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Roadmap for Theory of Nuclei


Main goal : 	


	


To arrive at at 	


comprehensive description	


of all nuclei and low-energy	


reactions from the basic	


interactions between the 	


constituent nucleons	



3	
  



 Three-nucleon forces as in-medium corrections to 
nucleon-nucleon forces	
  

Integra+ng	
  over	
  the	
  
third	
  leg	
  in	
  infinite	
  	
  
nuclear	
  maJer	
  and	
  
derive	
  density	
  
dependent	
  correc+ons	
  
to	
  the	
  nucleon-­‐nucleon	
  
interac+on.	
  
J.	
  W.	
  Holt	
  N.	
  Kaiser	
  and	
  
W.	
  Weise.	
  Phys.Rev.C	
  
79,	
  054331	
  (2009)	
  
K.	
  Hebeler	
  and	
  A.	
  
Schwenk	
  (2010)	
  

CD	

 CE	

 Our	
  strategy:	
  CD	
  is	
  given	
  by	
  fit	
  to	
  
triton	
  half-­‐life,	
  we	
  fix	
  CE	
  	
  and	
  kF	
  from	
  
fit	
  to	
  binding	
  energy	
  in	
  selected	
  
medium	
  mass	
  nuclei:	
  
Schema9c	
  three-­‐nucleon	
  forces	
  



Including	
  the	
  effects	
  of	
  3NFs	
  (approxima+on!)	
  
[J.W.	
  Holt,	
  Kaiser,	
  Weise,	
  PRC	
  79,	
  054331	
  (2009);	
  Hebeler	
  &	
  Schwenk,	
  PRC	
  82,	
  014314	
  (2010)]	
  

Parameters:	
  For	
  Oxygen	
  we	
  use	
  kF=1.05	
  fm-­‐1,	
  cE=0.71,	
  cD=-­‐0.2	
  from	
  binding	
  
energies	
  of	
  16,22O,	
  	
  for	
  Calcium	
  we	
  use	
  kF	
  =	
  0.95	
  fm-­‐1,	
  cE	
  =	
  0.735,	
  cD	
  =	
  -­‐0.2	
  from	
  
binding	
  energy	
  of	
  48Ca	
  and	
  52Ca	
  (The	
  parameters	
  cD,	
  cE	
  differ	
  from	
  values	
  proposed	
  
for	
  light	
  nuclei)	
  

3NFs	
  as	
  in-­‐medium	
  effec+ve	
  two-­‐nucleon	
  forces	
  
Integra+on	
  of	
  Fermi	
  sea	
  of	
  symmetric	
  nuclear	
  maJer:	
  kF	
  



Coupled-cluster method (in CCSD approximation)


Ansatz:	
  	
  	
  

Correla+ons	
  are	
  exponen&ated	
  1p-­‐1h	
  and	
  2p-­‐2h	
  excita+ons.	
  Part	
  of	
  np-­‐nh	
  excita+ons	
  
included!	
  

	
  

	
  

	
  

Coupled	
  cluster	
  equa+ons	
  

	
  

	
  

	
  

J  Scales	
  gently	
  (polynomial)	
  with	
  increasing	
  
problem	
  size	
  o2u4	
  .	
  

J  Trunca+on	
  is	
  the	
  only	
  approxima+on.	
  

J  Size	
  extensive	
  (error	
  scales	
  with	
  A)	
  
L	
  	
  Most	
  efficient	
  for	
  doubly	
  magic	
  nuclei	
  

Alterna9ve	
  view:	
  CCSD	
  generates	
  similarity	
  
transformed	
  Hamiltonian	
  with	
  no	
  1p-­‐1h	
  and	
  
no	
  2p-­‐2h	
  excita9ons.	
  



