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RG evolution of 3N interactions

c1, c3, c4 terms cD term cE term

• So far (in momentum basis): 
intermediate (cD) and short-range 
(cE) 3NF couplings fitted to few-body 
systems at different resolution scales: 

E3H = �8.482 MeV r4He = 1.95� 1.96 fmand

coupling constants of natural size

• in neutron matter contributions from      ,       and     terms vanishcD cE c4

• long-range       contributions assumed to be invariant under RG evolution 2�
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FIG. 4: Ground-state energies of oxygen isotopes measured from 16O, including experimental values of the bound 16−24O.
Energies obtained from (a) phenomenological forces SDPF-M [14] and USD-B [15], (b) a G matrix and including FM 3N forces
due to ∆ excitations, and (c) from low-momentum interactions Vlow k and including chiral EFT 3N interactions at N2LO as
well as only due to ∆ excitations [26]. The changes due to 3N forces based on ∆ excitations are highlighted by the shaded
areas. (d) Schematic illustration of a two-valence-neutron interaction generated by 3N forces with a nucleon in the 16O core.

tween valence neutrons. Using microscopic NN and 3N
forces as well as known SPE, our shell-model calculations
naturally explain why 24O is the heaviest oxygen isotope.
The changes due to 3N forces are amplified and testable
in neutron-rich nuclei and are expected to play a crucial
role for matter at the extremes.
We thank S. Bogner, R. Furnstahl, A. Nogga and T.

Nakamura for useful discussions. This work was sup-
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FIG. 2: (color online) IT-NCSM ground-state energies for 12C and
16O as function of Nmax for the three types of Hamiltonians and a
range of flow parameters (for details see Fig. 1).

initial NN interaction are negligible in the α-range considered
here, indicating that the NN+3N-induced Hamiltonian is uni-
tarily equivalent to the initial NN Hamiltonian. The extrapo-
lated ground-state energies for different α are summarized in
Tab. I.
By including the initial chiral 3N interaction, i.e., by using

the NN+3N-full Hamiltonian, the ground-state energies are
lowered and are in good agreement with experiment for both,
4He and 6Li. As for the NN+3N-induced there is no sizable
α-dependence in the range considered here. We conclude that
induced 3N terms originating from the initial NN interaction
are important, but that induced 4N (and higher) terms are not
relevant for light p-shell nuclei, since the ground-state ener-
gies obtained with the NN+3N-induced and the NN+3N-full
Hamiltonian are practically α-independent.
This picture changes if we consider nuclei in the upper p-

shell. In Fig. 2 we show the first accurate ab initio calcula-

TABLE I: Summary of Nmax-extrapolated IT-NCSMground-state en-
ergies in MeV for !Ω = 20MeV (see text).

α [fm4] 4He 6Li 12C 16O
NN 0.05 -28.08(2) -31.5(2) -99.1(6) -161.0(2)
only 0.0625 -28.25(1) -31.8(1) -101.4(3) -164.9(6)

0.08 -28.38(1) -32.2(1) -103.7(2) -170.2(4)
NN+ 0.05 -25.33(1) -27.7(2) -76.9(2) -119.5(3)
3N-ind. 0.0625 -25.34(1) -27.6(2) -77.2(1) -119.7(6)

0.08 -25.34(1) -27.6(1) -77.4(2) -119.5(2)
NN+ 0.05 -28.45(3) -31.8(2) -96.1(4) -143.7(2)
3N-full 0.0625 -28.45(1) -31.8(1) -96.8(3) -145.6(2)

0.08 -28.46(1) -31.8(1) -97.6(1) -147.8(1)
exp. -28.30 -31.99 -92.16 -127.62
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FIG. 3: (color online) Nmax-extrapolated ground-state energies of 4He
and 16O as function of the flow parameter α for the NN-only (•), the
NN+3N-induced ( !), and the NN+3N-full Hamiltonian (").

tions for the ground states of 12C and 16O starting from chiral
NN+3N interactions. By combining the IT-NCSM with the
JT -coupled storage scheme for the 3N matrix elements we
are able to reach model spaces up to Nmax = 12 for the upper
p-shell at moderate computational cost. Previously, even the
most extensive NCSM calculations including full 3N interac-
tions were limited to Nmax = 8 in this regime [16]. As evident
from the Nmax-dependence of the ground-state energies, this
increase in Nmax is vital for obtaining precise extrapolations.
The general pattern for 12C and 16O is similar to the light

p-shell nuclei: The NN-only Hamiltonian exhibits a severe
α-dependence indicating sizable induced 3N contributions.
Their inclusion in the NN+3N-induced Hamiltonian leads to
ground-state energies that are practically independent of α,
confirming that induced 4N contributions are irrelevant when
starting from the NN interaction only. Therefore, the NN+3N-
induced results can be considered equivalent to a solution for
the initial NN interaction. The 16O binding energy per nucleon
of 7.48(4)MeV is in good agreement with a recent coupled-
cluster Λ-CCSD(T) result of 7.56MeV for the ‘bare’ chiral
NN interaction [17].
In contrast to light nuclei the ground-state energies of 12C

