’
recombination I, I/
O positions are not shifted by /,
deep-dimer at LO
[Braaten et al. "08] 01755 :
a[1000 ag]
Experiment ' LO LO NLO*
3A res a, [as] 2641 -264 -244 -264
rec min a* [az] 1160 1254 1160 1160
Ad res a* [a5] 180* 281 259 210(44)
T Gross et al. '09 I Machtey et al. '12 * Ji, Phillips, Platter '10
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Recombination of ‘Li Atoms

|F=1,mp=1)

Qo

"Li(mp = 1) recombination
[Pollack et al. '09]

data disagree with universality by
a factor of 2

EFT analysis at NLO agrees with
universality

K, [1000 a]

~— LO:mtoa
—NLO:mto a  &a,

al1NNN o 1

Experiment
[Pollack et al. "09]

3Ares a, [aB] -298
3Ares a” [aB] -6301
rec min a™ [ag] 2676
Ad res a” [aB] 608
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Recombination of ‘Li Atoms

10 T T T
~— LO:mtoa

—NLO:mto a  &a,

|F=1,mp=1) 15
@ "Li(mp = 1) recombination
[Pollack et al. '09]

O data disagree with universality by
a factor of 2

K, [1000 a]
S
T

o EFT analysis at NLO agrees with \
universality I
-2 1 1 1
10 10" ¥ 10'
a 10NN o 1
Experiment LO
[Pollack et al. "09]
3Ares a, [aB] -298 -298
3A res a” [as] 6301 6763
rec min a™ [ag] 2676 1415
Ad res a” [aB] 608 317
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Recombination of ‘Li Atoms

10 T T T
~— LO:mtoa

—NLO:mto a  &a,

|F=1,mp=1) 15
@ "Li(mp = 1) recombination
[Pollack et al. '09]

O data disagree with universality by
a factor of 2

K, [1000 a]
S
T

o EFT analysis at NLO agrees with 10 \
universality I
]0—2 1 : |0 1 :
10 10 10
allNNN o 1
Experiment LO LO
[Pollack et al. "09]
3A res ag, [as] -298 298 -278
3Ares a” [az] -6301 6763  -6301
rec min a™ [ag] 2676 1415 1319
Ad res a” [aB] 608 317 295
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Recombination of ‘Li Atoms

10 T T T
~— LO:mtoa

—NLO:mto a  &a,

|F=1,mp=1) 15
@ "Li(mp = 1) recombination
[Pollack et al. '09]

O data disagree with universality by
a factor of 2

K, [1000 a]
S
T

o EFT analysis at NLO agrees with 10 \
universality I
]0—2 1 : |0 1 :
10 10 10
allNNN o 1
Experiment LO LO NLO
[Pollack et al. "09] [Ji et al. '10]
3A res af) [as] 208 2098 -278 208
3Ares a” [aB] -6301 -6763  -6301 -6301
rec min a™ [ag] 2676 1415 1319 1348(151)
Ad res a* [ap] 608 317 205 356(55)
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Universal relations at NLO

Ji, Phillips, Platter 12
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Universal relations at NLO

o NLO corrections
_ ) (=) ()2
Yo = —021072" +ro(ao) - Zy "7
_ ) ) ()2
Yo = — 09397 +rolay) - Le 'l

Ji, Phillips, Platter 12
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Universal relations at NLO

o NLO corrections
_ (=) () ()2
Yo = —021072" +ro(ao) - Zy "7

2
Yo = — 093997 4 ro(as) - T4

o Linear correlation at NLO
77 = —0.309 4+ 7.17 7

Ji, Phillips, Platter 12
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Universal relations at NLO R TRIUMF

o NLO corrections
_ ) (=) ()2
Yo = —021072" +ro(ao) - Zy "7
_ ) ) ()2
Yo = — 09397 +rolay) - Le 'l

o Linear correlation at NLO
77 = —0.309 4+ 7.17 7

o Universal relation at NLO
2
e = — 093070 —0.30970(an)y )"+ 7.17 Tolas) (70 +0.2107<:’)

ro(ao)

Ji, Phillips, Platter 12
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Universal relations at NLO

o NLO corrections
_ ) (=) ()2
Yo = —021072" +ro(ao) - Zy "7
_ ) ) ()2
Yo = — 09397 +rolay) - Le 'l

o Linear correlation at NLO
77 = —0.309 4+ 7.17 7

o Universal relation at NLO
2
e = — 093070 —0.30970(an)y )"+ 7.17 Tolas) (70 +0.2107<:’)

ro(ao)

o= 44Ty = T.0270(a:)nd +0.560 L) (7(_‘) +4.7670)
Ji, Phillips, Platter '12
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N2LO (ry/a)’ range effects QR TRIUMF

o N2LO corrections to atom-dimer scattering amplitude:
o in 2" order perturbation theory (~ 72/a%):