Benchmarking	
  different	
  methods:	
  	
  
Our	
  CC	
  results	
  for	
  16O	
  agree	
  with	
  IT-­‐NCSM	
  	
  
(R.	
  Roth	
  et	
  al	
  PRL	
  107,	
  072501	
  (2011))	
  and	
  	
  	
  
UMOA	
  (Fujii	
  et	
  al.,	
  Phys.	
  Rev.	
  LeJ.	
  103,	
  182501	
  
(2009)	
  	
  

Benchmarking different methods  
Chiral N3LO (500 MeV) by Entem & Machleidt, NN only


CCM	
   (IT)-­‐NCSM	
   UMOA	
  

E/A	
   E/A	
   E/A	
  
4He	
   -­‐6.39(5)	
   -­‐6.35	
  
16O	
   -­‐7.56(8)	
   -­‐7.48(4)	
   -­‐7.47	
  



The Berggren completeness treats bound, 
resonant and scattering states on equal footing. 
 
Has been successfully applied in the shell 
model in the complex energy plane to light 
nuclei. For a review see  
 
N. Michel et al J. Phys. G 36, 013101 (2009). 

Open Quantum Systems	
  



Is 28O a bound nucleus?

Experimental situation	



•  “Last” stable oxygen isotope 24O	



•  25,26O unstable (Hoffman et al 2008, 	



	

Lunderberg et al 2012)	



•  28O not seen in experiments	



•  31F exists (adding on proton shifts drip line by 6 neutrons!?)	
  

Shell model (sd shell) with monopole corrections based on three-
nucleon force predicts 2nd O as last stable isotope of oxygen.  [Otsuka, 
Suzuki, Holt, Schwenk, Akaishi, PRL (2010), arXiv:0908.2607]	



28O?	
  

Con+nuum	
  shell	
  model	
  with	
  
HBUSD	
  interac+on	
  predict	
  
28O	
  unbound.	
  A.	
  Volya	
  and	
  V.	
  
Zelevinsky	
  PRL	
  (2005)	
  



Resonances in neutron rich oxygen-24	
  

C.	
  R.	
  Hoffman	
  et	
  al	
  Phys.	
  Rev.	
  C	
  83,	
  031303(R)	
  (2011)	
  

•  Knockout	
  reac+on	
  of	
  26F	
  reveal	
  a	
  
resonance	
  above	
  the	
  two-­‐neutron	
  
threshold	
  in	
  24O	
  

•  No	
  spin	
  and	
  parity	
  assigned	
  of	
  this	
  state	
  
•  A	
  challenge	
  for	
  microscopic	
  theory	
  to	
  

address	
  these	
  states	
  



Oxygen isotopes from chiral interactions 	
  
Chiral	
  three-­‐nucleon	
  force	
  at	
  order	
  N2LO.	
  kf=1.05fm-­‐1,	
  	
  
CD	
  =	
  0.2,	
  CE	
  =	
  0.71	
  (fiJed	
  to	
  to	
  the	
  binding	
  energy	
  
of	
  16O	
  and	
  22O).	
  	
  	
  

•  Inclusion	
  of	
  effec+ve	
  3NF	
  
places	
  dripline	
  at	
  25O.	
  	
  

•  Overall	
  the	
  odd-­‐even	
  
staggering	
  in	
  the	
  neutron	
  rich	
  
oxygen	
  is	
  well	
  reproduced.	
  

•  We	
  find	
  26O	
  to	
  unbound	
  with	
  
respect	
  to	
  24O	
  by	
  ~100keV,	
  	
  
agreement	
  with	
  E.	
  Lunderberg	
  
et	
  al.,	
  Phys.	
  Rev.	
  LeQ.	
  108	
  (2012)	
  
142503	
  

•  We	
  find	
  	
  28O	
  to	
  be	
  unbound	
  
with	
  a	
  resonance	
  width	
  of	
  
~2MeV	
  

CD	

 CE	



	
  G.	
  Hagen,	
  M.	
  Hjorth-­‐Jensen,	
  G.	
  R.	
  
Jansen,	
  R.	
  Machleidt,	
  T.	
  Papenbrock,	
  
Phys.	
  Rev.	
  LeJ.	
  108,	
  242501	
  (2012).	
  	
  



Oxygen isotopes from chiral interactions 	
  

Excited	
  states	
  in	
  24O	
  computed	
  with	
  EOM-­‐CCSD	
  
and	
  compared	
  to	
  experiment	
  

MaJer	
  and	
  charge	
  radii	
  for	
  21-­‐24O	
  	
  
Computed	
  from	
  intrinsic	
  densi+es	
  and	
  
Compared	
  to	
  experiment.	
  