and 16O obtained with the NN+3N-full Hamiltonian do show
a significant α-dependence, as evident from Fig. 2(c) and (f).
The inclusion of the initial chiral 3N interaction does induce
4N contributions whose omission leads to the α-dependence.
A direct comparison of the α-dependence of the extrapo-

lated ground-state energies for 4He and 16O is presented in
Fig. 3. For both nuclei, the NN-only Hamiltonian exhibits
a sizable variation of the ground-state energies of about 25
MeV (0.7 MeV) for 16O (4He) in the range from α = 0.04 fm4
to 0.16 fm4. The inclusion of the induced 3N terms elimi-
nates this α-dependence. The inclusion of the initial 3N in-
teraction again generates an α-dependence of about 10 MeV
for 16O. Note that the induced 4N (and higher) contributions
that are needed to compensate the α-dependence for 16O reach
about half the size of the total 3N contribution in the SRG-
transformed Hamiltonian. This is evidence that the hierarchy
of the many-body forces in chiral EFT may not be preserved
by the SRG transformation.

Roth et al. PRL 107, 072501 (2011)
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• explicit calculation of unitary 3N transformation

‣ RG evolution of operators

‣ study of correlations in nuclear systems            factorization 
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RG evolution of 3N interactions in momentum space

|pq�⇥ i � |piqi; [(LS)J(lsi)j]JJz(Tti)T Tz⇥
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dVij

ds
= [[Tij , Vij ] , Tij + Vij ] ,

dV123

ds
= [[T12, V12] , V13 + V23 + V123]

+ [[T13, V13] , V12 + V23 + V123]
+ [[T23, V23] , V12 + V13 + V123]
+ [[Trel, V123] , Hs]

SRG flow equations of NN and 3N forces in Faddeev basis

�s = [Trel, Hs]
dHs

ds
= [�s, Hs]

• spectators correspond to delta functions, matrix representation of      ill-defined

• solution: explicit separation of NN and 3N flow equations

see Bogner, Furnstahl, Perry PRC 75, 061001(R) (2007)

• only connected terms remain in           , ‘dangerous’ delta functions cancel dV123

ds

Hs

H = T + V12 + V13 + V23 + V123



SRG evolution in momentum space
• evolve the antisymmetrized 3N interaction 

• embed NN interaction in 3N basis:

V 123 =ihpq↵| (1 + P123 + P132)V
(i)
123(1 + P123 + P132) |p0q0↵0ii

V13 = P123V12P132, V23 = P132V12P123

with 3hpq↵|V12|p0q0↵0i3 = hp↵̃|VNN|p0↵̃0i �(q � q0)/q2

• use P123V 123 = P132V 123 = V 123

) dV 123/ds = C1(s, T, VNN, P )

+ C2(s, T, VNN, V 123, P )

+ C3(s, T, V 123)



RG evolution of 3N interactions in momentum space:
Results for the Triton

see KH, PRC(R) 85, 021002 (2012)

1.5 2 3 4 5 7 10 15
h [fm<1

]

<8.5

<8.4

<8.3

<8.2

<8.1

E gs
  [M

eV
] NN-only

0.00010.0010.010.1
s [fm4]

<8.5

<8.4

<8.3

<8.2

<8.1

J12 max=5 550/600 MeV
N

_
=42

exp.



RG evolution of 3N interactions in momentum space:
Results for the Triton

see KH, PRC(R) 85, 021002 (2012)

Invariance of        within            for consistent chiral interactions at            E
3H
gs N2LO

1.5 2 3 4 5 7 10 15
h [fm<1

]

<8.5

<8.4

<8.3

<8.2

<8.1

E gs
  [M

eV
] NN-only

NN + 3N-induced

0.00010.0010.010.1
s [fm4]

<8.5

<8.4

<8.3

<8.2

<8.1

J12 max=5 550/600 MeV
N

_
=42

 1 eV

exp.



RG evolution of 3N interactions in momentum space:
Results for the Triton

see KH, PRC(R) 85, 021002 (2012)

Invariance of        within            for consistent chiral interactions at            E
3H
gs N2LO

1.5 2 3 4 5 7 10 15
h [fm<1

]

<8.5

<8.4

<8.3

<8.2

<8.1

E gs
  [M

eV
] NN-only

NN + 3N-induced
NN + 3N-full

0.00010.0010.010.1
s [fm4]

<8.5

<8.4

<8.3

<8.2

<8.1

J12 max=5 550/600 MeV
N

_
=42

 1 eV

exp.