N?LO dimer:
N2LO 3BF: Qé W \@ @.‘_Q

il ONONO RO O\ {(ORS
ONONORS

o N2LO 3-body force:
HQ(E, A) = T%AQ th(A) + T(Q]mEg hgg(A)
— one additional 3-body input is needed (even when a is fixed)

c.f. Bedaque et al. '03 & Platter, Phillips '06
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N2LO renormalization R TRIUMF

o Hy = r%AQ hao o Hy = T(Q)A2 hao + T%mEt hoo
T T § 100 T T
1.5F b ]
~a 1_ 3
o =
3 0.5F e g:_
EQ: 0' HB(()U E %E‘
-0.5F *—B" ]
— B ]
-1 L L ] L ! ]
107 10° 10* 10° 10 10° 10* 10°
ATl Al
Aug — LO/NLO/NzLO Aad — LO/NLO/NQLO
(1)
Bgl) — Bél) 4 TOBF) 4 T%Bél) Bt — N2LO

B® = B 1 roBY 1 1280
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NLO three-body 3BF QR TRIUMF

Qo HQ(A) = T'(Q)A2 hgo(A) + 'r%mEt hQQ(A)

1/h,(A)

1
10° 10° 10 10
Al

1/haa(A) [partial version]
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Input BV [Bal B{” [Bal @aa [y 7aa [v7]
TTY potential 1.738 96.33 1.205
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Input BV [Ba B [Ba aa [yl rea [y
TTY potential 1.738 96.33 1.205

Qad LO 1.723 97.12 1.205 0.8352
Qad NLO 1.736 89.72 1.205 0.9049
aea, B N2LO 1.738 116.9 1.205 0.9132
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Input BV [Bal B [Bdl awalvl raa [yl
TTY potential 1.738 96.33 1.205
Gad LO 1.723 97.12 1.205 0.8352
Gad NLO 1.736 89.72 1.205 0.9049
aag, BY  N2LO  1.738 116.9 1.205 0.9132
B LO 1.738 99.37 1.178 0.8752
B NLO 1.738 89.77 1.201 0.9130
B®" a.a N2LO  1.738 115.9 1.205 0.9135
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Input BV [Bal B [Bdl awalvl raa [yl
TTY potential 1.738 96.33 1.205
Gad LO 1.723 97.12 1.205 0.8352
Gad NLO 1.736 89.72 1.205 0.9049
aag, BY  N2LO  1.738 116.9 1.205 0.9132
B LO 1.738 99.37 1.178 0.8752
B NLO 1.738 89.77 1.201 0.9130
B®" a.a N2LO  1.738 115.9 1.205 0.9135

o Difference in 2 renormalization schemes (LO—NLO—NZ2LO):
5% — 0.9% — 0.02%
o ground-state trimer B{”: 2% — 0.07% — 0.9%

o atom-dimer effective range rqq:
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Input BV [Bal B [Bdl awalvl raa [yl
TTY potential 1.738 96.33 1.205
Gad LO 1.723 97.12 1.205 0.8352
Gad NLO 1.736 89.72 1.205 0.9049
aag, BY  N2LO  1.738 116.9 1.205 0.9132
B LO 1.738 99.37 1.178 0.8752
B NLO 1.738 89.77 1.201 0.9130
B®" a.a N2LO  1.738 115.9 1.205 0.9135

o Difference in 2 renormalization schemes (LO—NLO—NZ2LO):
5% — 0.9% — 0.02%
o ground-state trimer B{”: 2% — 0.07% — 0.9%

o atom-dimer effective range rqq:

o Compare with TTY:
o AB ~20%
o 2B ~ 05

o EFT expansion needs to be corrected for deep trimer with U, 4. [Gao '98]
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He-4 trimer phase shift at N’LO

Q2 TRIUMF

© agq — LO/NLO/NZLO
o Bt(l) — N2LO

[~ -~ N°LO (a,,, B)

ad’ =t

o BY - LO/NLO/N2LO
0 aqq — N2LO

‘0-4_' rrYrrrrrrTTTTrT T T T T T T T T T T T
E Lo e
-0.5F NLO (Bgl)) // ..g_
- 2 e
= [ --NLO®B" a,) S
3—0.6_— // -
('8 [ //.'.
o F P .
£ -0.7:— /// .
[ T
—0_8__ _”’/_‘ —
i .ulu L 1 P L 1
0 02 04 06 08 1
k [yl
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Difference btw 2 renormalization R TRIUMF

o LO — NLO— N’LO
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Conclusion S TRIUMF

o We studied effective-range corrections on Efimov physics in
perturbation theory
o NLO for varying a:
o recombination in cold atoms
o Hi(A) =19\ hio(A) +70/a hi1(A)
o one additional 3-body input is needed for NLO renormalization

o N2LO for fixed a:

o He-4 trimer
Q HQ(E, A) = T‘(Q]AQ hQQ(A) + r%mEd hQQ(A)
o one additional 3-body data is needed for N2LO renormalization

o Range corrections are also important in nuclear physics
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