The	
  effects	
  of	
  three-­‐nucleon	
  forces	
  	
  
decompress	
  the	
  spectra	
  and	
  brings	
  it	
  in	
  good	
  
agreement	
  with	
  experiment.	
  	
  
	
  
We	
  find	
  several	
  states	
  (4+,3+,2+)	
  near	
  the	
  
observed	
  peak	
  at	
  ~7.5MeV	
  in	
  24O	
  	
  
C.	
  R.	
  Hoffman	
  et	
  al	
  Phys.	
  Rev.	
  C	
  83,	
  031303	
  
(2011)	
  



Negative parity states in 25O?	
  
•  Low-­‐lying	
  3/2-­‐	
  	
  and	
  

½-­‐	
  intruder	
  states	
  
close	
  to	
  the	
  3/2+	
  
groundstate	
  in	
  	
  25O	
  

•  Due	
  to	
  very	
  large	
  
width	
  of	
  these	
  states	
  
they	
  will	
  be	
  difficult	
  
to	
  measure.	
  	
  

•  Simple	
  Woods-­‐Saxon	
  
model	
  agrees	
  with	
  
CC	
  results.	
  

	
  Prelim
inary	
  



Evolution of shell structure in neutron rich Calcium	
  

•  How	
  do	
  shell	
  closures	
  and	
  magic	
  
numbers	
  evolve	
  towards	
  the	
  dripline?	
  

•  Is	
  the	
  naïve	
  shell	
  model	
  picture	
  valid	
  at	
  
the	
  neutron	
  dripline?	
  

•  3NFs	
  are	
  responsible	
  for	
  shell	
  closure	
  in	
  
48Ca	
  

•  Different	
  models	
  give	
  conflic+ng	
  result	
  for	
  
shell	
  closure	
  in	
  54Ca.	
  

	
  	
  	
  	
  	
  J.	
  D.	
  Holt	
  et	
  al,	
  J.	
  Phys.	
  G	
  39,	
  085111	
  (2012)	
  	
  



Evolution of shell structure in neutron rich Calcium 

Inversion of shell order in 60Ca	
  
	
  

S.	
  M.	
  Lenzi,	
  F.	
  
Nowacki,	
  A.	
  Poves,	
  	
  
and	
  K.	
  Sieja	
  Phys.	
  
Rev.	
  C	
  82,	
  054301	
  
(2010)	
  	
  
	
  
	
  
•  Inversion	
  of	
  d5/2	
  

and	
  g9/2	
  in	
  60Ca.	
  
•  Bunching	
  of	
  

levels	
  poin+ng	
  to	
  
no	
  shell-­‐closure.	
  	
  

	
  



Evolution of shell structure in neutron rich Calcium	
  
	
  

	
  
•  Rela+vis+c	
  mean-­‐field	
  
show	
  no	
  shell	
  gap	
  in	
  
60-­‐70Ca	
  

•  Bunching	
  of	
  single-­‐
par+cle	
  orbitals	
  

•  large	
  deforma+ons	
  
and	
  no	
  shell	
  closure	
  	
  

	
  
J.	
  Meng	
  et	
  al,	
  Phys.	
  Rev.	
  
C	
  65,	
  041302(R)	
  (2002)	
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How many protons and neutrons can be bound in a nucleus?


Skyrme-­‐DFT:	
  6,900±500syst	
  Literature:	
  5,000-­‐12,000	
  

288	
  
~3,000	
  

Erler	
  et	
  al.,	
  Nature	
  486,	
  509	
  (2012)	
  	
  

Asympto+c	
  freedom	
  ?	
  

from	
  B.	
  Sherrill	
  

DFT	
  
FRIB	
  

current	
  

Descrip+on	
  of	
  observables	
  and	
  model-­‐based	
  extrapola+on	
  
•  Systema+c	
  errors	
  (due	
  to	
  incorrect	
  assump+ons/poor	
  modeling)	
  
•  Sta+s+cal	
  errors	
  (op+miza+on	
  and	
  numerical	
  errors)	
  



Calcium isotopes from chiral interactions 	
  

Main	
  Features:	
  	
  

1.  Total	
  binding	
  
energies	
  agree	
  well	
  
with	
  experimental	
  
masses.	
  