RG evolution of 3N interactions in momentum space:
Results for the Triton

see KH, PRC(R) 85, 021002 (2012)

Invariance of        within            for consistent chiral interactions at            E
3H
gs N2LO

1.5 2 3 4 5 7 10 15
h [fm<1

]

<8.5

<8.4

<8.3

<8.2

<8.1

E gs
  [M

eV
] NN-only

NN + 3N-induced
NN + 3N-full

0.00010.0010.010.1
s [fm4]

<8.5

<8.4

<8.3

<8.2

<8.1

450/500 MeV
600/500 MeV
450/700 MeV
600/700 MeV

J12 max=5 550/600 MeV
N

_
=42

 1 eV

exp.



Unitarity of SRG evolution
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• Faddeev basis not complete under permutation of particles

• embedding of NN forces in finite 3N basis not exact: 

violation of unitarity can be systematically reduced by increasing the model space 

V12 = PV23P
�1, ...

KH, PRC(R) 85, 021002 (2012)



Decoupling of matrix elements

450/500 MeV
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 same decoupling patterns like in NN interactions
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KH, PRC(R) 85, 021002 (2012)
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Universality in 3N interactions at low resolution
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Figure 17: Diagonal (left) and off-diagonal (right) momentum-space matrix elements for various phe-
nomenological NN potentials initially (upper figures) and after RG evolution to low-momentum inter-
actions Vlow k [5, 6] (lower figures) for a smooth regulator with Λ = 2.0 fm−1 and nexp = 4.

0 0.5 1 1.5 2 2.5

k [fm
−1

]

−2

−1.5

−1

−0.5

0

0.5

1

1.5

V
N

N
(k

,k
) 

[f
m

]

EGM  450/500
EGM  550/600
EGM  600/600
EGM  450/700

0 0.5 1 1.5 2 2.5 3

k [fm
−1

]

−2

−1.5

−1

−0.5

0

0.5

1

1.5

V
N

N
(0

,k
) 

[f
m

]

EGM 600/700
EM 500
EM 600

1
S

0
  N

3
LO initial

1
S

0
  N

3
LO initial

0 0.5 1 1.5 2 2.5

k [fm
−1

]

−2

−1.5

−1

−0.5

0

0.5

1

1.5

V
lo

w
 k

(k
,k

) 
[f

m
]

EGM  450/500
EGM  550/600
EGM  600/600
EGM  450/700

0 0.5 1 1.5 2 2.5 3

k [fm
−1

]

−2

−1.5

−1

−0.5

0

0.5

1

1.5

V
lo

w
 k

(0
,k

) 
[f

m
]

EGM 600/700
EM 500
EM 600

1
S

0
  V

low k
(k,k)

1
S

0
  V

low k
(0,k)

Figure 18: Diagonal (left) and off-diagonal (right) momentum-space matrix elements of different N3LO
NN interactions (EM [20] and EGM [44]) initially (upper figures) and after RG evolution to low-
momentum interactions Vlow k [5,6] (lower figures) for a smooth regulator with Λ = 2.0 fm−1 and nexp = 4.
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phase-shift 
equivalence

common long-
range physics

(approximate) universality of 
low-resolution NN interactions

To what extent are 3N interactions constrained at low resolution?

• only two low-energy constants 

• 3N interactions give only subleading contributions to observables

cD and cE



Universality in 3N interactions at low resolution
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• remarkably reduced scheme dependence for typical momenta               ,

matrix elements with significant phase space well constrained at low resolution

• new momentum structures induced at low resolution

• study based on          chiral interactions, improved universality at          ?     

� 1 fm�1

N2LO N3LO

KH, PRC(R) 85, 021002 (2012)



VNN V3N

V3N

V3N

Application to neutron matter:
Equation of state

E =

+ +

+ +

• evolve consistently NN + 3NF in the isospin               channel

• calculate EOS by taking all blue-boxed contributions into account

• in this approximation NN and 3NF contributions factorize

+ . . .

Hartree-Fock

VNN

VNN

++ +
V3N

V3N

V3N

VNN

VNN

V3N

2nd-order

Hartree-Fock

kinetic energy

3rd-order 
and beyond

T = 3/2
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Resolution-scale dependence (HF + 2nd-order NN)
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Resolution-scale dependence (HF + 2nd-order NN)

• below                   EOS results invariant within theoretical uncertainties

• at larger scale higher-order many-body diagrams become important

� . 1.8 fm�1
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Partial-wave convergence of 3NF contributions

• energy in HF approximation agrees within              with exact result
at nuclear saturation density for                    at J

max

= 7/2

50 keV
s = 0



Matrix elements of evolved 3-neutron interactions
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• at larger resolution scales ratio depends on details of the interaction

• at low resolution, 3N contributions seem to grow systematically,
however apparently no simple power law (still under investigation)     

Scaling of three-body contributions
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Summary
• demonstrated the feasibility of SRG evolution of NN+3NF in momentum space

• first results of neutron matter based on consistently evolved NN+3NF interactions

• strong renormalization effects of chiral two-pion exchange interaction in neutron 

matter

• 4N force contributions seem to be small in neutron matter down to

Outlook

• inclusion of N3LO contributions

• extend RG evolution to                 channels,  application to nuclear 

matter and finite nuclei

• RG evolution of operators: nuclear scaling and correlations in nuclear systems 

T = 1/2

� = 1.2 fm�1



Effects of N3LO 3NF contributions:
Neutron matter

Thews, Krueger, KH and Schwenk, arXiv:1206.0025



Reminder:
SRG evolution of operators (see Scott’s and Dick’s talk)

Instructive test case: density operator in the deuteron

Anderson, Bogner, Furnstahl, Perry, PRC 82, 054001 (2010)
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FIG. 5. Decoupling in operator matrix elements is tested by calculating the momentum distribution
in the deuteron after evolving the AV18 potential to several di⇥erent � and then truncating the
Hamiltonian and evolved occupation operators (i.e., set them to zero above � = 2.5 fm�1).

both operators. The integrand of the operator at q = 3.02 fm�1 begins as a sharp spike,
corresponding to the original operator, but then flows out along the momentum axes to lower
momentum. By the time the integrand reaches lower values of � in the evolution nearly all
of the strength in the expectation value is in the low-momentum region. The original spike
disappears as the wave function dependence at high momentum falls o�.

As for the operator at q = 0.34 fm�1, the strength does begin to flow out to some extent,
but remains almost entirely in the low-momentum region. Once again, the display scale
has overemphasized the extent of the evolution in the values of the integrand. The spike
which remains at � = 1.5 fm�1 actually contains � 96% of the full expectation value. Due
to the possibility of misinterpreting these plots on a linear display scale, we also include the
same plots with logarithmic display scale. These pictures show only the magnitude of the
integrands, but display nearly the full range of their values. Now it is conclusive that the
strength of the high momentum operator flows to low momentum, and the strength of the
low-momentum operator remains at low momentum for a low-energy state. We will see this
pattern repeat in the calculation of other operators in the next section.

Despite the apparent changes in the integrands as they evolve, it is important to note that
the sum of all the points (the expectation value) remains unchanged due to the unitarity
of the SRG transformation. The momentum distribution calculations shown in Fig. 2 were
performed in the full momentum space of the original potential. Decoupling of the potential
allows us to truncate the model space, thereby making numerical simulations more feasible,
while at the same time allowing us to calculate the correct binding energies. If the calculation
of other expectation values must be performed in the full model space, then the benefits of
the SRG would be lost. However, the redistribution of strength implies that we have a form

10

• perfect invariance of momentum distribution function with evolved 
density operator

• strong/slight evolution of short/long-distance operators

•              factorizes for            and           :

integrand of 

q � �k < �U�(k, q) U�(k, q) � K�(k)Q�(q)

�
�D�|U� a†qaq U†

�|�D�

⇥
(q = 4.5 fm�1)



Correlations in nuclear systems
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FIGURE 1. The simple goal of short-range nucleon-nucleon correlation studies is to cleanly isolate diagram b) from a).
Unfortunately, there are many other diagrams, including those with final-state interactions, that can produce the same final state as
the diagram scientists would like to isolate. If one could find kinematics that were dominated by diagram b) it would finally allow
electron scattering to provide new insights into the short-range part of the nucleon-nucleon potential.

For A(e,e’p) reactions, one can determine not only the energy and moment transferred, but also the energy and

momentum of the knocked-out nucleon. The difference between the transferred and detected energy and momentum

is referred to as the missing energy, Emiss and missing momentum, pmiss, respectively. From the theoretical works on

how short-range nucleon-nucleon correlations effects the momentum distribution of nucleons in the nucleus [6], it

is clear one must probe beyond the simple particle in an average potential motion of the nucleon in the nucleus of

approximately 250 MeV/c in order to observe the effects of correlations.

With the construction of the Jefferson Lab Continuous Electron Beam Facility (CEBAF) [7], it was possible to

do high-luminosity knock-out reactions in ideal quasi-elastic kinematics into the pmiss > 250 MeV/c region. In the

early Jefferson Lab knock-out reaction proposals, such as E89-044 3He(e,e’p)pn and 3He(e,e’p)d, these kinematics

were argued as the key to cleanly observe the effects of short-range correlations. And while final results of the

experiments were clearly effected by the presence of correlations, the magnitude of the cross sections in the high

missing momentum region was dominated by final-state interaction effects [8, 9]. Equally striking was the D(e,e’p)n

data from CLAS taken at Q2 > 5 [GeV/c]2 in xB < 1 kinematics [10]. Here it was shown that meson-exchange currents,

final-state interaction, and delta-isobar configurations mask cleanly probing nucleon-nucleons even at extremely high

Q2 in xB < 1 kinematics.