2.  Masses	
  for	
  40-­‐52Ca	
  
are	
  converged	
  in	
  19	
  
major	
  shells.	
  

3.  60Ca	
  is	
  not	
  magic	
  	
  
4.  61-­‐62Ca	
  are	
  located	
  

right	
  at	
  threshold.	
  	
  

G.	
  Hagen,	
  M.	
  Hjorth-­‐Jensen,	
  G.	
  R.	
  
Jansen,	
  R.	
  Machleidt,	
  T.	
  Papenbrock,	
  
Phys.	
  Rev.	
  LeJ.	
  109,	
  032502	
  (2012).	
  

kF=0.95fm-­‐1,	
  cD=-­‐0.2,	
  cE=0.735	
  
Nmax	
  =	
  18,	
  hw	
  =	
  26MeV	
  

A	
  peninsula	
  of	
  weak	
  stability?	
  



2+ systematics in Calcium isotopes	
  

48Ca	
   52Ca	
   54Ca	
  

2+	
   4+	
   4+/2+	
   2+	
   4+	
   4+/2+	
   2+	
   4+	
   4+/2+	
  

3.58	
   4.20	
   1.17	
   2.19	
   3.95	
   1.80	
   1.89	
   4.46	
   2.36	
  

3.83	
   4.50	
   1.17	
   2.56	
   ?	
   ?	
   ?	
   ?	
   ?	
  
CC	
  
Exp	
  

Main	
  Features:	
  	
  
1.  Good	
  agreement	
  between	
  

theory	
  and	
  experiment.	
  	
  
2.  Shell	
  closure	
  in	
  48Ca	
  due	
  to	
  

effects	
  of	
  3NFs	
  	
  
3.  Predict	
  weak	
  (sub-­‐)shell	
  

closure	
  in	
  54Ca.	
  	
  	
  

G.	
  Hagen,	
  M.	
  Hjorth-­‐Jensen,	
  G.	
  R.	
  
Jansen,	
  R.	
  Machleidt,	
  T.	
  
Papenbrock,	
  Phys.	
  Rev.	
  LeJ.	
  109,	
  
032502	
  (2012).	
  

NN	
  only	
  



Spectra and shell evolution in Calcium isotopes 	
  
1.  Inversion	
  of	
  the	
  9/2+	
  and	
  

5/2+	
  resonant	
  states	
  in	
  
53,55,61Ca	
  

2.  	
  We	
  find	
  the	
  ground	
  state	
  
of	
  61Ca	
  to	
  be	
  ½+	
  located	
  
right	
  at	
  threshold.	
  	
  

3.  A	
  harmonic	
  oscillator	
  
basis	
  gives	
  the	
  naïve	
  shell	
  
model	
  ordering	
  of	
  states.	
  

4.  Con+nuum	
  coupling	
  is	
  
crucial.	
  

New	
  penning	
  trap	
  measurement	
  of	
  masses	
  of	
  51,52Ca	
  
	
  A.	
  T.	
  Gallant	
  et	
  al	
  Phys.	
  Rev.	
  LeJ.	
  109,	
  032506	
  (2012)	
  



 
Check of method and interaction:  

Titanium isotopes 	
  
Main	
  Features:	
  	
  
1.  Two-­‐par+cle	
  aJached	
  

coupled-­‐cluster	
  
approach	
  to	
  Titanium	
  
isotopes.	
  

2.  Good	
  agreement	
  with	
  
experiment.	
  	
  

3.  2p-­‐0h	
  amplitudes	
  
account	
  for	
  about	
  60%	
  
of	
  the	
  total	
  amplitude	
  
for	
  the	
  isotopes	
  of	
  
+tanium,	
  while	
  this	
  
number	
  is	
  about	
  72%	
  
for	
  the	
  calcium	
  
isotopes	
  	
  