NUCLEAR SCALING

With both the xB < 1 and xB = 1 kinematics practically ruled out for ever being able to cleanly probe short-range

correlations; there is only one region left to explore: xB > 1. This is a special region, since it is kinematically

forbidden for a free nucleon, and thus seems to be a natural place to observe effects of multi-nucleon interactions.

These kinematics were probed with limited statistics at SLAC [11] and the plateaus in the per nucleon ratios, r(A/d),

were claimed at to be evidence for short-range correlations [12].

In 2003, CLAS published high statics data in the same kinematic region. The results clearly showed that the plateaus

could only be seen for Q2 > 1 [GeV/c]2 and xB > 1 kinematics [13] as predicted by Frankfurt and Strikman [14]. But

plateaus alone are not evidence for correlations, just evidence that the functional form of the cross section is the same

for the two nuclei; so data was taken the xB > 2 region. By logic, if 1< xB < 2 is a region of two-nucleon correlations,

then the xB > 2 region should be dominated by three-nucleon correlations. The CLAS Q
2 > 1 and xB > 2 experiment

reported observing a second scaling plateau as shown in Fig. 2 [15]. Preliminary results of Hall C high precision data

have shown roughly the same magnitude for these plateaus as CLAS and shown that there is no Q2 dependence in the

2< Q2 < 4 [GeV/c]2 range [16, 17].

Subedi et al., Science 320, 1476 (2008)

Higinbotham, arXiv:1010.4433

What is this vertex?

Short-range-correlation
interpretation: Explanation in terms 

of low-momentum interactions? 
q

• detection of knocked out pairs 
with large relative momenta
• excess of np pairs over pp pairs

k
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: low rel. momentum

: high rel. momentum

(      talk by Dick Furnstahl next week)



Correlations in nuclear systems
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FIGURE 1. The simple goal of short-range nucleon-nucleon correlation studies is to cleanly isolate diagram b) from a).
Unfortunately, there are many other diagrams, including those with final-state interactions, that can produce the same final state as
the diagram scientists would like to isolate. If one could find kinematics that were dominated by diagram b) it would finally allow
electron scattering to provide new insights into the short-range part of the nucleon-nucleon potential.

For A(e,e’p) reactions, one can determine not only the energy and moment transferred, but also the energy and

momentum of the knocked-out nucleon. The difference between the transferred and detected energy and momentum

is referred to as the missing energy, Emiss and missing momentum, pmiss, respectively. From the theoretical works on

how short-range nucleon-nucleon correlations effects the momentum distribution of nucleons in the nucleus [6], it

is clear one must probe beyond the simple particle in an average potential motion of the nucleon in the nucleus of

approximately 250 MeV/c in order to observe the effects of correlations.

With the construction of the Jefferson Lab Continuous Electron Beam Facility (CEBAF) [7], it was possible to

do high-luminosity knock-out reactions in ideal quasi-elastic kinematics into the pmiss > 250 MeV/c region. In the

early Jefferson Lab knock-out reaction proposals, such as E89-044 3He(e,e’p)pn and 3He(e,e’p)d, these kinematics

were argued as the key to cleanly observe the effects of short-range correlations. And while final results of the

experiments were clearly effected by the presence of correlations, the magnitude of the cross sections in the high

missing momentum region was dominated by final-state interaction effects [8, 9]. Equally striking was the D(e,e’p)n

data from CLAS taken at Q2 > 5 [GeV/c]2 in xB < 1 kinematics [10]. Here it was shown that meson-exchange currents,

final-state interaction, and delta-isobar configurations mask cleanly probing nucleon-nucleons even at extremely high

Q2 in xB < 1 kinematics.

NUCLEAR SCALING

With both the xB < 1 and xB = 1 kinematics practically ruled out for ever being able to cleanly probe short-range

correlations; there is only one region left to explore: xB > 1. This is a special region, since it is kinematically

forbidden for a free nucleon, and thus seems to be a natural place to observe effects of multi-nucleon interactions.

These kinematics were probed with limited statistics at SLAC [11] and the plateaus in the per nucleon ratios, r(A/d),

were claimed at to be evidence for short-range correlations [12].

In 2003, CLAS published high statics data in the same kinematic region. The results clearly showed that the plateaus

could only be seen for Q2 > 1 [GeV/c]2 and xB > 1 kinematics [13] as predicted by Frankfurt and Strikman [14]. But

plateaus alone are not evidence for correlations, just evidence that the functional form of the cross section is the same

for the two nuclei; so data was taken the xB > 2 region. By logic, if 1< xB < 2 is a region of two-nucleon correlations,

then the xB > 2 region should be dominated by three-nucleon correlations. The CLAS Q
2 > 1 and xB > 2 experiment

reported observing a second scaling plateau as shown in Fig. 2 [15]. Preliminary results of Hall C high precision data

have shown roughly the same magnitude for these plateaus as CLAS and shown that there is no Q2 dependence in the

2< Q2 < 4 [GeV/c]2 range [16, 17].

Subedi et al., Science 320, 1476 (2008)

Higinbotham, arXiv:1010.4433

What is this vertex?

Short-range-correlation
interpretation: Explanation in terms 

of low-momentum interactions? 

Vertex depends on the resolution!
RG provides systematic
way to calculate such 

processes at low resolution. 

q

• detection of knocked out pairs 
with large relative momenta
• excess of np pairs over pp pairs
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: low rel. momentum

: high rel. momentum

(      talk by Dick Furnstahl next week)



• scaling behavior of momentum distribution function:

• dominance of np pairs over pp pairs

• “hard” (high resolution) interaction used, calculations hard!

• dominance explained by short-range tensor forces

Schiavilla et al., PRL 98, 132501 (2007)

Scaling in nuclear systems

at large �NN(q, Q = 0) ⇥ CA � �NN,Deuteron(q, Q = 0) q

2

tions is well documented (see Refs. [10, 11] and references
therein), as is the quality of the AV18/UIX Hamiltonian
in quantitatively accounting for a wide variety of light
nuclei properties, such as elastic and inelastic electro-
magnetic form factors [12], and low-energy capture re-
actions [13]. However, it is important to stress that the
large effect of tensor correlations on two-nucleon momen-
tum distributions and the resulting isospin dependence of
the latter remain valid, even if one uses a semi-realistic
Hamiltonian model. This will be shown explicitly below.

The double Fourier transform in Eq. (1) is computed
by Monte Carlo (MC) integration. A standard Metropo-
lis walk, guided by |ψJMJ

(r1, r2, r3, . . . , rA)|2, is used to
sample configurations [11]. For each configuration a two-
dimensional grid of Gauss-Legendre points, xi and Xj , is
used to compute the Fourier transform. Instead of just
moving the ψ′ position (r′12 and R′

12) away from a fixed
ψ position (r12 and R12), both positions are moved sym-
metrically away from r12 and R12, so Eq. (1) becomes

ρTMT
(q,Q) =

A(A − 1)

2 (2J + 1)

∑
MJ

∫
dr1 dr2 dr3 · · ·drA dx dXψ†

JMJ
(r12+x/2,R12+X/2, r3, . . . , rA)

× e−iq·x e−iQ·X PTMT
(12)ψJMJ

(r12−x/2,R12−X/2, r3, . . . , rA) . (3)

Here the polar angles of the x and X grids are also
sampled by MC integration, with one sample per pair.
This procedure is similar to that adopted most recently
in studies of the 3He(e, e′p)d and 4He(#e, e′#p )3H reac-
tions [14], and has the advantage of very substantially re-
ducing the statistical errors originating from the rapidly
oscillating nature of the integrand for large values of q
and Q. Indeed, earlier calculations of nucleon and cluster
momentum distributions in few-nucleon systems, which
were carried out by direct MC integration over all coordi-
nates, were very noisy for momenta beyond 2 fm−1, even
when the random walk consisted of a very large number
of configurations [2].

The present method is, however, computationally in-
tensive, because complete Gaussian integrations have to
be performed for each of the configurations sampled in
the random walk. The large range of values of x and X
required to obtain converged results, especially for 3He,
require fairly large numbers of points; we used grids of
up to 96 and 80 points for x and X , respectively. We
also sum over all pairs instead of just pair 12.

The np and pp momentum distributions in 3He, 4He,
6Li, and 8Be nuclei are shown in Fig. 1 as functions of the
relative momentum q at fixed total pair momentum Q=0,
corresponding to nucleons moving back to back. The
statistical errors due to the Monte Carlo integration are
displayed only for the pp pairs; they are negligibly small
for the np pairs. The striking features seen in all cases
are: i) the momentum distribution of np pairs is much
larger than that of pp pairs for relative momenta in the
range 1.5–3.0 fm−1, and ii) for the helium and lithium
isotopes the node in the pp momentum distribution is
absent in the np one, which instead exhibits a change of
slope at a characteristic value of p # 1.5 fm−1. The nodal
structure is much less prominent in 8Be. At small val-
ues of q the ratios of np to pp momentum distributions
are closer to those of np to pp pair numbers, which in

3He, 4He, 6Li, and 8Be are respectively 2, 4, 3, and 8/3.
Note that the np momentum distribution is given by the
linear combination ρTMT =10+ρTMT =00, while the pp mo-
mentum distribution corresponds to ρTMT =11. The wave
functions utilized in the present study are eigenstates of
total isospin (1/2 for 3He, and 0 for 4He, 6Li, and 8Be),
so the small effects of isospin-symmetry-breaking inter-
actions are ignored. As a result, in 4He, 6Li, and 8Be
the ρTMT

is independent of the isospin projection and,
in particular, the pp and T = 1 np momentum distribu-
tions are the same.