Microscopic	
  defini9on	
  of	
  Spectroscopic	
  Factors	
  	
  
SF	
  is	
  the	
  norm	
  of	
  the	
  overlap	
  func+on	
  and	
  	
  
quan+fies	
  the	
  degree	
  of	
  correla+ons	
  
SFs	
  are	
  not	
  observables	
  and	
  depend	
  on	
  	
  
the	
  resolu+on	
  scale	
  

Asympto9c	
  proper9es	
  of	
  the	
  one-­‐nucleon	
  overlap	
  func9ons	
  
The	
  overlap	
  func+ons	
  sa+sfy	
  a	
  one-­‐body	
  Schrodinger	
  like	
  equa+on,	
  and	
  outside	
  the	
  range	
  of	
  the	
  
interac+on	
  the	
  overlap	
  func+on	
  is	
  propor+onal	
  to	
  a	
  single-­‐par+cle	
  wave	
  func+on	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
Df 	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  d	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
   	
   	
   	
   	
   	
  Bound	
  states	
  
	
  

	
   	
   	
   	
   	
   	
   	
   	
   	
  ScaJering	
  states	
  	
  

Towards nuclear reactions with coupled-cluster theory


One-­‐nucleon	
  overlap	
  func9ons	
  
Elas+c	
  scaJering,	
  capture	
  and	
  transfer	
  reac+ons	
  of	
  a	
  nucleon	
  on/to	
  a	
  target	
  nucleus	
  with	
  
mass	
  A	
  is	
  determined	
  by	
  the	
  one-­‐nucleon	
  overlap	
  func+on	
  
	
  



Treatment of long-range Coulomb effects	
  
We	
  write	
  the	
  Coulomb	
  interac+on	
  
	
  
	
  
Demanding	
  	
  
	
  	
  

We	
  diagonalize	
  the	
  one-­‐body	
  shcrodinger	
  
equa+on	
  	
  in	
  momentum	
  space	
  using	
  the	
  off-­‐
diagonal	
  method	
  	
  
N.	
  Michel	
  Phys.	
  Rev.	
  C	
  83,	
  034325	
  (2011)	
  	
  

The	
  second	
  term	
  is	
  short	
  range	
  and	
  can	
  be	
  	
  
Expanded	
  in	
  Harmonic	
  Oscillator	
  basis.	
  The	
  first	
  
term	
  contain	
  the	
  long	
  range	
  Coulomb	
  part:	
  

V
Coul

= U
Coul

(r) + [V
Coul

� U
Coul

(r)]

U
Coul

(r) �! (Z � 1)e2/r for r ! +1

U
Coul

(k, k0) = hk|U
Coul

(r)� (Z � 1)e2

r
|k0i+

(Z � 1)e2

⇡
Q`

 
k2 + k02

2kk0

!



The	
  one-­‐nucleon	
  overlap	
  func+on:	
  	
  

Beyond	
  the	
  range	
  of	
  the	
  nuclear	
  interac+on	
  the	
  overlap	
  func+ons	
  take	
  the	
  form:	
  

Elastic proton/neutron scattering on 40Ca




Differen+al	
  cross	
  sec+on	
  for	
  elas+c	
  proton	
  	
  
scaJering	
  on	
  40Ca.	
  	
  
	
  
Fair	
  agreement	
  between	
  theory	
  and	
  
experiment	
  for	
  low-­‐energy	
  scaJering.	
  	
  

Elastic proton/neutron scattering on 40Ca


G.	
  Hagen	
  and	
  N.	
  Michel	
  	
  
Phys.	
  Rev.	
  C	
  86,	
  021602(R)	
  	
  (2012).	
  	
  



Densities and radii from coupled-cluster theory 


We	
  can	
  obtain	
  the	
  intrinsic	
  density	
  by	
  a	
  deconvolu+on	
  of	
  the	
  laboratory	
  density	
  
B.	
  G.	
  Giraud,	
  Phys.	
  Rev.	
  C	
  77,	
  014311	
  (2008)	
  

Center	
  of	
  mass	
  part	
   Intrinsic	
  density	
  Lab.	
  density	
  

The	
  coupled-­‐cluster	
  wave	
  func+on	
  factorizes	
  
to	
  a	
  good	
  approxima+on	
  into	
  an	
  intrinsic	
  and	
  
center	
  of	
  mass	
  part,	
  	
  	
  
where	
  the	
  center	
  of	
  mass	
  part	
  is	
  a	
  Gaussian	
  
with	
  a	
  fixed	
  oscillator	
  frequency	
  
independent	
  of	
  single-­‐par+cle	
  basis	
  
GH,	
  T.	
  Papenbrock	
  and	
  D.	
  Dean	
  et	
  al,	
  Phys.	
  
Rev.	
  LeJ.	
  103,	
  062503	
  (2009)	
  	
  	
  

⇥ = �in�

�pq = ��0|a†paq|�0⇥ = �⇥0|Le�T a†paqe
T |⇥0⇥ = �⇥0|La†paq|⇥0⇥

e�T HNeT |�0� = HN |�0� = ECC |�0� ��0|L0HN = ECC��0|L0

We	
  solve	
  for	
  the	
  right	
  and	
  lex	
  ground	
  state	
  of	
  the	
  similarity	
  transformed	
  Hamiltonian	
  

The	
  density	
  matrix	
  is	
  computed	
  within	
  coupled-­‐cluster	
  method	
  as:	
  



Densities and radii from coupled-cluster theory 


1.  Rela+ve	
  energies	
  in	
  21-­‐24O	
  depend	
  
weakly	
  on	
  the	
  resolu+on	
  scale	
  	
  

2.  We	
  clearly	
  see	
  shell	
  structure	
  appearing	
  
in	
  the	
  maJer	
  densi+es	
  for	
  21-­‐24O	
  

3.  MaJer	
  and	
  charge	
  radii	
  depend	
  on	
  the	
  
resolu+on	
  scale,	
  however	
  rela+ve	
  
difference	
  which	
  is	
  relevant	
  for	
  isotope	
  
shix	
  measurements	
  does	
  not	
  	
  	
  	
  



23O	
  interac+on	
  cross	
  sec+on	
  	
  
(scaJering	
  off	
  12C	
  target	
  @	
  GSI)	
  

Experimental	
  radii	
  extracted	
  from	
  maJer	
  distribu+on	
  within	
  Glauber	
  model.	
  
Main	
  result	
  of	
  new	
  measurement:	
  23O	
  follows	
  systema+cs;	
  interac+on	
  cross	
  sec+on	
  
consistent	
  with	
  separa+on	
  energies.	
  	
  
R.	
  Kanungo	
  et	
  al	
  Phys.	
  Rev.	
  C	
  84,	
  061304	
  (2011)	
  

Experiment	
  

Ozawa	
  et	
  al.	
  (2001)	
  

Kanungo	
  et	
  al	
  (2011)	
  
E	
  ≈	
  900A	
  MeV	
  



Resolving the anomaly in the cross section of 23O 


The	
  anamoly	
  of	
  23O	
  	
  
	
  
New	
  measurements	
  	
  
(R.	
  Kanungo)	
  of	
  the	
  23O	
  
cross	
  sec+on	
  and	
  coupled	
  
cluster	
  calcula+ons	
  show	
  
that	
  23O	
  is	
  not	
  consistent	
  
with	
  a	
  one-­‐neutron	
  halo	
  
picture	
  



Summary 


1.  Interac+ons	
  from	
  Chiral	
  EFT	
  probed	
  in	
  nuclei	
  
2.  CC	
  calcula+ons	
  for	
  oxygen	
  and	
  calcium	
  with	
  effects	
  

of	
  3NF	
  and	
  con+nuum	
  give	
  significant	
  improvement	
  
in	
  binding	
  energy	
  and	
  spectra.	
  

3.  Predict	
  spin	
  and	
  parity	
  of	
  newly	
  observed	
  
resonance	
  peak	
  in	
  24O.	
  

4.  Predict	
  weak	
  sub-­‐shell	
  closure	
  in	
  54Ca.	
  	
  
5.  Level	
  ordering	
  in	
  the	
  gds	
  shell	
  in	
  neutron	
  calcium	
  is	
  

reversed	
  compared	
  to	
  naïve	
  shell	
  model.	
  
6.  Elas+c	
  proton	
  scaJering	
  on	
  medium	
  mass	
  nuclei	
  

from	
  coupled-­‐cluster	
  theory	
  
7.  Densi+es	
  from	
  coupled-­‐cluster	
  –	
  Anomalous	
  large	
  

cross	
  sec+on	
  in	
  23O	
  resolved	
  