The excess strength in the np momentum distribution
is due to the strong correlations induced by tensor com-
ponents in the underlying NN potential. For Q=0, the
pair and residual (A–2) system are in a relative S-wave.
In 3He and 4He with uncorrelated wave functions, 3/4 of
the np pairs are in deuteron-like T, S=0,1 states, while
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FIG. 1: (Color online) The np (lines) and pp (symbols) mo-
mentum distributions in various nuclei as functions of the
relative momentum q at vanishing total pair momentum Q.

np pairs

pp pairs

p� + p = Q = 0
p� � p = 2q

would demonstrate the presence of 3-nucleon (3N) SRC
and confirm the previous observation of NN SRC.

Note that: (i) Refs. [5,6] argue that the c.m. motion of the
NN SRC may change the value of a2 (by up to 20% for
56Fe) but not the scaling at xB < 2. For 3N SRC there are
no estimates of the effects of c.m. motion. (ii) Final state
interactions (FSI) are dominated by the interaction of the
struck nucleon with the other nucleons in the SRC [7,8].
Hence the FSI can modify !j, while such modification of
aj!A" are small since the pp, pn, and nn cross sections at
Q2 > 1 GeV2 are similar in magnitudes.

In our previous work [6] we showed that the ratios
R!A; 3He" # 3!A!Q2;xB"

A!3He!Q2;xB" scale for 1:5< xB < 2 and 1:4<

Q2 < 2:6 GeV2, confirming findings in Ref. [7]. Here we
repeat our previous measurement with higher statistics
which allows us to estimate the absolute per-nucleon prob-
abilities of NN SRC.

We also search for the even more elusive 3N SRC,
correlations which originate from both short-range NN
interactions and three-nucleon forces, using the ratio
R!A; 3He" at 2< xB $ 3.

Two sets of measurements were performed at the
Thomas Jefferson National Accelerator Facility in 1999
and 2002. The 1999 measurements used 4.461 GeV elec-
trons incident on liquid 3He, 4He and solid 12C targets. The
2002 measurements used 4.471 GeVelectrons incident on a
solid 56Fe target and 4.703 GeV electrons incident on a
liquid 3He target.

Scattered electrons were detected in the CLAS spec-
trometer [9]. The lead-scintillator electromagnetic calo-
rimeter provided the electron trigger and was used to
identify electrons in the analysis. Vertex cuts were used
to eliminate the target walls. The estimated remaining
contribution from the two Al 15 "m target cell windows
is less than 0.1%. Software fiducial cuts were used to
exclude regions of nonuniform detector response. Kine-
matic corrections were applied to compensate for drift
chamber misalignments and magnetic field uncertainties.

We used the GEANT-based CLAS simulation, GSIM, to
determine the electron acceptance correction factors, tak-
ing into account ‘‘bad’’ or ‘‘dead’’ hardware channels in
various components of CLAS. The measured acceptance-
corrected, normalized inclusive electron yields on 3He,
4He, 12C, and 56Fe at 1< xB < 2 agree with Sargsian’s
radiated cross sections [10] that were tuned on SLAC data
[11] and describe reasonably well the Jefferson Lab Hall C
[12] data.

We constructed the ratios of inclusive cross sections as a
function of Q2 and xB, with corrections for the CLAS
acceptance and for the elementary electron-nucleon cross
sections:

r!A; 3He" # A!2!ep % !en"
3!Z!ep % N!en"

3Y!A"
AY!3He"R

A
rad; (2)

where Z and N are the number of protons and neutrons in
nucleus A, !eN is the electron-nucleon cross section, Y is
the normalized yield in a given (Q2; xB) bin, and RA

rad is the
ratio of the radiative correction factors for 3He and nucleus
A [see Ref. [8] ]. In our Q2 range, the elementary cross
section correction factor A!2!ep%!en"

3!Z!ep%N!en" is 1:14& 0:02 for C

and 4He and 1:18& 0:02 for 56Fe. Note that the 3He yield
in Eq. (2) is also corrected for the beam energy difference
by the difference in the Mott cross sections. The corrected
3He cross sections at the two energies agree within $ 3:5%
[8].

We calculated the radiative correction factors for the
reaction A!e; e0" at xB < 2 using Sargsian’s upgraded
code of Ref. [13] and the formalism of Mo and Tsai [14].
These factors change 10%–15% with xB for 1< xB < 2.
However, their ratios, RA

rad, for 3He to the other nuclei are
almost constant (within 2%–3%) for xB > 1:4. We applied
RA
rad in Eq. (2) event by event for 0:8< xB < 2. Since there

are no theoretical cross section calculations at xB > 2, we
applied the value of RA

rad averaged over 1:4< xB < 2 to the
entire 2< xB < 3 range. Since the xB dependence of RA

rad
for 4He and 12C are very small, this should not affect the
ratio r of Eq. (2). For 56Fe, due to the observed small slope
of RA

rad with xB, r!A; 3He" can increase up to 4% at xB #
2:55. This was included in the systematic errors.

Figure 1 shows the resulting ratios integrated over 1:4<
Q2 < 2:6 GeV2. These cross section ratios (a) scale ini-
tially for 1:5< xB < 2, which indicates that NN SRCs
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FIG. 1. Weighted cross section ratios [see Eq. (2)] of (a) 4He,
(b) 12C, and (c) 56Fe to 3He as a function of xB for Q2 >
1:4 GeV2. The horizontal dashed lines indicate the NN (1:5<
xB < 2) and 3N (xB > 2:25) scaling regions.
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Nuclear scaling at low resolution

U�

“simple” calculation of pair density at low resolution in nuclear matter: 

Vλ

Vλ

Vλ

Vλ

Vλ

= + + +
�
�(P,q)

⇥

RG transformation of 
pair density operator
(induced many-body 

terms neglected):

                   factorizes into a low-momentum structure and a 
universal high momentum part if the initial operator only 
weakly couples low and high momenta           explains scaling!
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Nuclear scaling at low resolution

• pair-densities approximately resolution independent

• significant enhancement of np pairs over nn pairs due to tensor force

• reproduction of previous results using a “simple” calculation at low resolution
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Nuclear scaling at low resolution

                   factorizes into a low-momentum structure and a 
universal high momentum part if the initial operator only 
weakly couples low and high momenta           explains scaling!

�
�
��|O�|��

⇥

key: k < � q � �for and

factorization!

U�(k, q) � K(k)Q(q)

That leads to:

with the universal quantity:

IQOQ =
� ⇥

�
dq dq�Q(q)O(q, q�)Q(q�)

⇥��| O� |��⇤ =
⇤ �

0
dk dk�

⇤ ⇥

0
dq dq��†(k)U�(k, q)O(q, q�)U�(q�, k�)��(k)

�
⇤ �

0
dk dk��†(k�)
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0
dq dq�K(k)K(q)O(q, q�)K(q�)K(k�) + IQOQK(k)K(k�)

⇥
�†(k)

valid if initial operator weakly couples low and high momenta
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• significantly reduced cutoff dependence at 2nd order perturbation theory

• small resolution dependence indicates converged calculation

• energy sensitive to uncertainties in 3N interaction

• variation due to 3N input uncertainty much larger than resolution dependence

Equation of state of pure neutron matter

ENN+3N,eff
(1) ENN+3N,eff

2.0 < 3N < 2.5 fm-1

0.05 0.10 0.15
 [fm-3]

5

10

15

20

En
er

gy
/n

uc
le

on
 [

M
eV

]

0
0

0.05 0.10 0.15
 [fm-3]

0

 = 1.8 fm-1

 = 2.0 fm-1

 = 2.4 fm-1

 = 2.8 fm-1

KH and Schwenk PRC 82, 014314 (2010)

0.05 0.10 0.15
 [fm-3]

0

5

10

15

20

En
er

gy
/n

uc
le

on
 [

M
eV

]

0

ENN+3N,eff+c3+c1 uncertainties

ENN+3N,eff+c3 uncertainty

ENN
(1) + ENN

(2)

3N

Hartree-Fock 2nd-order



• significantly reduced cutoff dependence at 2nd order perturbation theory

• small resolution dependence indicates converged calculation

• energy sensitive to uncertainties in 3N interaction

• variation due to 3N input uncertainty much larger than resolution dependence

Equation of state of pure neutron matter
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• good agreement with other approaches (different NN interactions)

Hartree-Fock 2nd-order



• saturation point consistent with experiment, without free parameters

• cutoff dependence at 2nd order significantly reduced

• 3rd order contributions small

• cutoff dependence consistent with expected size of 4N force contributions
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• elimination of coupling between low- and high momentum components,
calculations much easier

• observables unaffected by resolution change (for exact calculations)

• residual resolution dependences can be used as tool to test calculations

Not the full story:
RG transformation also changes three-body (and higher-body) interactions.

Changing the resolution: 
The (Similarity) Renormalization Group



Hierarchy of many-body contributions 
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• binding energy results from cancellations of much larger kinetic and potential 
energy contributions

• chiral hierarchy of many-body terms preserved for considered density range

• cutoff dependence of natural size, consistent with chiral exp. parameter � 1/3

neutron matter nuclear matter



Hierarchy of many-body contributions 
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Hierarchy of many-body contributions 
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Chiral 3N interaction as density-dependent two-body interaction

π π π ππ ππ ππ ππ π= - - - + +

V NNV = + 1/ccombinatorial factor c depends 
on type of diagram

(1) calculate antisymmetrized 3N interaction

(2) construct effective density-dependent NN interaction

(3) combine with free-space NN interaction

V3N

k3σ3V3NV3N

V3N

Basic idea: 
Sum one particle over occupied 
states in the Fermi sea


